Further Mathematical Methods (Linear Algebra)

Solutions For The 1999 Examination

Question 1

(a) The orthogonal complement of a set of vectors S, denoted by S*, is the set of all vectors that
are orthogonal to the vectors in S, i.e.

St={v:(v,s) =0 ¥Vse S}
To prove that N(A?) = R(A)* for any real m x n matrix A, we use a ‘double inclusion proof,’ that is,

e Suppose that z € R(A)*, i.e. (z,y) = 0 Vy € R(A), or using our convention [which allows
us to express inner products in terms of matrix products], zy = 0 Vy € R(A). Now, since
Ax € R(A) Vx € R", we have

z’Ax =0 = (Alz)'x =0 = (A'z,x) =0.
But, this is true ¥x € R", and so we have Az = 0. Thus, z € N(A!) and R(A!) C N(A?).

e Suppose that z € N(A?), i.e. Alz = 0. Now, for any y € R(A), 3x € R” such that y = Ax,
thus
Alz =0 = x'Alz=0 = (Ax)'z=0 = (y,z) =0,

where, once again, we have used our convention. So, z is orthogonal to any y € R(A), i.e.
z € R(A)L. Thus, N(AY) C R(A)*.

Consequently, N(AY) = R(A)* (as required).

(b) We are asked to find an orthonormal basis for the subspace S of R* spanned by the vectors
vi = [1,0,2,0]%, vo = [0,2,1,0]* and v3 = [0, 1, 1, 0]*. To do this, we use the Gram-Schmidt procedure:
e Taking v; = [1,0,2,0]%, we note that ||v1]?=1+0+4+0=5 and set e; = %[1,0,2,0}#

e Taking vy = [0,2,1,0]!, we need to construct a vector us where

uy = vy — (vg,e1)eq,

which as
(va,e1) = 0+0+2+0 :i
2, \/5 57
gives us
0 1 -2
wy — 2| 210 _ 1110
1 512 511
0 0 0
But, we are only interested in the direction of ug, and so we set ug = [—~2,10,1,0]*. Thus,
noting that ||ug||?> =4 + 100 + 1 + 0 = 105 we set ey = ﬁ[—z 10,1, 0]t

e Taking vs = [0,1,1,0]%, we need to construct a vector uz where
uz = vz — (v3,e;)e; — (v3, ez)es,

which as
0+0+24+0 2

<V3,€1> = T - 757

0+104+140 11

V3, €ey) = ,
(va, e2) V105 V105
1

and




gives us

0 1 -2 —4
1 210 11 |10 1 |1-1
u3 = —_ _— e
1 512 105 | 1 21 | 2
0 0 0 0
But, we are only interested in the direction of ug, and so we set ug = [—4,—1,2,0]*. Thus,
noting that |uz|? = 16 + 1+ 4 + 0 = 21 we set e3 = \/%[—4, —1,2,0]".

Thus, an orthonormal basis for S is

1 -2 —4
1o 1 |10 1 |-1
V5217105 | 1] 7V21 | 2

0 0 0

We are then asked to find the orthogonal complement of S. It should be obvious that the vector
[0,0,0,1]! is orthogonal to each of the vectors in the set {ej, es, e3} (or indeed, {vy, v, v3}), and so
this vector lies in S*. Thus, as there can be no more than four orthogonal vectors in any subset of
R*, we have

St = Lin

— o O O

(c) The direct sum of two subspaces X and Y of a vector space, denoted by X @Y, is the sum of X
and Y, i.e.
X+Y={x+y:x€X and ye Y},

where Vz € X + Y, z can be written in the form x +y (where x € X and y € Y) in just one way.

To show that: If S is a subspace of R”, then S@ S+ = R", we take {e1,...,ex} to be an orthonormal
basis of S, and extend this to an orthonormal basis of R", i.e. R™ = Lin{ey,...,€g,€x11,---,€n}-
Now, we know that for any set S C R", St is a subspace of R” and it should be clear that

St = Lin{exi1,...,en}

Thus, R” = S S+ since R” = S+S+ and any x € R” can be written in the form x = y+z (wherey €
S = Lin{ey,...,e;} and z € S* = Lin{egy1,...,€,}) in just one way as {ei,..., ey, €i1,...,€,} is
a basis of R™.

