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The basics

B G = (V,E): finite, simple, undirected, graph

B n: number of vertices of G

B degreesequence d(G) = (dq, ...,dp):
sequence of vertex degrees, with d; < --. < dj,

B sequenced = (dy, ...,dp):
any sequence of integerswith 0 < d; < ... <dp, <n-—-1

B graphical sequence d :
sequence for which there is a graph G with d (G) = d

Degree Sequences and Graph Properties — ECW 2008, Birmingham, 15 September 2008




Order of sequences

md<d':foralli:d; <df

msod«£d':d;>dj+1ord,>d,+1 or ...
. ordy,>d +1

I
Easy

B G spanning subgraph of G’ = d(G) < d(G’)
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Some old results |

Theorem (Chvatal, 1972)
B G graphwith d(G) = (d4, ...,d,) so that
fori=1,...,]2(n—1)]: di<i = doi>n—|

—> (G contains a Hamilton cycle

B the condition is best possible:

m for every d’ failing the condition there is a graph G with
d(G) > d’ and G has no Hamilton cycle

B not

m for every graphical sequence d’ failing the condition
there is a graph G with d (G) = d’ without Ham. cycle
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Some old results Il

Theorem (Bondy, 1969; Boesch, 1974)

B k positive integer, G graph with d (G) = (d1, ...,d})
fori=1,...,|2(n—k+1):
di<i4+k—-—2 = dyky1>n—i
—> G Is k-connected

B the condition is best possible
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Some not so old results |

Theorem (Kriesell, 2007)
B G graphwithd(G) = (dg, ...,dp)
mfori=2,...,[3(n—2)]:
(dia<i—1 A di<i)
I = (dhp—2>2n—i VvV dy>2n—-i+4+1)
mfori=1,...,[3(n—2)]:
( di_1<1—1 A d;<i1+1 )
= (dh2>n—i vdy>n—-i+1)
mfori=2,...,[3(n—1)]:
( di_><i1—1 A d; < )
= (dpr>n—i V dy>n—i+2)

cont. ...
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Some not so old results |

Theorem (Kriesell, 2007)

m ... cont
m n>3o0dd: dp_z <3(n—23)
= (dpz3>3(n+1) v dy>3(n+3))
mn>4even: dps>3n V dy> 32 (n+2)
B N >4even.:
dn3>3Nn V dao1 >3 (N42) V dy > 5(n+4)
B n>50dd: dp_s, < 3(n—23)

= (dh—2>2(n+1) V dy >2(n+3))

N[

—> G Is 3-edge-connected

B the condition is best possible
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Some not so old results Il

Theorem (Kriesell, 2007)

B Kk positive integer
then there exist a best possible condition
Implying k -edge-connectivity

B where the number of conditions is Cy n 4+ O(1)

B with Cy superpolynomial in k
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A first observation

B (dio<i—1 A di<i)
= (dp2>n—i Vvdqa>2n—-i+1)
® |S equivalentto:

di_>>1 v di>i+1 V dh2>n—1I
vV dpy>2n—1+4+1

same with the others:

B Chvatal: di<i = dy_i>n—I
®m equivalentto: di >i1+1 V dh_j>n—I

M Bondy: di<i+k—2 = dyky1>n—1
®m equivalentto: d; >i+k—-1 VvV dyj_ky1 >n—1
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Conditions for graph properties

B given graph property P
we want a degree sequence condition C' so that
m (' Is monotone
(d satisfies C and d’ >d = d’ satisfies C)
i m d(G) satisfies C — graph G has property P

m d fals C
— thereis a G without P and with d (G) > d
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Conditions for graph properties

B given graph property P
we want a degree segquence condition C' so that

m C' Is monotone
(d satisfies C and d’ >d = d’ satisfies C)

m d(G) satisfies C — graph G has property P
m d fails C
— thereis a G without P and with d(G) > d

Theorem

m for all graph properties P
m there exists such a condition

® and it is unigue
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Proof

B m dsatisfiesCandd’ >d = d’ satisfies C
m d(G) satisfies C — graph G has property P
m d fails C
— thereisa G with d(G) > d but without P

B unigueness follows just from these properties

B existence:
® |let P be the set of all graphs failing P
m condition C: forallH € P: d £ d(H)

m |nfact: enough to consider set P" of all
edge-maximal graphs failing P
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Simple but it works

B property: G is k-connected

B an edge-maximal graph that is not k -connected
®m hascutset S of size k — 1
m exactly two componentsin G — S
® both components are complete
m vertices in S are adjacent to all other vertices

hence looks like:
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Condition for k-connected

~—_ _—
K ><®><
_— ~—

k — 1

—/

i=1,...,|z2(n—k+1)]

n—k-+1—i

B these have degree seguence

((i+k—=2), (n=1-)""7, (n— 1)

B condition that guarantees k -connected:

di >i1+k—1 or ...
or diyzis >n—1 or ...
of dp—k42 >N Or ...

