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1 Introduction

We extend to the class of almost complete normed groups (definition be-
low), a class which includes Polish (i.e. separable, completely metrizable)
topological groups, a result that was originally proved by Effros [Eff] for
Polish groups acting transitively and continuously on a non-meagre metric
space. This has recently been improved by van Mill [vM1] to analytic met-
ric groups with separately continuous, transitive action on a non-meagre
metric space. Thus van Mill’s variant includes meagre groups acting tran-
sitively on a non-meagre metric space (for an example see [vM1, Remark
2]). In fact van Mill’s argument applies more generally to analytic normed
groups. Below we admit (separately) continuous actions by non-analytic
normed groups, but at the price of the normed groups being non-meagre
(and so Baire). In this connection we note the result due to [Loy| and [HJ,
Th. 2.3.6 p. 355] that a Baire analytic topological group is Polish.

A metric space is almost complete if it contains a dense absolute Gs (we
relax the condition to ‘is an absolute G5 up to a meagre subset’). The notion
of ‘almost completeness’ is due to Frolik in [Frol] (but its name to Michael
[Mich91] — see also [AL] and [BOst-N]). To state our version of the Effros
Open Mapping Theorem we first recall the definition of normed groups and
group actions. In the next section we recall the notion of analyticity and
its connection with Cantor’s Theorem; this will allow us to formulate a
convergence criterion applicable under almost completeness (in lieu of the
Cauchy criterion under completeness), a key tool alongside the notion of a
map that is ‘irreducible in category’ recalled at the end of that section.

Definition (Normed groups). 1. For T an algebraic group with
neutral element e, say that || - || : 7 — Ry is a group-norm ([BOst-N]) if
the following properties hold:

(i) Subadditivity (Triangle inequality): ||st|| < ||s|| + ||¢]];

(i) Positivity: ||t]| > 0 for t # e and ||e|| = 0;
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(iii) Inversion (Symmetry): [[t71] = ||¢]].
Then (7, ||.]|) is called a normed-group.

2. The group-norm generates a right and a left norm topology via the
right-invariant and left-invariant metrics dk(s,t) := [|st™!|| and d} (s, t) :=
|[s7 || = d&(s71,t71). In the right norm-topology the right shift p,(s) := st
is a uniformly continuous homeomorphism, since dg(sy, ty) = dg(s,t), so in
particular the group is a right topological group; likewise in the left norm-
topology the left shift \;(¢) = st is a uniformly continuous homeomorphism.
Since df(t,e) = d}(e,t7') = dk(e,t), convergence at e is identical under
either topology. In the absence of a qualifier, the ‘right’ norm topology is
to be understood.

3. See Section 2 for a characterization of almost complete normed
groups.

Recall that a normed group G acts continuously on X if there is a con-
tinuous mapping ¢ : G X X — X such that ¢p(e,z) = x and p(gh,z) =
©(g, @(h,x)). In view of applications, it is convenient to regard G as having
the topology generated by the left invariant metric d%(g, h) := ||g~*h/||. Thus
g:x — ¢(g, ) is a continuous self-map of X with a continuous inverse, and
so is an autohomeomorphism, denoted g(x). The action is separately con-
tinuous if g : © — (g, z) is continuous (so again an autohomeomorphism)
and &, : g — ¢(g, ) is continuous. By a theorem of Bouziad ([Bou]), if the
normed group G is Baire, as will be the case below, a separately continuous
action is necessarily jointly continuous. The action is transitive if for any
x,y in X there is g € G such that g(x) = y. The action of G on X is weakly
micro-transitive if for x € X and each neighbourhood A of eq the set

cl(Az) = cl{az : a € A}

has x as an interior point (in X). Note that the neighbourhoods of e under
either norm topology are the same, so the weak microaction property is
a norm property, rather than a topological property of G. The action is
micro-transitive if for x € X and each neighbourhood A of e the set

Az ={ax :a € A}

is a neighbourhood of x. This is again a norm property. We refer to Ax as
an x orbit (the A-orbit of x).

Theorem 1 (Main Theorem). Let the normed group G have sepa-
rately continuous and transitive action on X. If under either norm topology
G is separable and almost complete (so Baire), and X is non-meagre, then
the action of G is micro-transitive.