In (b), we had

1 -2 —4
1 1 1 | =
— 0 , —— 10 , —— 1 and S+ = Lin
5 12 105 | 1| v21] 2
0 0 0

S = Lin

o O O

and as the orthonormal basis for S and the basis for S+ form an orthonormal basis for R%, it is clear
that S @ S+ =R%

(d) To prove that the null-space of a real m x n matrix A is a subspace of R", we note that the
null-space is defined to be the set of vectors

N(A) = {x € R" : Ax = 0},

and so it is clearly a subset of R™. To show that it is a subspace, we need to establish that it is also
closed under vector addition and scalar multiplication:
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e For any two vectors x,y € N(A), i.e. x and y are such that Ax = 0 and Ay = 0, we ask: Is
x +y € N(A)? The answer is yes since:

Ax+y)=Ax+Ay=0+0=0,
as x,y € N(A). Thus, N(A) is closed under vector addition.

e For any vector x € N(A), i.e. x is such that Ax = 0, and any scalar a € R, we ask: Is
ax € N(A)? The answer is yes since:

A(ax) = a(Ax) = a0 = 0,
as x € N(A). Thus, N(A) is closed under scalar multiplication.

Thus, N(A) is a subspace of R™ (as required).

We are given the matrix

A —

o = O

110
02 o0f,
2 1 0

and we want to find its null-space. To do this, we note that the range of A?, i.e. the row-space of the
matrix A, is just the linear span of the vectors considered in the first part of (b) and so, R(A?) = S.
Then, using (a) we can see that N(A) = N(A%) = R(A")* and so, N(A) = S+. Consequently, from
the last part of (b), we have

N(A) = S+ =Lin

— o O O



Question 2.
(a) An eigenvalue \; is called dominant if for any other eigenvalue A, |A| < Ap.

(b) The Leslie matrix for this species is:

0 7 6
1
L=15 00
0 40

To find the eigenvalues of this matrix, we have to solve the determinant equation:

-X 7T 6
L=M=0 = [{ —-XA 0[=0 = X-Ix-1=0.
0 & =X
3

Using trial-and-error we find that A\; = 2 is a solution, and hence an eigenvalue of L. To find the
others, we divide the polynomial A3 — %)\ — 1 by A — 2 to get the quadratic

1
A2 420 + 5 =0
and solving this, we find that the remaining two eigenvalues are Ay 3 = —1 + % (Notice that both

of these are negative!) To establish that the unique positive real eigenvalue, i.e. A = 2, is dominant
we note that

Dol = =1+ J5|=1-029/ =029 <2 =\,
and,
sl =] —1- | =|-171 = L71 <2= Ay,

(as required).

To find an eigenvector, vi, corresponding to A = 2, you can either recall that

1 1
V] = bl/)\l = 1/4 s
biba /N3 1/24

from the lectures, or you can find an eigenvector in the normal way by solving the matrix equation
(L — 2|)V1 =0.

As the unique real positive eigenvalue is dominant, the long-term behaviour of this population is
described by two relations:

k) ~ ¢2kv; and so the proportion of the population in each age class is, in the long run,

constant and given by the ratio 1 : i : i.

o x(

o x(¥) ~ 2x(*=1) and so the population in each age class grows by a factor of 2 (i.e. increases by
100%) every time period, which in this case is every 10 years.

(c) The Leslie matrix for this species is:

0 0 2
1
0 50

To find the eigenvalues of this matrix, we have to solve the determinant equation:

-A 0 2
L=X=0 = |§ A 0]=0 = A — £ =0,
0 & A

627Tni/3

and so we find that the solutions are A = % where we only need to consider the cases where

n =1,2,3. Thus, the eigenvalues are:



o )\ = % if n =0 (this is the unique positive real eigenvalue),
o )\ = % (cos%’r —|—isin2§) = %(—1 +1iv/3) if n =1, and

° )\3:%(008%4—2'81114%) =

(-1 —iV3) if n=2.

