Further Mathematical Methods (Linear Algebra) 2002

Lecture 3: Linear Transformations

In this hand-out we are going to look at linear transformations: what they are, what properties they
have, and how they can be represented by a matrix. We shall also investigate how bases are actually
used and see ways of ‘changing’ the basis we want to work with. The Learning Objectives associated
with this hand-out are given at the end.

3.1 What Are Linear Transformations?

Consider two vector spaces V and W, a transformation (or mapping) from V to W is a function,
T : V — W, which takes vectors v € V and gives us corresponding vectors T'(v) € W. In this
hand-out we will be concerned with a special class of transformations, namely those which are linear
— that is, where the transformation of a linear combination of vectors in V' will give us a linear
combination of transformed vectors in W. Or, in symbols, transformations, T': V' — W, where given
vectors vi,ve € V|

T(a1vi + agvy) = a1 T(vi) + aeT'(va)

where T'(vy),T(v2) € W. So, formally, we have:

Definition 3.1 Let V and W be vector spaces. The function, T : V. — W, is a linear transformation
from V to W if, for all vectors vi,vo € V and all scalars o, as,

T(Oqu + O£2V2) = Ole(Vl) + OLQT(VQ)
Further, the vector spaces V' and W are called the domain and co-domain of T respectively.

The action of a linear transformation on a vector v € V is illustrated in Figure 3.1.

T |
v ~T(v)
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Figure 3.1: A schematic representation of the linear transformation T : V. — W. Every point in
the ellipses labelled V and W is supposed to represent a vector in the vector spaces V and W
respectively. The vector v € V is ‘transformed’ to the vector T'(v) € W under the action of the
linear transformation T' : V. — W. (Notice that under such transformations, the null vector in V
always maps to the null vector in W — see Theorem 3.3.)

Now, although the definition only stipulates how a linear combination of two vectors in V is
mapped to W under a linear transformation, we should expect that a more general linear combination
should be transformed in much the same way. To this end, we note that

Theorem 3.2 Let V and W be vector spaces. If T : V — W is a linear transformation, then
T(orvi 4+ agve + - + @ vin) = aT(vy) + a2T'(va) + - - + an T (vin)

for vectors vi,vo,..., v, € V and scalars a1, s, ..., a,,. This represents the fact that linear trans-
formations preserve linear combinations.

Proof: Let V and W be vector spaces, and consider the linear transformation from V to W.
Clearly, as the vectors vi,va,...,Vv,, are in the vector space V and ai,as,...,q,, are scalars, the
linear combination ajvy + aove + -+ + Vi is in V' too. Consequently, to prove the Theorem, all
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we have to do is apply Definition 3.1 to the vector represented by this linear combination. That is,
using the definition we see that:

T(o1vy + agva + azvs + -+ + @ viy) = a1 T(vy) + T(aeva + agvs + -+ + am Vi)
=1 T(v1) + T (va) + T(asvs + -+ + Vi)
and on the (m — 1)th application of the definition we find that
T(o1vy + agva + azvs + -+ + @ vi) = a1 T(vy) + T (va) + asT(vs) + -+ + anT (Vi)

which is a vector in W. 'Y
Indeed, several useful consequences of Definition 3.1 are given in the following theorem:
Theorem 3.3 Let V and W be vector spaces. If T : V — W is a linear transformation, then

1. T(0) = 0.

2. T(—v)=-T(v).

3. Tu—v)=T(u)—T(v).
for all vectors u,v € V.

The proof of this theorem will be discussed in Problem Sheet 2.

Lastly, we consider what happens when you find the composition of two linear transformations,
namely:

Definition 3.4 Let U, V and W be vector spaces. If T1 : U — V and Ty : V — W are linear
transformations, then the composition of Ty with T1, denoted by T o1y : U — W, is the function
given by the formula

(Tz 0 Th)(u) = To(T1 ()

for any vector u € U.

It should be clear that in order for such a composition to make sense, we require that for any
u € U, the vector T1(u) € V must lie in the domain of T5. (Otherwise, there would be vectors
u € U that could not be mapped to the vector space W by the composition (7% o T7)(u) contrary
to Definition 3.4.) The action of a composition of two linear transformations on a vector u € U
is illustrated in Figure 3.2. We also note that, as may be expected, the composition of two linear

T
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Figure 3.2: A schematic representation of the composition, 15 0Ty : U — W, of two linear transfor-
mations Th : U — V and Ty : V. — W. The vector u € U is ‘transformed’ to the vector Ti(u) € V
and this in turn is ‘transformed’ to the vector T>(T1(u)) € W under the action of the composition
Ty o Ty. Alternatively, using (T3 o Th)(u) we ‘transform’ u € U to To(T1(u)) € W directly. (Notice
that under all of these transformations, the null vector in the domain always maps to the null vector
in the co-domain — see Theorem 3.3.)

transformations is itself a linear transformation, i.e.
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Theorem 3.5 IfTh : U — V and Ty : V. — W are linear transformations, then (TooTy) : U — W
is also a linear transformation.