A tribute to the importance of the Effros’s result is the existence of
several proofs with varying contexts, including [Anc|, [Hoh], [ChMa], one
attributed to Becker in [Kech-T], as well as the already cited [vM1]. The last
of these describes the historical development and applications to functional
analysis and continuum theory; our interest arises with its application to



topological regular variation (which draws on the ‘crimping property’ —
for the definition and its derivation from the Effros Theorem see [BOst-N]
Th.3.15, and for its applications see [BOst-TI]). Our proof of the current
version of the Effros Theorem blends the argument in [Anc| with that in
[vM1], and relies on the convergence criterion of Lemma 1 below, valid in
analytic spaces. It has recently emerged in [Ost-E] that the Effros theorem
is intimately connected with the notion of shift-compactness, a fact that
yields an altogether different, short proof of Theorem 1; see also [Mil-Ost]
for further background.

Remarks. 1. Working still under d¢ and with G acting transitively, if
for each fixed k the shift p, : ¢ — gk is a homeomorphism of G (having a
continuous inverse p,_1), in particular if G is a topological group, then open-
ness of any one map &, implies open-ness of all the other maps £,. Indeed,
by transitivity write ky = x for some k € G; then g(z) = g(k(y)) = gk(y),
so that £,(g9) = &, o pr(g), and then ¢, is open (as a composition of two
open maps).

If all the maps &, are open, then for any fixed x and H an open neigh-
bourhood of e the set Hz is open, and so x € Hz is an open neighbourhood
of x, i.e. the action is microtransitive.

2. The theorem may be generalized in such a way that, in the case of a
topological group, for 7" almost open (i.e. Baire non-meagre) in G the set
Tt 'z is almost open for quasi all ¢ € T'. For details see [Mil-Ost].

2 Analytic Cantor Theorem and convergent
sequences

Recall that Cantor’s Theorem on the intersection of a nested sequence of
closed (or compact, as appropriate) sets has two formulations: (i) referring
to vanishing diameters (in a complete-space setting), and (ii) to (countable)
compactness. Our first aim in this section is to give a topological version
that is in this same spirit but appropriate to an analytic, rather than com-
plete or compact, context. For this we need first to recall that, in a metric
space, a set is analytic if it is the continuous image of a Polish space P
(as before, a separable topologically complete metrizable space), i.e. of the
form f(P) for f continuous and P Polish — see [Jay-Rog]| for details.

Although our concern here is with metric spaces, there are several ad-
vantages in discussing analytic sets in the broader context of Hausdorff
topological spaces, arising from explicitly exposing their underlying topo-
logical nature. The brief account below will suffice here — see [Ost-AH] for
a wider discussion.

For X a Hausdorff space write K = K(X) for the family of compact
subsets of a space X, and p(X) for the power set. Following the the notation
of [Jay-Rog], write I for N endowed with the product topology (treating N
as discrete) and i|n := (i1, ...,1,) for i € I. For X a Hausdorff space a map
K : I — p(X)is called compact-valued if K (i) is compact for each i € I, and



singleton-valued if each K (i) is a singleton. K is upper semicontinuous if, for
each i € I and each open U in X with K (i) C U, there is a neighbourhood
N ={je€l:jn=iln} of i such that K(j) C U for each j in N. A subset
of X is K-analytic if it is the image K (I) under an upper semicontinuous
compact valued map.

The following result is implicit in a number of situations, and goes back
to Frolik’s characterization of completely regular Cech-complete spaces as
Gs in some compactification ([Frol]; see [Eng] §3.9).

Theorem AC (Analytic Cantor Theorem, [Ost-AH]). Let X be
a Hausdorff space, and let A = K(I) be K-analytic in X, where K is
compact-valued and upper semicontinuous.
Suppose that F, is a decreasing sequence of (non-empty) closed sets in
X such that
FoNK(iy,..in) # 0,

for some i = (i1,...) € I and each n. Then
K(i)n [ F. # 0.

Equivalently, if there are open sets V,, in I with clV, .1 CV,, and diam;V,, |
0 such that F, N K(V,) # 0, for each n, then

(i) N,clVy is a singleton, {i} say,

(i) K@) NN, Fn # 0.

Proof. If not, then (1), K (i) N F,, = 0 and so, by compactness, K (i) N
F, = { for some p, i.e. K(i) C X\F},. So by semicontinuity F,NK (I (i1, ...,4,)) =
() for some n > p, yielding the contradiction F,, N K (I (i1, ...,i,)) = 0. O

We will make use of the following immediate corollary.

Lemma 1 (Convergence criterion). In an analytic normed group
X =K(), for , \\ 0 and o, = ay, - ... - a1 with clB, , (ani1) C By, (e)ay
and K(iy,...,i,) N By, (ay,) # 0, the sequence {a,} is convergent.

Proof. Indeed, a,, — «, where

{a} =K(@#E)N ﬂn F, for F,, = cl(B,, (o)) O.