To establish that the unique dominant eigenvalue (i.e. A1) is not dominant, we note that [y 3] £ A\

as
Aol = |§(—1xiV3)| = ¢ |-11iV3| = gvVI+3= 3=\,

=

(as required).

To calculate L3, we note that

00 2][0 0 2 0 2 0
2 _ |1 1 1
0 g 0] [0 § 0] 4 00
and so,
0 3 0]fo 02 [to0o0
LP’=10 0 1% ¢ 0 0 =510 1 0f,
&4 0 0] [0 § 0] 00 1

ie. L® = %I. Now, noting that the population of this species is described by the equation

xF) = Lx(=1)
where x(®) is the population distribution vector for the species in the kth time period and that a
time interval of sixty years is the same as three time periods (as each individual time period lasts for
twenty years), the relevant population distribution vectors for this question are:

x® = 3% = Ly x©6) = Li3x® = LxO0) 5O = L1350 = 1x0)

Thus, at the end of the jth sixty year interval (i.e. the 3jth time period), the population distribution
vector will be given by

0
<39 — x()

T2

and so we can see that:
e The population in each age class decreases by a factor of % every sixty years.

e Every sixty years the proportion of the population in each age class is the same as it was ‘at
the beginning’ (i.e. as it was when k = 0).



Question 3

(a) To show that the m x n matrix
P=A(A'A)IA,

is an orthogonal projection of R™ onto R(A) we have to show three things:
e P is idempotent as P2 = A(ATA)"LATA(A!A) 1AL = A(A'A)~IA? = P (as required).
e P is symmetric as P! = [A(ATA) 1A = AR[(ATA)~1PAL = A(ATA) LA = P (as required).
e R(P)= R(A) as (using a ‘double inclusion proof’):
— If y € R(A) CR™, 3x € R” such that y = Ax and so
Py = A(A'A) 1A'y = A(A'A)TAIAX = Ax =y,
i.e. y € R(P). Thus, R(A) C R(P).
— If y € R(P) CR™, 3x € R” such that y = Px and so
y = A(A'A)TATx = Az,
where z = (A'A)"!A’x. Thus, y € R(A) and so, R(P) C R(A).
Consequently, R(P) = R(A) (as required).

A least squares solution to the matrix equation Ax = b is an x, say x*, such that ||Ax — b| is
minimised over all x. Thus, Ax* must be the orthogonal projection of b onto R(A), i.e.

Ax* = A(A'A)~1A'D,

and so, x* = (A'A)~!Ab is a least squares solution to the matrix equation Ax = b.

(b) The quantities = and y are related by a rule of the form y = mx + ¢ for some constants m and
c. Using this relationship and the given data, we construct a matrix equation Ax = b, say

2 1 13
4 1| [m] |17
5 1 [c]_ 22
6 1 25

To estimate m and c using the least squares method, we have to find x* = (A*A)~!Ab. Firstly, we

find )
2 1
A |2 4 5 6] (4 1| |81 17
AA_[111151_174’
16 1
and so, we can see that
[ 4 17
tay—1 _ *
WA = 5|—17 81]'
Secondly, we find
2 1
o |2 4 5 6| (4 1| [354
Ab_[111151_77'
6 1

And so, thirdly, we get

. [m] 1[4 -—17][354] 1 [l07
X T le | Tas =17 81| 77| T 35 |219)



which means that our least squares estimates are m* = 3% and ¢* = 6%.