Proof: Let u; and us be two general vectors in U and let oy and as be two general scalars. By
Definition 3.4, this means that

(T 0 Th)(a1uy + asuz) = To(Ti(aqug + azus))
= Ta(anTi(w1) + a2Ti(uy))
= a1Tz(Ti(wm)) + a2T2(Ti(a1))
o (Ta o Th)(equy + agug) = ar(Tr o Th)(uy) + (T 0 T1)(uy)

and so, by Definition 3.1, T5 o T} is a linear transformation. '
Let us now look at some examples.
Example: Which of the following three transformations are linear?
1. Ty : V — V given by T1(v) = 0.
2. Ty : V — V given by T5(v) = kv for some non-zero fixed scalar k.
3. T5:V — V given by T5(v) = v + vq for some fixed non-zero vector vy € V.
Further, find the compositions 17 o 15 and 17 o T5.

Solution: To see whether these transformations are linear, we have to see whether they satisfy
Definition 3.1, i.e. does
T(a1V1 + OCQVQ) = alT(vl) + CkQT(Vg)

for all vectors v, vy € V and all scalars aq, ao?

(1) Consider two general vectors vi,ve € V and two general scalars aq, as. We observe that for the
transformation 77 : V' — V given by T1(v) = 0, we have

Tl(Oqu + OéQVQ) =0, Tl(Vl) =0 and Tl(VQ) =0
as the vectors a1vy + asvs, vi and v are all in V. Consequently, we can see that
Tl(Oqu + OQVQ) =0 and o171} (Vl) + OéQTl(VQ) =a;04+a30=0

These two expressions are equal for the general vectors and scalars considered and so 71 (v) is a linear
transformation. (Note that this linear transformation is sometimes referred to as the null (or zero)
transformation.)

(2) Consider two general vectors vi, vy € V and two general scalars a, aa. We observe that for the
transformation 75 : V' — V given by T5(v) = kv where k is some non-zero fixed scalar, we have

TQ(Oqu + CEQVQ) = k(alvl + OCQVQ), TQ(Vl) =kvy and TQ(VQ) =kvy
as the vectors avy + agve, vi and vy are all in V. Consequently, we can see that
Tg(alvl + OéQVQ) = k(Oqu + OéQVQ) = a1kvy + avkvy = OleQ(Vl) + OQTQ(VQ)

and so, T(v) is a linear transformation. (Note that this linear transformation is sometimes referred
to as a contraction of V' with factor k if 0 < k < 1 (or a dilation of V' with factor k if k > 1) as it
‘compresses’ (or ‘stretches’) each vector in V' by a factor of k.)

(3) Consider two general vectors vi,ve € V and two general scalars aq, ag. We observe that for the
transformation 75 : V' — V given by T5(v) = v + vy where vy € V is a fixed non-zero vector, we
have

T3(a1vy + aova) = a1vy + agve + vo, T3(vi) = vi+vo and T3(v2) = va + Vo

3-3



as the vectors a1vy + agve, vi and vy are all in V. Consequently, we can see that as
arTa(vi) + aTa(v2) = ai1(vi + vo) + aa(ve + vo) = a1 vy + aave + (a1 + ag)vo

is not equal to
T3(a1vi + aova) = a1vy + azve + Vo

for the general vectors and scalars considered, T3(v) is not a linear transformation.! (Note that this
transformation, although not linear, is very useful in linear algebra and we shall look at why it is
important later.)

Lastly, we note that the compositions 171 0T5 : V — V and 15071} : V — V are given by
T1 e} TQ(V) = Tl(TQ(V)) = Tl(kV) =0

and
TQ @) Tl(V) = TQ(Tl(V)) = TQ(O) =k0=0

for any vector v € V' and some fixed non-zero scalar k. (Notice that both compositions map every
vector v € V to the null vector 0 in this case.) )

You should also note that within this general framework, we can look at linear transformations which
map between real function spaces too. We now turn to an illustration of this.

Example: Recall that PR is the subspace of F® that contains all polynomials of degree at most n
(where n is a non-negative integer).? That is, every vector p € PX is of the form

P=ay-1+a-xX+ - +ap x"
where p : x — p(z) for all x € R and
p(r) = ap + a1z + - - + apx”

for all z € R. Which of the following three transformations are linear?

1. Ty : P& — PX given by Ty (p) : # — p(z + k) for all x € R and some fixed real number k.

2. Ty : P§ — P%Rim given by Ta(p) : © — z™p(x) for all z € R and some fixed integer m > 0.

3. T3 : P — P& given by T3(p) :  — p(x) + k for all z € R and some fixed non-zero scalar k.
Further, find the compositions 17 o T and T3 o T5.

Solution: As in the previous example, to see whether these transformations are linear, we have to
see whether they satisfy Definition 3.1, i.e. does

T(c1p1 + asp2) = 1T (p1) + a2T'(p2)
for all vectors p1, p2 € IP’§ and all scalars aq, ao?
(1) Consider two general vectors p1, p2 € PH§ and two general scalars a1, as. We observe that for the
transformation T} : P — P§ given by T1(p) :  — p(z + k) for all z € R and some fixed real number

k, we have
Ti(c1p1 + azp2) : ¢ — aipi(x + k) + aopa(z + k), Vo € R

because the vector a1p1+aop2 € IP’]§ is defined using point-wise operations and so [a1p1+aepe](z) =
a1p1 () + agpe(x) for all x € R.3 Similarly, we have:

Ti(p1) : x — pi(x+ k) and Ti(p2) : 2 — pa(x + k)

'But, this should be obvious as T5(0) = 0 + vo = vo # 0 contrary to Theorem 3.3(1).
2This subspace of F® was first introduced in the Example on p. 19 of the hand-out for Lecture 2.
3See Section 1.3.3.
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for all x € R. Consequently, we can see that as
arT1(p1) + a2Ti(p2) 1 © — aapi(z + k) + agpa(z + k)

for all x € R, it is the case that

Ti(a1p1 + a2p2) = anT1(p1) + 211 (p2)

and so as these expressions are equal for the general vectors and scalars considered, T} (p) is a linear
transformation. (Note that when this linear transformation is applied to a [quadratic] polynomial
p(x), it ‘shifts’ it in the negative z-direction by k units.)