We note that the convergence criterion may be used to derive the fol-
lowing characterization of almost complete normed groups. For the proof
see [Ost-LBIII, Th. 2].

Characterization Theorem (Almost completeness). In a separa-
ble normed group X under dx, the following are equivalent:

(i) X is a non-meagre absolute G5 modulo a meagre set (i.e. is almost
complete);

(ii) X contains a non-meagre analytic subset;
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(i) X is non-meagre analytic modulo a meagre set.

Definition (cf. [Eng]). Call amap f: X — Y drreducible on X in the
sense of category if there is no proper closed F' C X such that f(F) equals
f(X) modulo a meagre set.

Equivalently: for non-empty open V' in X the set f(V') is non-meagre in
Y. In particular, for f continuous, if W is open in Y and meets f(X) then,
as V = f~1(W) is non-empty and open in X, the set W N f(V) = f(V)
is non-meagre. For brevity, we shall say that a set S is heavy if SNV is
non-meagre for each open V meeting S. (We follow [BrGo] in using this
term; [vM1, Prop. 2.2] calls sets that are dense and heavy ‘fat’.)

The following result is the first step in [vM1, Propo. 2.2] and is inspired
by a theorem of Levi [Lev]; more in fact is true — see [Ost-AH]. We repeat
the proof as it is short.

Lemma 2. For a continuous surjective map f : X — Y with X sepa-
rable, there is a closed set X' C X such that the restriction map f':= f|X’
is irreducible on X' in the sense of category.

Proof. Let U be the family of sets U such that f(U) is meagre; put
U:=JU, X':= X\U and f’':= f|X'. By separability there is a countable
open family V with U = (JV; then f(U) = Uy, f(V), being a countable
union of meagre sets, is meagre. Suppose that for some V' open in X the
set f/(V N X’) is meagre; as V\X’' C U, one has f(V) C f(VnX")U f(U),
which is meagre. So V € U and V C U, so that V N X’ is empty; so f’ is
irreducible. [

3 Proof of the Effros Theorem

We first give the normed-group version of a key result; that will require a
definition. In what follows we use letters from the beginning of the alphabet
for (open) subsets in G' and letters from the end for (open) subsets of X.

For the next result note that, since d¥(g,h) = d%(g~',h~1), the map
g — g7t from (G,d¥) to (G,d%) is an isometry. So if G is separable in
either norm topology, then it is separable in the other; likewise with almost
completeness.

Theorem 2 (Effros Theorem — weak micro-transitive form). Let
the normed group G act on X transitively. If G is separable under either
norm topology and X is non-meagre, then the action of G is weakly micro-
transitive.

Proof. Here it is convenient to work under d¢ so that each left shift
Ag(h) = gh is continuous (and so a homeomorphism), as d¥(gh,,gh) =
d¥(hn, h). If H is a neighbourhood of e, then gH is open in the left norm
topology. As G is second-countable there are elements g, in G such that
{gnH : n € w} covers G. Fix x € X. If G acts transitively on X, then



{gnHz : n € w} covers X. If X is non-meagre, then for some n the set
cl(g,Hz) has non-empty interior.

That is, for some non-empty open set W in X the set g, Hx is dense in
W. Then Hz is dense in the open set U := g '(W); indeed for any open
V C g, Y(W), the set g,(V) is open (since g, : X — X is a homeomor-
phism) and, being contained in W, meets g,Hz. So V meets Hz. Thus
() # U Cint(cl(Hx)).

As Hzx is dense in U, for some h € H, the point hx is in U, i.e.
in int(cl(Hz)). So z € hlint(cl(Hx))=int(cl(h~'Hz))Cint(cl(H ' Hx)),
since h is a homeomorphism. But sets of the form H~'H form a basis for
the open neighbourhoods of eg, so x is in the interior of cl(Az) for any
neighbourhood A of eg. [J

Theorem 3 (Effros Theorem from weak micro-transitivity). If
the normed group G is almost complete under the right norm topology and
the continuous action of G on X 1is weakly micro-transitive, then the action
of G 1is micro-transitive.

Proof. Let d = d* be any metric on X and for z € X denote by
¢ :=¢,: G — X the evaluation map &,(g) = g(x), which is continuous.

Fix x in X, and let Hy = Ky = B.(e) be any ball about ¢ = eg. By
Lemma 2, for some Polish space P we may write Hy = Ky = G(P)UN
with N meagre and G an irreducible continuous map, i.e. with the property
that G(A) is heavy for each non-empty open subset A of P. Without loss
of generality, Gy = G(P) is dense. (Otherwise expand N to an F,. Then
Go\N is a G5 and comeagre; then G being a Baire space Go\ N is dense.) We
put Py = Qo = P and without loss of generality assume that diam(P) = 1.