(c) The Fourier series of order n of a function f(x) defined on the interval [—7, 7] is a projection
onto the subspace of the vector space FI=™7 spanned by the orthonormal set of vectors

_ 1 cosx cosnx sinx sinnx
n — \/%7\/77_7"" ﬁ ’\/77'(".”7 \/77_ 9
which minimises the quantity

[ ) - gtaas,

—T

where g(z) € LinG,,. So, if we define the inner product
(fr9)= [ [flx)g(x)de,

on FI=™7 the Fourier series of such a function is the orthogonal projection of f (x) onto LinG,,, and
this can be written as:

%(f(x), 1+ %(f(x),cosa:) cosx + -+ + L(f(x), cosnx) cos nx

-+
+ %<f(l’),sinx) sinx + -+

g{f(m), sin nz) sin nx.
Now, given that f(z) is an odd function we have
(f(x),1) = [ f(x)dz =0,
and for each k (where 1 < k < n) we have:
(f(x),coskx) = ! f(x)coskxdr = 0.
Thus, defining b5 as in the question, i.e.
by = L(f(x),sinkz) = % _ﬂ f(z) sin kz dz,

we can see that the expression for the orthogonal projection given above reduces to:
n
Z b, sin kz,
k=1

(as required).

(d) To find the Fourier series of the function f(z) = x defined on the interval [—7, x|, we note
that this function is odd and so we can use the result from the previous part. So, for k such that
1 < k < n, we use integration by parts to evaluate:

1 ™ 1 _ ™ e
bk:/ rsinkxdr = — xM +/ COSkxdm ,
g T k o . k

21 cos km 2(—1)k
bp=—"—+0=—
g o ko

where we have used the fact that cos km = (—1)*. Thus the Fourier series of order n for the function
f(x) = z defined in the interval [—m, 7] is

and this gives,




Question 4

A complex matrix A is:
o unitary iff AAT = 1.
e normal iff AAT = ATA.
e unitarily diagonalisable iff there is a unitary matrix P such that the matrix PTAP is diagonal.

We are then asked to prove that: If P is a unitary matrix, then all of the eigenvalues of P have
modulus one. To do this, we let A be any eigenvalue of the matrix P and we let x be an eigenvector
corresponding to A, i.e. Px = Ax. Now, we note that

xPTPx = (Px)Px = (Ax)TAx = A AxTx = [\?|x]]?,
and as P is unitary, we have PTP = I, and so
xPTPx = xTIx = x'x = ||x||.
Then, equating these two expressions, we get
AP = [x]* = (AP =DIx[I*=0 = [\ =1 (since [x]| #0),
(as required).

Further, to show that the column vectors of P form an orthonormal set, we denote these vectors by
v; (for 1 <i <n say) and then note that

— v — (Vi Vi)t (viva)t e (v V)

— v£ [ | (va,v1)*  (vo,va)* - (va,vy)*
PP = , Vi Va oer V| = : : : ;

— le — ‘ ‘ ‘ <Vn’vl>* <Vn,V2>* <Vn’vn>*

where we have used the Complex Euclidean inner product and our convention [which allows us
to express inner products in terms of matrix products (i.e. we have used the fact that x'y =
wiyy + - xtyn = (vt oo zyl)* = (x,y)*). Consequently, as P is unitary, PTP = | and so
equating these two expressions and matching up corresponding entries we can see that

1 ifi=j
(Vivvj> = e . .
0 ifi#y
that is, the set {vi,va,..., vy} of column vectors of P is orthonormal (as required).

Let us suppose that A is a normal matrix, and as such, it is unitarily diagonalisable, i.e. there is
a unitary matrix P such that PYAP is diagonal. Further, the column vectors of P are given by the

orthonormal set of vectors {xi,Xa2,...,X,} and x; is an eigenvector corresponding to the eigenvalue
A of A (for i =1,2,...,n). Now, as P is unitary, we can write PPT = I, and so
. x]; -
AR N e
l=|x1 X2 -+ X, ,
— x, —

where evaluating the matrix product gives
| = xli{ + X2X£ + -+ xnx:rl.
Then, multiplying both sides by A and noting that Ax; = \;x; we get

A= Alxlx]; + )\QXQXE + -+ )\nxnxL,
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which means that setting E; = XZ-X;r (for i = 1,2,...,n) as suggested in the question will yield the
spectral decomposition of A, i.e.