(2) Consider two general vectors p1, p2 € PH§ and two general scalars a1, as. We observe that for the
transformation Ty : P — PE 4o given by T3(p) : # — 2™p(x) for all z € R and some fixed integer
m > 0, we have

To(a1p1 + aep2) 1 ¢ — aqz"'p1(x) + cpxpa(x), Vo € R

because the vector a1 p; +aopa € PX is defined using point-wise operations and so [a1p1 +azps](z) =
a1p1(x) + agpa(x) for all x € R. Similarly, we have:

Tr(p1) : x — 2™pi(x) and Ta(p2): x — x"pa(x)
for all x € R. Consequently, we can see that as
a1Ta(p1) + aeTa(p2) : x — carx™pi(x) + agx™pa(x)
for all x € R, it is the case that

To(onp1 + aep2) = a1 T1(p1) + a2T1(p2)

and so as these expressions are equal for the general vectors and scalars considered, T>(p) is a linear
transformation. (Note that when this linear transformation is applied to a [quadratic] polynomial
p(x), it turns it into another polynomial z™p(x) [which is of degree 2 4+ m)].)

(3) Consider two general vectors p1,p2 € PH§ and two general scalars a1, as. We observe that for the
transformation T3 : P — PX given by T3(p) : * — p(x) + k for all z € R and some fixed non-zero
scalar k, we have

T3(a1p1 + cop2) : ¢ — ai1pi(z) + cope(x) + k, Vo € R

because the vector a;p; +aopa € P5 is defined using point-wise operations and so [a1p1 +azps](7) =
a1p1(x) + aepa(x) for all x € R. Similarly, we have:

Ts3(p1) : x — pi(x) + k and T3(p2) : x — pa(z) + k
for all x € R. Consequently, we can see that as, for all x € R,
a1 T3(p1) + a2T3(p2) : @ — aa(p1(z) + k) + aa(p2(z) + k) = aipi(x) + agpa(z) + (a1 + a2)k

is not equal to
T3(c1p1 + azpe) : © — aip1(x) + azpe(z) + K,

for the general vectors and scalars considered, T3(p) is not a linear transformation.* (Note that this
transformation (which we could have written as T3(p) = p+ k- 1), although not linear, is very useful
in linear algebra and we shall look at why it is important later.)

“But, this should be obvious as T53(0) = 0+ k-1 = k-1 # 0 contrary to Theorem 3.3(1). (Recall that here, 0 € PE
corresponds to the zero function (or, indeed, the null polynomial) — see Section 1.3.3.)
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Lastly, we note that the composition T} o5 is only defined if m = 0 as we require that the co-domain
of Tp (i.e. P§ ) is the same as the domain of T} (i.e. PX). So, in this case, Ty o Tp : P§ — P is
given by

Ty oTy(p) =T1(To(p)) =Ti(p) : x — p(x + k), Vz € R

and T o Ty : P — P5,is
Ty o Th(p(2) = To(T1 (p(x))) = To(p(a + k) : 2 — a™p(x + k), Vo € R

for any vector p € P§ such that p(x) = p(z) and some fixed non-zero real number k and fixed integer
m > 0. &

3.2 Ranges, Null Spaces And The Rank-Nullity Theorem

Associated with each linear transformation 7' : V' — W are two special vector spaces which will be
very useful in our study of linear algebra. One of them is the null space of T and this is a subspace
of V' which contains all of the vectors in V' which 7" maps to the null vector (or additive identity) in
W. The other is the range of T' and this is a subspace of W which contains all of the vectors in W
that are mapped to from vectors in V' by T'. So, formally, we have:

Definition 3.6 Let V and W be vector spaces and let T : V — W be a linear transformation. The
null space (or kernel) of T, denoted by N(T'), is the subset

N(T)={veV|T(v)=0}
of V', and the range of T, denoted by R(T), is the subset
R(T)={weW |T(v)=w forsome veV}
of W.

The relationship between the null-space and the range of a linear transformation T : V — W is
illustrated in Figure 3.3. Of course, we still have to justify the assertion that the null space and
range of 1" are not just subsets, but also subspaces, of V- and W respectively. This fact is established
in the following theorem:

Theorem 3.7 Let V and W be vector spaces. If T : V — W is a linear transformation, then the
null space of T' is a subspace of V' and the range of T is a subspace of W.

The proof of this theorem will be discussed in Problem Sheet 2.

Indeed, as the range and null space of a linear transformation are vector spaces, they will have a
dimension associated with them. That is, we can define:

Definition 3.8 Let V and W be vector spaces. If T : V — W is a linear transformation, then the
dimension of the null space of T' is called the nullity of T and is denoted by n(T'), and the dimension
of the range of T is called the rank of T' and is denoted by p(T).