Pick Uy open with z € Uy Ccl(Hox). Let y € Upy; we will show that
y = gx for some g € Hy ' H,.

We work inductively. We begin with the (rather long) first step in the
induction. We then set out the general inductive step (which follows the
same pattern). What follows is a ‘back and forth’ argument, performed
within successively smaller sub-orbits of the orbit Hyx of = and sub-orbits of
the orbit Kyy with the intention of showing that the limiting sub-orbits meet
(i.e. hx = ky for some h € Hy and k € Ky, so that g = k~'h € Hy ' Hy).

Put x¢p = x and yp = y. We thus have

x € Uy C cl(Hopz) with y € U,

where the diameter of Uy is less than 1 without loss of generality.
We first work within the y orbit: by weak microaction pick open V; with
diameter less than 1 = 2% such that yy € Vo Ccl(Koyo). Thus

x € Uy C cl(Hopz) with y € Uy and yo € Vi C cl(Koyo). (ind-0)

Combining the information about yq, we have yo € Uy NV, so that Uy NV
is non-empty open; furthermore UyNVy C Uy Cel(Hpz). So the x orbit Hyx
in particular meets Uy N Vj, i.e. there is b} € Hy such that

zh = hizeg € Uy NV C Vj. (1)
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As o) = hhwy € Uy NV, we have b} € W, = ¢ 1(Uy N Vp) N Hy, so this
open set is non-empty. (Recall that & is continuous.) As Gy = G(P) is
dense and heavy, W) N Gy is non-empty, and so by continuity G~ (W})
is a non-empty open subset of Fy. There is thus a closed subset P, with
diam(P;) <diam(P,)/2 = 27!, such that G(P,) C W} and G(P,) is heavy.
So for some non-empty open Wy C W/ the set G(P;) is dense and heavy on
Wo. For hy € Wy € W) C €1 (Uy N V) we have €(hy) = hi(x) € Uy NV, so

r1:= hizg € UyNVy C V. (1)

Now there exists a ball H; about e of diameter at most £/2 such that
Hihy C Wy C Hy, and G := G(P,) is dense and heavy on Hih;.

Now we work in the orbit of hizy : by weak microaction, for some U
open and of diameter less than 27! in X,

I = hlfL‘o € U1 Q Cl(thll'()). (2/)

By (1) and (2/), 27 € Uy NV C Vi Cel(Koyo). So here too the orbit
Koyo meets Uy N Vp and so there is k] € Ky such that

yi = kiyo € U1 N VE)

Write & := §,- Since k| € W, = %—1([]1 N Vo) N Ko, this open set is
non-empty. As Gy is dense and heavy in G, Wé N Gy is non-empty and so
G~ (W) is a non-empty subset of Q. There is thus a closed subset @y, with
diam(Q;) <diam(Q)/2 = 27, such that G(Q,) € W} and G(Q) is heavy.
So for some non-empty open Wy C Wé the set G(Q1) is dense and heavy on
W,. For k; € W, C Wé C Efl(Ul N V) we have é(kl) =ki(y) € Uy NV, so

Y1 = klyoEUlﬂng‘/Q. (2)

Now there exists a ball K7 about e of diameter less than £/2 such that
Kk, C W, C Ky, and Gy = G(Q1) is dense and heavy on Kk;.

Working again in the y; orbit: by weak microaction, for some V; open
with diameter less than 271

U1 - Vi g Cl(Klyl).

This completes the first step in the induction, as we now have closed sets
Py, @ in P, open neighbourhoods Hy, K of the identity in G of diameter
less than /2, points hy, k; in G, points x1,y; in X, and open sets Uy, V; in
X with diameter less than 1/2 such that

x1 € Uy Ccl(Hyxy) with y; € Uy and y; € Vi C cl(Kqy). (ind-1)
and
G1 : = G(P) is dense and heavy on Hihy,
G, . = G(Q1) is dense and heavy on Kik;.
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In general suppose that we now have closed sets P, Q) in P, open neigh-
bourhoods H,,_1, K,_; of the identity in G of diameter less than €2~ (=1,
points hq, ..., h,_1 and k1, ..., k,_1 in G, points x1, .., x,_1 and y1, ..., Y,_1 in
X, and open sets U,_1, V,,_; in X with diameter less than 2~ (=1 such that