A= ME1 + AEy + - + AnEp,

(as required). Indeed each E; is an n x n matrix and we can see that

b
E—soxhoxt — 0ot = o X% Hi=1
EiEj = xix;x;x; = (X, %) "X;X;} = {O i
since the set of eigenvectors {x1,xa,...,X,} is orthonormal, thus,
E ifi_
EEj=<¢ " e
0 ifiz#y

as required).
q

We are given the matrix

1 ¢ 0
A=1i 1 0],
0 01
and we are asked to find its spectral decomposition. To do this, we need to find its eigenvalues, which
we do by solving the determinant equation |A — Al| =0, i.e.
1—=A i 0

A=| i 1-X 0| = (1-XN[1=-XN?>+1]=0,
0 0 1-—2A

where we have evaluated the determinant by performing a co-factor expansion along its third column.
Simplifying the resulting polynomial equation we get

1-=NA\=20+2)=0 = A=1, 1+,

are the eigenvalues. To find the eigenvectors, we solve the matrix equation (A — Al)x = 0 for each
eigenvalue:

e For A = 1, we have
0 ¢+ 0] | 0
i 0 0f l[y]| =0 = zxz=0andy=0 = x=s5 |0 forseR.
0 0 0] |= 1
So, setting s = 1 (as we want the eigenvectors to form an orthonormal set), we take [0, 0, 1] to

be the eigenvector corresponding to A = 1.

e For A =1+ i, we have

Fi ¢ O x +1
1 Fi 0 y| =0 = Fr+y=0andz=0 = x=s5|1 for s € R.
0 0 Fif |z 0
So, setting s = 1/4/2 (as we want the eigenvectors to form an orthonormal set), we take

%[:tl, 1,0]* to be the eigenvectors corresponding to A = 1 =& 1.

Consequently, the spectral decomposition for A will be

L 1
0 ; ? 1 1 . _1% 1 1
A=1(0[ 0 0 1]+(1+i) |k [—2 % 0}+(1ﬂ) £ [_72 10,
1 5 .



or, using the representation given in the question,

1 -1

0
1 0
0 0 O

(Notice that this result can easily be checked by adding up the three matrices on the right-hand-side
and verifying that their sum does indeed give A.)
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Question 5

(a) We write the system of coupled differential equations given in the question in the form y’ = Ay
where

2 1 1 Y1
A= |1 2 1| and y= |y
11 2 Ys
To solve this system, we need to diagonalise the matrix A, and we do this by first finding the
eigenvalues of A, i.e. we solve the determinant equation |A — Al| = 0:
2—A 1 1
I 2-X2 1 |=0 = 2-N[C2-N-1]-[2-N-1+[1-(2-N]=0,
1 1 2—A

and the easiest way to solve this equation is to perform the following simplification:

AN —4X+3)—2+2X=0
(A

(2= A)
— 2-AMMA-1D)A=3)+2A-1)=0
— A=D[2-NA=3)+2]=0
— A=1[-A2+51-4]=0
= A-DA-1)(A-4)=0

i.e. the eigenvalues are A = 1,1,4. Secondly, we need to find the eigenvectors corresponding to these
eigenvalues, i.e. we need to solve the matrix equation (A — Al)x = 0 for each eigenvalue:

e For A = 1, we have

1 1 1| |z —s—1t —1 -1
11 1] |yl =0 = z+y+2=0 = x= S =s|1|+t]0 for s,t € R.
1 1 1§ |z t 0 1

So, setting [s,t]! = [1,0]" and [s,t]' = [0,1]" (as we want two linearly independent eigenvectors
corresponding to this multiplicitous eigenvalue), we take [—1,1,0]" and [—1,0,1]* to be the
eigenvectors corresponding to A = 1.

e For A =4, we have

-2 1 17 [= 2r+y+z=0 1
1 -2 1 Yyl =0 = rz—2y+z2z=0 —= r=y=2 — x=5|[1],
1 L =2 [z r+y—2z=0 1

for s € R. So, setting s = 1, we take [1, 1, 1]* to be the eigenvector corresponding to \ = 4.
Thirdly, we construct the matrices P and D, i.e.
-1 -1 1 100
P=(1 0 1 and D=0 1 0
0o 1 1 0 0 4