Rather surprisingly, despite the fact that the null space and range are subspaces of different vector
spaces (i.e. V and W respectively), there is a relationship between their dimensions as they are

related by the linear transformation 7. This relationship is given by the rank-nullity theorem, i.e.

Theorem 3.9 Let V and W be vector spaces. If T : V — W is a linear transformation, then
p(T) +n(T) = dim(V).
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Figure 3.3: A schematic representation of the relationship between the null space N(T') and range
R(T) of a linear transformation T : V' — W. Notice that all vectors in V' are mapped into R(T) C W,
and all vectors in N(T) C V are mapped to the null vector in W, under the action of T. (Notice
that as V., W, N(T') and R(T') are all vector spaces, they all contain the [appropriate] null vector 0.)

Proof: Let V and W be vector spaces, and further, assume that dim(V) = n. We start by es-
tablishing that the result holds when 1 < n(T) < n — 1 and treat the special cases where n(T) is
0 or n later.’ So, let us assume that n(T) = r where 1 < 7 < n — 1, and let the set of vectors
S ={vi1,va,...,v,} be a basis of the null space of ', N(T') C V. Now, as S is a basis, it is a linearly
independent set of vectors and so we can find n—r vectors v,41, Vy42,. .., v, such that the expanded
set ' = {V1,Va,..., Vs, Voi1, Via2,...,Vy} is a basis for V.6

But what about the range of T, R(T) C W? The proof now proceeds by establishing that the
vectors needed to turn S into S’ (i.e. the vectors v,i1,Vy42,...,Vy), when mapped into W by T,
form a set S” = {T'(vy41),T(Vr+2),...,T(vn)} € W which is a basis for R(T). Of course, to show
this, we only need to establish that the set S” both spans R(T') and is linearly independent (recall
Theorem 2.10):

e To show that S” spans R(T'): Let w be any vector in the range of T', that is, by Definition 3.6,
there is some vector v € V such that w = T'(v) € W. Now, since the set S’ is a basis for V,
we can write the vector v as a linear combination of the vectors in this set, i.e.

V=q1Vi +@Vve+ -+ Ve + Qpp1 Vel + QpioVepo + -0+ Vi

We now note that as the vectors vi,vs,..., v, are in the null space of T, by Definition 3.6, we
have T'(vy) = T(v3) = --- = T(v,) = 0, and consequently because 7 is a linear transformation,’
we have

w=T(V)=0+4 1T (Vrt1) + ari2T(Vpi2) + -+ a,T(vy)

Thus, any vector w € R(T') can be written as a linear combination of the vectors in the set
S" ={T(vr41),T(Vr4+2),...,T(vn)}, and so S” spans R(T') by Definition 2.2 (as required).

5Tt should be obvious that if U is a subspace of a [finite dimensional] vector space V, then 0 < dim(U) < dim(V).
Clearly, dim(U) > 0 holds because the smallest possible subspace of V' is {0} and this has a dimension of zero. Further,
the fact that dim(U) < dim(V') was established in the Harder Problems of Problem Sheet 1.

5This is a direct consequence of Theorem 2.9, that is, we could prove a generalisation of this result which says that:
If S C V is a linearly independent set of vectors that is not already a basis for V, then the set S can be expanded to
form a new set S’ which is a basis for V by adding appropriate vectors to S. If you are suspicious of this, you will have
the chance to prove this result (and another related theorem) in the Harder Problems of Problem Sheet 2.

"Note the implicit use of Theorem 3.2 here.
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e To show that S” is linearly independent: To show that the vectors in S” are linearly
independent, consider the vector equation

ar+1T(Vr+1) + aT‘+2T(VT+2) + -+ OénT(Vn) =0
as per Definition 2.6. Since T is a linear transformation, this implies that®
T(ar—i—lvr—l—l + QrpoVepo o0+ anvn) =0

and so, by Definition 3.6, the vector a,1Vy411 + QpyoVyeys + -+ - + vy is in the null space of
T. Consequently, we can write this vector as a linear combination of the vectors in S as this
set is a basis for the null space of T, i.e. there are scalars oy, as, ..., a, such that

Qr41Vr4l + Q2 Veg2 + -+ QpVy = a1V + aeva + - - + vy
which on re-arranging gives
Q1V] +agVe + -+ Qp Ve — Q1 Vgl — QpyaVegg — o — vy, = 0

But, since the set S’ is a basis, and hence linearly independent, all of the coefficients in this
vector equation must be zero. Hence, in particular, ap41 = ap42 = --- = a, = 0, and the
vectors in S” are linearly independent (as required).

Consequently, we have shown that the set S” = {T'(v,41),T(Vr+2),...,T(vn)} is a basis of R(T),
and further the rank of T', i.e. p(T), must equal n — r as there are this many vectors in S”.
The required result now follows from the fact that n(T) = r and p(T) =n —r, i.e.

n(T)+p(T)=r+(n—r)=n=dim(V)

as we assumed that V' was an n-dimensional vector space in the proof. (The special cases where
n(T) = 0 or n will be considered in Problem Sheet 2.) [ )

Let us now look at some examples of this.