Tp-1 € Unfl g Cl(anlxnfl) with Yn—1 € Unfl and Yn—1 € anl g Cl(anlynfl)-

(ind-(n — 1))
and
Gn-1 : = G(P,_1) is dense and heavy on H, 11,4,
where n,, ;1 : =hp_1-...-hy - ho,
Gy : = G(Qy—1) is dense and heavy on K, 1k, _1,
where k,,_1 : =kn_1-... - ki ko,

where diam(P,_;) < 27V and likewise diam(P,_;) < 2=(~1,
Then y,—1 € Up_1 N Vg C Upy Cel(Hy—12,-1), so as above there is
h!, € H,_; such that
zl = h,x, 1 € V1. (1':n)

Write £, = &,(—1)- As @ hxn—1 € Up—1 NV,_1 we have hln, , €

=6 (Upy NVpoy) N H,y_ym,,, and this open set is non-empty (as
€,_1 is continuous). As G,_1 := G(P,_1) is dense and heavy on W,_; we
have that W/ _; NG,,_ is non-empty and so G~*(W)_,) is a non-empty sub-
set of P,,_1. There is thus a closed subset P,, with diam(P,) <diam(P,_1)/2 <
27" such that G(P,) € W/_, and G(F,) is heavy. So for some non-
empty open Wy C Wé the set G(P,) is dense and heavy on W, ;. For
hp € Wy CTW! | CEL (Ui NV, y) we have €, 1 (hy) = hp(2p-1) =
hnnn—l elU, 1NV, 1, so

/
n
/

n —

Ty =hyry, 1 €U, 1NV, CV,_ . (1 : n)

Now there exists a ball H,, about e of diameter at most €2~" such that
H,h.n,_y €W,y C H,_17,_;, and one has that G(P,) dense and heavy
on H,n,.

Now we work in the orbit of h,z,_; : by weak microaction, for some U,
open and of diameter less than 27" in X,

Ty = hprn_1 € Uy, C cd(Hphpxn_1). (2 :n)

By (1) and (2), z, € U, NV,—1 €V, Cel(K—1Yn—1). So here too the
orbit K, _1y,—1 meets U, N'V,_; and so there is k!, € K,,_; such that
y; = k;yn—l e U, NV,_1.
Write £, | := Eyn—1)- Since k;, € W' | = g;l(Un NVoo1) N Kyo1kn-1,
tbis open set is non-empty. As én—L is dense and heavy in K, 1k, 1,
W! NG, _; is non-empty and so G~ (W _,) is a non-empty subset of Q,,_1.

n—1

There is thus a closed subset @,,, with diam(Q,) <diam(Q,_1)/2 < 27",



such that G(Q,) € W!_, and G(Q,,) is heavy. So for some non-empty open
W, 1 C WT’L_l the set G(Q,,) is dense and heavy on W,,_;. For k,, € W,,_; C
W, C E;I(Un N V1) we have &, (kn) = kn(Yn_1) € Uy N V,_1, 50

Yn = knynfl ceU,NVy1 SV (2 : n)

Now there exists a ball K, about e of diameter less than 27" such that
Kpkin C W1 C Ky 1n_1, and G,, := G(Q,) dense and heavy on K,k,.

Working again in the y, orbit: by weak microaction, for some V,, open
with diameter less than 27"

Yn € Vi, C cl(K,yn).

This completes the general induction step, as we now have sets H,,, K,
neighbourhoods of the identity in G, points x,,, ¥, and sets U,,, V,, in X such
that x,, € U, with y, € U, and y,, € V,, Ccl(K,y,)-

By Lemma 1, the products n,, = hy,h,—1...hy and &, = k,k,—1...k; are
convergent sequences, with limit say h and k resp. Thus h €cl(H,) and
k ecl(Ky) =cl(Hy), which are closed balls. Thus k~'h ecl(Hy) tcl(Hy).
But sets of the form B~'B with B a closed ball are a base for the topology
at e, so k~'h is as small as we wish.

For fixed x the map (g,z) — gx is continuous and h,h,_1..hy — h,
SO0 T, = hphy_1...hyx — hz, and likewise y, = k,k,_1..kyy — ky. (For
instance, if G C Auth(X) has the supremum metric derived from d*, then
dX (hnhp1...hax, ha) < d(hphn_1...h1, h) — 0.)

But z,, and y,, have a common limit (since z,,,y, € U, and d*-diam(U,,)—
0), so hx = ky. Thus y = k~*hz, as promised. [J

Theorems 2 and 3 now yield the Main Theorem.
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