We now note that as P"'AP = D, we can write A = PDP~!, and so y/ = Ay can be written
as y’ = PDP~'y. Thus, making the substitution z = [z1, 20, 23] = P~ly, we obtain a system of
uncoupled differential equations, namely z’ = Dz. Expanding this out we get

Z£ =21 zZ1 = A@t Aet
Zé = 29 — zZ9 = Bet _— Z = Bet 5
4t
/
25 = 4dz3 23 = Cet Ce
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where A, B and C' are constants. Consequently, using y = Pz, yields

-1 -1 1 Aet —Aet — Bet + Ce*t
y#)=11 0 1| |Be|= Aet + Cett ,
0 1 1| |Ce* Be! 4+ Ce*t

which is the general solution to the system of coupled differential equations in the question. To find
the particular solution corresponding to the initial conditions y;(0) = —1, y2(0) = 1 and y3(0) = 0,
we note that

-1 -A-B+C
yO)=|1]|= A+C ,
0 B+C

which gives us three simultaneous equations for A, B and C. Adding these three equations together
yields C' = 0, and this in turn gives B = 0 and A = 1. Thus, substituting these values into our
expression for y(t), we get the sought after solution, i.e.

(b) To find the steady states of the system of non-linear differential equations given in the question
we set the right-hand-sides equal to zero and solve the resulting simultaneous equations, i.e.

y1(3—=2y1 —y2) =0 y1=0 (i) or 3—2y1—y2=0 (i) }
(2 —y1 —1y2) =0 yo=0 (1) or 2—y;—y2=0 (iv)

So taking these in turn we can find the steady states y* = [y}, y5]!, namely:

e (i) and (iii) give [0, 0]
o (i) and (iv) give [0, 2]t.
e (ii) and (iii) give [3,0]".
e (i) and (iv) give [1,1]t.

Now, the steady state where neither yi nor yj equals zero is clearly [1,1]*. So, to show that this is
asymptotically stable, we calculate the Jacobian of the right-hand-sides, i.e.

_ 134y — 2 —
DF(y) = [ —Y2 2—y1— 2y’

and evaluate it at y* = [1,1]! to get the matrix
-2 -1
ty
DF([1,1]") = [_1 _1] :

We now calculate the eigenvalues of this matrix by solving the determinant equation given by

_2_;A _iA =0 = (24+N1+N)—-1=0 = N +3\+1=0,
(-3 +£+5) = —0.38,-2.62. As these eigenvalues are real and negative, the
|t is asymptotically stable (as required).

which gives us A =

1
2
steady state y* =[1,1
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Question 6
(a) We are asked to prove that ||x +y|| < ||x[ + |y| for all x,y € R™. (Notice that this is just the
Triangle Inequality!) To do this we note that:
Ix+yl* = (x+y,x+y)
= Xx) + Xy) + %)+ ¥,y
=[x +yl* = [Ix]” + 2(x,y) + Iyl

where we have used the symmetry and linearity properties of real inner products. However, the
Cauchy-Schwarz inequality tells us that |(x,y)| < ||x||||y]/, and so

I + v < lIx[” + 2llx[[[ly | + ly >
But, factorising the right-hand-side then gives:
% + v < (Il + [y ])?,

and hence,
Ix+yl < lxl+Ilyl,
(as required)

(b) A subset C of R" is convez iff for any x,y € C, ax + (1 — a)y € C too for all a such that
0<a<l.

To prove that: If C; and Cy are convex sets, then C; N (5 is a convex set too, we use the following
argument:

Suppose that C; and Cy are convex sets, that is for a such that 0 < o < 1:

e For any x1,y1 € C1, ax; + (1 — a)y; € C;.

e For any x3,y2 € Co, axs + (1 — a)ys € Cs.
Now, to show that the set C1NC5 is convex, we need to establish that for any x,y € C1NCy
and « such that 0 < a < 1, the vector ax + (1 — a)y € C; N Cs too. To do this we note
that as x,y € C1 N Cos, it must be the case that x,y € Cy and x,y € Cs5. But, as C; and

Cy are convex sets, this means that ax 4+ (1 — a)y € C; and ax + (1 — a)y € Oy, ie.
ax + (1 —a)y € C1 N Cy too (as required).