For example: We saw in the previous section that 71(v) = 0 and T5(v) = kv [for some non-zero
fixed scalar k| are linear transformations from V' to V. Let us illustrate these new concepts by
applying them to these two simple examples.

As T1 maps all vectors in its domain to the null vector in its co-domain, the null space of
Ty is V and its range is {0}. Consequently, the nullity of 77 is dim(V'), its rank is zero and as
dim(V') + 0 = dim(V') the rank-nullity theorem is satisfied.

As Ty only maps the null vector in the domain to the null vector in the co-domain, the null space
of Ty is {0}. Further, the range of T5 is V' (as, for every vector in the co-domain, there is a vector
in the domain which will map to it under 7). Consequently, the nullity of Tb is zero, its rank is
dim(V') and as 0+ dim(V') = dim(V") the rank-nullity theorem is [again] satisfied. &

But finding the range and null-space of a linear transformation may not always be so easy as we shall
see in Problem Sheet 2.

3.3 Representing Linear Transformations By Matrices

However, despite the utility of this abstract way of looking at linear transformations when trying to
prove theorems, it is not always the most convenient way of dealing with them. In this section we
shall look at a linear transformation 7' : V' — W where V and W are n and m-dimensional spaces
respectively to see how it is often easier to represent the transformation as a matriz instead of a
function. As the development of this idea can be quite confusing, we shall split the discussion into
four parts.

8Note the implicit use of Theorems 3.2 and 3.3(1) here.
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3.3.1 Coordinates and coordinate vectors

To see how this is done, we start by considering that any vector v € V is just an object in this n-
dimensional vector space and its representation depends on the basis which we choose. For instance
if the set of vectors S = {vy,va,...,v,} is a basis for V, we can represent v as a linear combination
of the vectors in this set, i.e.

V=121V] +x2Va + -+ TpVy

where the coefficients z1, x2, ..., x, are scalars. Now, if all of these scalars are real numbers, we can
regard the column vector [z1,z2,...,2,]! in R as another way of representing the vector v with
respect to the basis 5.7

Of course, although I say that this is a ‘new representation’ of the vector v € V, you have seen
and used it before, even in this course. The column vector in question, namely [z1, s, ..., 2z,]!, has
a standard geometrical interpretation. That is, in the case where V' is R", we can think of v as the
position vector of some point in the space, and this column vector is nothing more than the coordinate
vector which tells us where this point is relative to the basis vectors that lie along the axes being used.
Indeed, this is why it is important that we know which basis is being used when doing calculations
with coordinate vectors — if we change the basis vectors (i.e. the directions of the axes'®), then we
will change the coordinate vector (i.e. the coordinates) of the point we are looking at!

So, formally, we have:

Definition 3.10 Let the set of vectors S = {v1,va,..., vy} be a basis of the vector space V. The
real numbers x1,x,...,x, are the [unique] coordinates of a vector v in the n-dimensional space V
with respect to the basis S iff

V=2x1V]y +ToVy + -+ TpVy

Further, we define [v]s, where

Ln

to be the coordinate vector of v relative to the basis S.

Notice that by Definition 2.1 and Theorem 2.12, the coordinates of a vector with respect to a certain
basis are just the coefficients of the unique linear combination of the basis vectors that is used to
express it.

Example: Consider the sets of vectors

1 0 0 1 1 1
E={]o|,|1],]o0 and S=< 0|, 21],]1]}%,
0 0 1 1 0 0

which are both bases of the vector space R? (verify this!). The basis given by E is called the standard
basis of R3, and so, unless otherwise stated, vectors will be given in terms of it, i.e. the vector [6, 5, 2]*
(say) is implicitly given in terms of this basis. That is, explicitly,

6 1 0
) =60 |+5|1]|+2]0
2 0 1

E

Thus, the vector [6,5,2]" has coordinates 6, 5, 2 with respect to the basis E [as one would expect!].
However, when referring to a ‘non’-standard basis, such as S, we note that we can write the vector

9Further, this new representation will be unique as the linear combination which gives rise to the coefficients used
in this column vector is unique (recall Theorem 2.12).
10Strictly, the scales on the axes can change too.
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[6,5,2]" as a linear combination of the vectors in S, i.e.

6 1 1 1
5| =210 (+1]2|+3]|1
2 1 0 0

So, it is clear that [2,1,3]% is the coordinate vector of the vector [6,5,2]" relative to the basis S,
and that 2, 1, 3 are the coordinates of this vector with respect to this basis. = One of the many
applications of the matrix representation of a linear transformation is that it enables us to calculate
how the coordinates of a vector change when we switch between bases (see the Appendix at the end
of this hand-out).

3.3.2 Why can matrices represent linear transformations?

Now, consider again the set of vectors S = {vi,va,...,v,} which is a basis of the n-dimensional
vector space V' and the vector v € V such that

V=x1V]y +ToVva +- -+ TypVp

where the coefficients q,x9,...,z, are scalars. Let us also introduce the set of vectors S’ =
{W1i,wa,...,Wp} to be a basis of the m-dimensional vector space W. If we now consider our
linear transformation, 7" : V' — W, it should be clear that the vectors T'(vy),T(v2),...,T(vy) will
be in W and so, as S’ is a basis for W, they can be written as linear combinations of the vectors in

S, ie.