or di>i+k—-1
or dpn—ks+1 >N —1I
or dy > n

B equivalentto: di >i+k—1 or dy_gp1 >N — 1
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Edge-maximal graphs that are not 3-edge-connected

N |
d(G) = ((i —1)'72,i%,
@' . (n—i—21)"=2, (n—i)?)
d(G) = ((i — 1)L, i+1,
°< o (n—i—1)"""2, (n—10)?)
d(G) = ((i —1)'73, i%,
n—i n—i—D" "= n—-i+1)

i=1,...,=[3n

B degree sequences immediately give Kriesell's result
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Colouring

B property: x(G) > k

B edge-maximal graphs that fail :

can be coloured with k — 1 colours

= are the complete (k — 1)-partite graphs K. ... .m,

-1

(1<m < oo S Mg, M+ -4+ Mg =nN)

® with degree sequence

((n —mg_1)™=1, (N —Mmg_2)™=2, ..., (N —mq)™)
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Colouring

Property

B k positive integer, G graph with d (G) = (d1, ...,d})

m forall my, ..., mg_;
Wlthlgmlg Smk_l and my 4+-+-+-+mMg_1 =n:

dm,_, >n—mg_;+1
V A +me_s >N —mg_o+1
V A jdmeodmes =N —Mg_3+1
V
V dm_4eeetmy >n—mp+1

— x(G) >k

B the condition is best possible
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Cliques

Theorem

m forall my, ..., mg_1
withl <m; < ... <mg_iandmqy+---+mx_q1 =

dm_s >N —mg_1+1
V dm_jdme_, =>N—Mg_o+1
V
V dmy_j4eedm, >N —mMp + 1
—> G has a clique of size k

B the condition is best possible

B generalises Turan's Theorem
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The clique result

B main idea appears more or less in
m Erdos’ proof (1970) of Turan’s Theorem

®m degree sequence condition for stable sets
(Murphy, 1991)

B algorithmic aspect:
there exists a linear algorithm
that, given graph G and positive integer k

m finds a cligue of size k or

® finds integers mq, ..., my_1 for which d (G) violates
the condition
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When edge-maximal is too much

B for certain properties P, the set of all edge-maximal failing
graphs may be hard to find and/or more than required

B enough to have sequence-maximal set for failing P :

aset {Hy, ...,Hn} sothat

m all H; faill P

B Gfals P — d(G) <d(H;) for some H;
m pairsin {d(H1), ...,d(Hy)} are incomparable

B gives best possible condition for P: forallHi: d £ d(H)

B such a set always exists, but not necessarily unique

but always gives same sequence {d(H1), ..., d(Hn)}
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Toughness

B real numbert > 0, then graph G is t-tough if
m for every cutset S
S|

number of componentsof G —S: ¢c(G —-9S) < e

obvious edge-maximal graphs that are not t-tough:

<::> <::> . <:::> li/t] + 1
\ >< complete components
k)
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Special edge-maximal graphs for toughness

[i/t]
n—i—Li/tJ
Hi: \></
D) > 1,04 i/t +1<n

Theorem

m fort >1theset{H;|i>1, i+ [i/t]+1<n}is
sequence-maximal for failing t-tough

Corollary t > 1 real, G graphwith d(G) = (d1, ...,dp)

mfori>1,i+[i/t]4+1<n:
d|_i/tj >i4+1 VvV dpj > n—|i/t]

—> G iIs t-tough
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Special edge-maximal graphs for toughness

Theorem

B fort >1theset{H;|i>1 i+ |i/t]+1<n}is
sequence-maximal for failing t-tough

. Theorem

B fort < 1 every sequence-maximal set for failing t-tough
contains a superpolynomial (in n) number of graphs

Question

B Does this mean that there is no simple best possible degree
sequence condition for t-tough, t < 1 ?
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Matchings

Theorem

B n even, G graph with d(G) = (dy, ...,dp)

fori=1,...,2n—1:
dit12i4+1 VvV dpy2n—i—1

' —> G contains a perfect matching

more general .
B 8 =n(mod?2), Ggraphwithd(G) = (d¢, ...,dp)

fori=p4,....,2(n+8)—1:
diy1 21—84+1 V dpyg—i>n—i—-1

— (G contains a matching missing at most 3 vertices
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k-Factors

B k-factor: k-regular spanning subgraph

B we know the structure of graphs without a k -factor
(Belck, 1950; Tutte, 1952)

| ® canwe derive a sequence-maximal set for failing to have a
k -factor from this ?

B yesfork =2

B Dbutfor k > 37?
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A final, sobering, thought

B property: G has acycle

B every sequence-maximal set for failing this property

contains
1

4n+3

(all trees with different degree sequences)

Y

e™Vv?2"/3 graphs

B but a simple best possible condition is

di+---+d,>2n—-—1 =— G hasacycle
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