To show that the set C; = {x € R?|||x|| < 3} is convex we need to establish that for any x,y € C}
and a such that 0 < o < 1, the vector ax + (1 — a)y € Cy. To do this, we note that:

e Asx e (, x|l <3.
o AsyeCy, |yl <3

and to show that ax + (1 — a)y € C; we need to show that |jax + (1 — a)y|| < 3. To do this, we
note that:

lox + (1 —a)yl| < [lex|[ +[[(1 = a)y[|  :Using (a)
=alx|+A-a)llyl :Asal-az=0
<3a+3(1—a) Asx,y € Oy
=3

and so |lax + (1 — a)y|| < 3 (as required).

To show that the set Cy = {x = [z, 72]" € R?| 21 + 2o < 0} is convex we need to establish that for
any x,y € Co and a such that 0 < a < 1, the vector ax + (1 — a)y € Cy. To do this, we note that:

13



o Asx = [z1,29]' € Oy, 21 + 22 < 0.
e Asy = [y1,12]" € Co, y1 + 12 <0.

and to show that ax + (1 — a)y = [ax1 + (1 — @)y1, axa + (1 — @)yt € Cz we need to show that
azy + (1 — a)yr + azz + (1 — a)y2 < 0. To do this, we note that:
ar;+ (1 —a)y1 +aze+ (1 —a)ys = a(x; +x2) + (1 —a)(y1 +y2) <0

since a,1 — o > 0 and x,y € Co (as required).

An extreme point of a convex set C is a point x € C which can not be expressed in the form
x=ay+(1—a)z—where 0 <a<landy,z€ C —unlessa=0or a=1.

To find the extreme points of the set C7 N Cy, we start by visualising what this set looks like — see
Figure 1. It should then be clear that the extreme points of C; N Cy are all points on the arc ACB

N

y

Figure 1: In this diagram, the set C} is the disc of radius 3 centred on the origin and the set Cs is
the half-plane. The set C's = C1 N Cy is the region where they intersect. The extreme points of this
set are given by all points on the arc AC'B.

which is given by the equation ||x|| = 3 (i.e. for x = [x1, 29, this is the curve where 23 + 22 = 9)
and the points A and B are (3/v/2, —3/v/2) and (—3/v/2,3/v/2) respectively. (Notice that you find
the points A and B by solving the equations 23 + 23 = 9 and 21 + 22 = 0 simultaneously. )

(c) Writing the given linear programming problem in matrix notation, we have:

MINIMISE cfx subject to Ax >b and x > 0,

where
12 T
2 2 4 6
c= (8|, x=|y|, A—L 9 2} and b—L].
14 z

Its dual is then given by:
MAXIMISE b'y subject to Aly <c and y >0,
where y = [y1, y2]?, or writing this out in full, we get:

2 4 12
MAXIMISE 6y; + 4y» subject to |2 2 [yl] <|8| and [yl] > 0.
4 2| 92 14 Y2

To solve the dual, we start by drawing the feasible region and finding the extreme points — see
Figure 2. We now calculate the coordinates of each of these extreme points by finding the points of
intersection of the relevant lines. Once this is done, we can find the value of the objective function,
i.e. 6y; + 4yo, at each of these points to find out where it is maximised. Doing this, we find that:

Point 6y1 + 4yo
A (0,3) 12
B (2,2) 20
C (3,1) 22
D (3.5,0) 21
0 (0,0) 0
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Figure 2: The feasible region for the dual problem is the cross-hatched region bounded by the y; and
yo-axes and the lines y1 +2y2 = 6 (i.e. —), y1+y2 =4 (ie. —— —) and 2y1 +y2 =7 (i.e. ---). The
extreme points are the five ‘corners’ labelled 0, A, B, C' and D.

and so, clearly, the objective function of the dual problem is maximised at C where it takes the value
22. Consequently, by the Duality Theorem, the solution to the original linear programming problem
(i.e. the minimum value of 12z + 8y + 14z subject to the given constraints) is also 22.
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