T(vi) = anuwir + aawz + - + amiWn
T(vy) = aigwi + aws + - + apmawn
T(Vn) = apW1 + axW2 + -+ AmnWiy

We also know that linear combinations are preserved under linear transformations (recall Theo-
rem 3.2), and so

T(v) =T(@1vi+aove+ -+ 2nvy) = 21T (v1) + 22T (ve) + -+ + 2T (vn)

Consequently, substituting for the vectors T'(v1),T(v2),...,T(v,) using the linear combinations
above we get

T(v) =x1(a1wi + aa1wWa + -+ + @m1Wp,) + - -+ + Tp (a1, W1 + a2, Wa + - - - + QWi
which on re-arranging gives
T(v) = (x1a11 + 2012 + - - + Tpa1n) W1 + - -+ + (Z1am1 + T2am2 + -+ - + TpGmn) Wi,

Now, if we write
T(V) =Y1W1 + YW + - - + Y Wy,

where the coefficients yi1,ys, ..., ym are scalars and then compare the two expressions for T'(v), we
get the matrix equation

1 a1l ai2 - QAln T
Y2 a21 Az -+ A2p 1)
Ym Aml Am2 - Amn Tn

where the ith row represents the coefficient of the vector w;.
But, what does this tell us? To interpret this matrix equation, let us assume for simplicity that
the vector spaces V and W are real, i.e. the scalars xy,x9,...,2, and y1,¥2,...,ym are all real
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numbers.!! This means that the vectors in our matrix equation are such that [z1,70,...,2,]t € R
and [y1,v2, ..., ym]! € R™, indeed using the notation introduced in Definition 3.10 we can use them
to represent the vectors v € V and T'(v) € W respectively, i.e.

e The real numbers z1,x2,...,x, are the coordinates of the vector v € V with respect to the
basis S (as v = x1vy + x2vay + - - + 2, v,,) and so we can write [v]g = [z, 22, . .. ,:Un]ts.12
e The real numbers y1,¥2,...,ym are the coordinates of the vector T(v) € W with respect

to the basis S (as T(v) = 11wi + yawa + -+ + Y Wy,) and so we can write [T'(v)]gr =
[yla Y2,. .. 7?/m]g/-13

Thus, we can see that the matrix equation above can be re-written as
[T(v)]ls = Alv]s

where A is the m x n matrix (a; ;) given above. Consequently, we can represent the linear transfor-
mation T : V — W as a matrix equation, and formally, we can say that'?

Definition 3.11 Given a linear transformation T : V — W, the matrix Ap is called the matrix for
T with respect to the bases S and S’ if

[T(v)]s = Ar[v]s
for all vectors v € V.

Indeed, the analysis presented above can be used to establish that:

Theorem 3.12 Let V and W be n and m-dimensional vector spaces respectively. If T :' V. — W is
a linear transformation, then there is an m x n matrix A such that T(v) = Av.

or, conversely,

Theorem 3.13 Let V and W be n and m-dimensional vector spaces respectively. If A is an m X n
matrix, then there is a linear transformation T': V' — W such that T'(v) = Av.

The proofs of these two theorems will be considered in Problem Sheet 2.
We now go on to consider how all of this theory works in practice by looking at how we can find
Ar given T and vice versa.

3.3.3 Given 7', how do you find A;?

So far, we have only considered examples of simple linear transformations (i.e. those like T'(v) = 0
and T'(v) = kv in the Example of Section 1.1) which can be expressed in terms of a vector v without
reference to a basis. However, we want to be in a position to deal with more complicated examples
such as, say, the linear transformation 7' : R? — R? given by the formula

x o+
(]l
- Y
where clearly, the vectors in R3 that are being transformed are now being represented relative to
some basis by the vector [z,y, z]* € R3. For simplicity, we shall follow the convention introduced in

" The only other possibility that we will consider in this course is that the vector spaces V and W are complex. In
this case, the scalars would be complex numbers and the coordinate vectors would be elements of C™. The analysis
that follows can easily be altered to take this into account.

12That is, the vector [1,22,...,2,]" € R™ can be interpreted as the coordinate vector [z1,x2,...,2n]5 of v € V
relative to the basis S C V.

13 That is, the vector [y1, ¥z, - - -, y¥m]" € R™ can be interpreted as the coordinate vector [y1, yz, - - - , ym]s of T(v) € W
relative to the basis S’ C W.

M Notice that Definition 3.11 and Theorems 3.12 and 3.13 are completely general and consequently hold for complex
vector spaces too.
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the Example of Section 3.3.1 and assume that if no basis is specified, then the bases being used are
the standard bases of the vector spaces in question.

So, in general, we will have a linear transformation 7' : V' — W given by some formula and we
will want to represent it by some matrix Ar such that

Ar[vls = [T(v)]s

where on the left-hand-side we have Ar acting on the coordinate vector of v relative to some basis
S (i.e. we have Ar multiplied by [v]s) which gives us the vector on the right-hand-side which is the
result of the transformation — i.e. T'([v]) — expressed as a coordinate vector relative to the basis
S’. We now recall that [v]g is just the vector [x1,xo,. .., z,]! of scalars x1, 9, ..., 2, such that

V=121V] +xaVa + -+ TpVy

where S = {vy,va,...,v,} is a basis for V and similarly, [T'(v)]s is the vector [y1,y2,...,yn]" of
scalars y1, %2, - - -, Yn Such that

T(v) =y1W1 + y2Wa + -+ + Y Wi,

where S = {w1,wa,...,W,,} is a basis for W. Indeed, using this notation, we found earlier that the
matrix which we seek is contained within the matrix equation

Y air a2 - Qlp ol
e =| 2| =TT T = Al
Ym | o Aml Am2  * Gmn Tn | g
Now, the basis vector vi € S is represented by the coordinate vector [vi]s = [1,0,0,...,0]% relative
to the basis S, vo € S by [vo]s = [0,1,0,...,0]%, et cetera and so we can see that
an
Tv)ls = | 2
am1
as x1 = 1 is the only non-zero component in [vi]s = [1,0,0,...,0]%,
a2
Teva)ls = | 0
Am?2
as o9 = 1 is the only non-zero component in [va]g = [0,1,0,...,0]%, et cetera. Consequently, we

can see that the ith column of the matrix A is just the coordinate vector [T'(v;)]s: gained from
transforming the ith basis vector in S, that is:

So, given the formula for some linear transformation 7' : V' — W we now have a method for
calculating a matrix A such that

[T(v)]sr = Ar[v]s

which is the sought after matrix for 7" with respect to the bases S and S’ (as defined in Definition 3.11).
Luckily, using this method is much simpler than the derivation and to illustrate this, let us look at
some examples.
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Example: Let T : R? — R? be the linear transformation where

v +
() -l
). y+z

Find a matrix Ar such that T'(x) = Arx.

Solution: This is particularly simple if we take the bases S and S’ to be the standard basis for R?
and R? respectively. As you know, this means that

1 0 0

s[ol [T [o ]} wa s {2107
0 0 1

So, calculating the values of T'(v) for the elements of S we find that

1 0 0
T 0 :[é],T 1 :[1],andT 0 :[(1]}
0 0 1

where the vectors on the left-hand-sides of these expressions are automatically of the required form
(i.e. [T(v)]s) as S’ is the standard basis of R2. Thus, in this case,

1 10

AT_[Ol 1}

is the required matrix for the bases S and S’ given above.
Alternatively, we could make life a little more difficult by specifying that the bases which we want

to use are
1 1 1

s Lol [ L[]} wa s dp2 o)
1 0 0

where S is the basis of R? which we considered in Section 3.3.1 and S’ is a basis for R? (verify this!).
So, as before, we start by calculating T'(v;) for the basis vectors v; € S and we find that

T(v) = T é —[}},TWﬂ—T % —[2] and T(vs) =T i —[f}

where the vectors on the left-hand-sides are written in terms of the standard basis of R%. However,
to find Ap in this case, we need them to be written in terms of the basis S’ = {w1,wy} where
wi = [1,2]" and wy = [0, —1]%, i.e. we need to find [T'(v)]ss for each of these vectors. To do this we
note that the first expression gives

=[] 2]+ 4] v = mone= 1],

the second expression gives

T(vs) = [g}._3[;]-+4[_?1]._3w1+4wz :i>[T@@ﬂg—-[3]9

and the third expression gives

T(Vg):|:?:|:2|:;:|+3|:_01:|:2W1+3W2 — [T(Vz)]SIZ[QLI
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Consequently,

o1t

1 4 3

is the required matrix for the bases S and S’ given above. (Notice that, as expected, if we change
the bases involved we change the matrix.) )

However, the power of this method is that the vector spaces V' and W do not need to be Euclidean
spaces (i.e. spaces of the form R™ or C™). Despite the fact that the matrix representation relies on
the coordinate vectors of v and T'(v) (i.e. [v]s and [T'(v)]s’) being elements of a Euclidean space,
the vectors v and T'(v) themselves need not be. Let us consider an illustration of this fact.

Example: Let T : IP’§ — IP’]F be the linear transformation where
T(a0~1+a1-x+a2~x2) =a1-142as-x
Find a matrix A such that T'(p) = Ap for p € IP’IQR.

Note: Although we haven’t come across it yet, the standard basis for PX is the set of vectors
{1,x,...,x"}.

Solution: This is particularly simple if we take the bases S and S’ to be the standard basis for PY
and IP’]{\’ respectively. This means that

S ={1,x,x*} and S ={1,x}
So, calculating the values of T'(p) for the elements of S we find that
T(1)=0, T(x)=1 and T(x*)=2-x

where the vectors on the left-hand-sides of these expressions are automatically of the required form
(i.e. [T(p)]s/) as S’ is the standard basis of Pf. Thus, in this case,

010
AT_[O 0 2}

is the required matrix for the bases S and S’ given above.
Alternatively, we could [again] make life a little more difficult by specifying that the bases which
we want to use are

S={4-x+1,x24+2-x,x*+1} and &' ={x+1,x-1}
So, as before, we start by calculating T'(v;) for the basis vectors v; € S and we find that
TA-x+1)=4-1, T(x*+2-x)=2-x+2-1 and T(x*+1)=2-x

where the vectors on the left-hand-sides are written in terms of the standard basis of IF’%Q{. However,
to find A in this case, we need them to be written in terms of the basis S’ = {wj,wy} where
wi; =x+ 1 and wy = x — 1, i.e. we need to find [T(v)]|g for each of these vectors. To do this we
note that the first expression gives

the second expression gives
2
T(ve)=2-x+2-1=2-w; = [T(va)]lg =
S/
and the third expression gives

S,
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Consequently,
Ap — [ 2 21 ]

-2 01

is the required matrix for the bases S and S’ given above. (Notice that, as expected, if we change
the bases involved we change the matrix.) )

3.3.4 Given Ar, how do you find 77

What happens if you are given a linear transformation 7' in terms of a matrix Ay and you want to
find its null space or range? Well, luckily, a matrix also has a range and a null space associated with
it, and these are — relative to the bases involved — the same as the range and null space of the
transformation. You learnt how to calculate the range and null space of a matrix in MA100 (using
row operations et cetera) and so we won’t go over this again here. However, an alternative method
would be to try and recover the linear transformation from the matrix and use this to calculate the
range and null space.
So, we start with a matrix equation such as

[T(v)]sr = Arlvs

where [v]g € V and [T(v)]ss € W, and we want to find the linear transformation 7" : V' — W which
corresponds to this, i.e.
w="T(v)

where w € W and v € V are written relative to the standard basis. To see how this is done, we start
by re-writing the given matrix equation as

U1 ail a2 a1n T
Y2 a1  Ga22 a2n x2

[T(v)]s = = . = Ar[v]s
Ym S Aml aAm2 - Amn T S

using the notation introduced earlier. As we want to recover this linear transformation in terms of
the standard bases of V' and W, it would be good if we could find its matrix representation with
respect to these bases. That is, we want to convert the coordinate vectors [v]s and [T'(v)]g relative
to the bases S and S’ of V' and W respectively into coordinate vectors [v] and [T'(v)] relative to the
standard bases of V' and W respectively. To do this, we just ‘change basis’ (see the Appendix at the
end of this hand-out if you don’t know how to do this!), i.e. we note that

VIvls = [v] and W[T'(v)ls: = [T(v)]

where the columns of the matrices V and W are the basis vectors in S and S’ respectively. Conse-
quently, on re-arranging these expressions and substituting we have

[T(v)] = WAZV ™ [v]

where WA7V ™! is the matrix representing 7' with respect to the standard bases of S and S’. Now,
if we let [v] be some vector [21, 22, . .., 2,|" and multiply it by WAV ~!, we will find the effect that
T has on vectors in V — which is what we were after.

Again, the method is easier to apply in practice, and so let us look at an example.

Example: Given that a linear transformation 7" : R? — R? is represented by the matrix

13 2
AT‘[1 4 3}
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where the bases being used in R? and R? are

S = ol,l21/,]1 and S’:{[;],[_Ol}}
1 0 0

find the formula for T'(v).

Solution: As per the method above, we start by finding the matrices which will change the bases
being used in R3 and R? from S and S’ to the appropriate standard basis. As these matrices just
have the basis vectors as their columns we get

1 11
V=0 2 1 andW:[; _01}
1 00

So, as indicated above, we then calculate the matrix product

0 0 1

1 0 1 3 2 1 1 0
WATV_lz[ H } -1 1 1 :[ ]
2 -1 1 4 3 9 _1 _9 01 1
and multiply this matrix by a vector [21, 29, 23]' representing [v], to get
110]|* 2+ 2
z9 =
01 1 29 + 23
23
which tells us that the formula for T'(v) is
Z1 +
T z9 = |: 1 2 :|
29 + 23
23
as you may have expected. &

3.4 Appendix: How To Change Basis

Let us consider a vector x in a vector space V' which is given by the coordinate vectors
o [x]g = [a1,a,...,an)5 relative to a basis S = {uy,ug,...,u,} CV
o [x]gr = [b1,b2,...,b,]% relative to some other basis " = {v,vo,...,v,} CV

Now, as both of these coordinate vectors represent the same vector, it should be clear that when
they are written out in full, they must be equal, i.e.

X =aju; +agug + -+ au, = byvy +bovo + -+ by vy

But, this can be re-written in terms of matrices, i.e.

ai bl

| T e | T e
u uy - uy : = Vi Vg -V, :
T I
(479 n

or, better still,



where the columns of the matrices U and V are the basis vectors in S and S’ respectively.

Further, notice that as S and S’ are just different bases of the same n-dimensional vector space, U
and V will both be n x n matrices, and as bases are linearly independent, they will both be invertible
too. This means that we can find [x]|g from [x]|g (say) by using

[x]s = U V[x]g

and so, it should be clear that changing basis is yet another example of a linear transformation (in
this case from V to V).

3.5 Learning Objectives

At the end of this hand-out you should:

e Understand what a linear transformation is and the properties it possesses as given in the
Theorems of Section 3.1.

e Understand that the null space and range of a linear transformation are particular subspaces
of certain vector spaces and that their dimensions are related by the rank-nullity theorem as
given in Section 3.2. (Although, detailed knowledge of the proof of the rank-nullity theorem is
not required for this course.)

e Be able to represent a linear transformation as a matrix using given bases and be able to recover
the linear transformation from such a matrix as described in Section 3.3. (Although a detailed
justification of why this is possible is not required for this course.)

e Be able to construct a matrix which will allow you to change between bases as described in
Section 3.4.

This material will be developed in Problem Sheet 2.
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