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The basics of graph colouring

B vertex-colouring with k colours:
adjacent vertices must receive different colours

B chromatic number x(G) :
minimum Kk so that a vertex-colouring exists

B |ist-colouring: as vertex-colouring,
but each vertex v has its own list L(v) of colours

B choice number ch(G) :
minimum k so thatifall |L(v)| > k,
then a proper list vertex-colouring exists
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Another way to look at vertex-colouring

B vertex-colouring:
vertices at distance one must receive different colours

B now suppose we want vertices at larger distances
(say, up to distance D ) to receive different colours as well

B can be modelled using the D -th power G° of agraph:

B same vertex setas G

m edges between vertices with distance at most D in G

Graph Colouring with Distances — UPMC, 7 April 2011




Powers of a graph

G? G3
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Powers of a graph

GZ GB
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A first conjecture / problem

B powers of graphs seem to have more structure than graphs
In general

List-Square-Colouring Conjecture (Kostochka & Woodall, 2001)

m forany graph G: ch(G?) = x(G?)

m if true, then ch(G°) = x(GP) forall even D
(since G = (G")?)

m what about ch(G°) = x(GP) forodd D ?
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Colouring powers of a graph

easy fact

B AGY) < ) A(G)(A(G)—1) = O(A(G)?)
=0

(A =A(G): maximum degree of G)
" so: x(G°) < O(A(G)P)

B but for very few graphs you would expect to need that many
colours
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The square of d-degenerate graphs

B G is d-degenerate: every subgraph of G
has a vertex of degree at most d

B easy, but not trivial :

G d-degenerate —> G°is ((2d — 1) A)-degenerate

SO.

B Gplanar = x(G%) < 9A+1
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The square of planar graphs

Conjecture (Wegner, 1977)

B G planar
(7, if A =3
= x(G®) < { A+5, if4<A<7
C[3/2A+1, ifA>8

B bounds would be best possible

k —1
case A =2k > 8
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Towards Wegner’'s Conjecture

G planar —

B x(G°) < 8A —22 (Jonas, PhD, 1993)
B y(G°) < 3A+5 (Wong, MSc, 1996)
B x(G°) < 2A+25 (vdH & McGuinness, 2003)

B x(G°) < 9/5A+1 (for A>47)
(Borodin, Broersma, Glebov & vdH, 2001)

B x(G°) < 5/3A+24 (for A >241)
( Molloy & Salavatipour, 2005)
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Towards Wegner’'s Conjecture

Theorem (Havet, vdH, McDiarmid & Reed, 2008+)

B G planar = x(G?) < (3/2+0(1))A (A — o)

B = we actually prove the list-colouring version

® and for much larger classes of graphs:

Theorem

B G graph, Kz -minor free for some fixed k
— ¢h(G*) < (3/2+0(1)) A
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Even more general results ?

Property

B G graph, H-minor free for some fixed graph H
— ch(G?) < Cy A + O(1), for some constant Cy

Question

B given H, what is the smallest possible Cy ?

e.g.
m for H=Kj3, weknow Ck,, =3/2
m for H=Ks wehave 2<Ck, <9
m for H=K,s wehave Cg,, > 7/3
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The clique number

Corollary

B G graph, Kz -minor free for some fixed k
— w(G°) < (3/2+0(1))A

can be partially improved to

Theorem (Amini, Esperet & vdH, 2009+)

B G embeddable on a fixed surface S
— w(G%) < 3/2A +0(1)

Theorem (Cohen & vdH, 2011+)

B G planar, A(G) >41 = w(G®) < [3/2A]+1
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Sketch of the proof of square of planar graph

uses induction on the number of vertices
B 2-neighbour: vertex at distance at most two

m d?(v): number of 2-neighbours of v
= number of neighbours of v in G*

m we would like to remove a vertex v with d*(v) < 3/2 A
® put that can change distancesin G — v

B contraction to a neighbour u will solve the distance problem
® but may increase maximum degree if d(u) +d(v) > A

B so: easyinduction possible if there is an edge uv
with d(u) +d(v) < A and d*(v) < 3/2A
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When easy induction is not possible

S, small vertices: degree at most some constant C
B, bigvertices: degree morethan C
H, huge vertices: degree at least % A

B small vertices v have a least two big neighbours
(otherwise contractible to neighbour and d*(v) < 3/2A)

B a planar graph has fewer than 3 |V | edges
and fewer than 2 |V| edges if it is bipartite

SO:
m all but O(|V|/C) vertices are small

m fewer than 2 |B| verticesin V \ B
have more than two neighbours in B
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When easy induction is not possible

S, small vertices: degree at most some constant C
B, big vertices: degree more than C
H, huge vertices: degree at least % A

we can conclude:

B “‘most” vertices are small

B and these have exactly two huge neighbours
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The structure so far

B there is alarge subgraph F of G looking like:

B green vertices X
have degree at least = A

B black vertices Y
have degree at most C F

m all other neighbours of Y -vertices are also small

Inside F there is a subgraph H which satisfies additionally :
B only “few” edges from X to rest of G

B H satisfies “some edge density condition”
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The other induction step

B remove from G the Y -verticesin H (by contraction)

B colour the smaller graph (can be done by induction)

® in the original graph G :

what to do with the uncoloured Y -vertices ?

X1 X2

B 2-neighbours of y already coloured (i.e., outside Y ):

® at most (dg(Xl) — dH(Xl)) —+ (dg(Xz) — dH(Xz))
2-neighbours outside Y via x1, X,
m at most C? other 2-neighbours outside Y
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Transferring to edge-colouring

B soavertex y from Y has at least

(3/2‘|‘€) A — (dG(Xl) — dH(Xl)) - (dG(XZ) _dH(XZ)) o C2

colours still available

B colouring Y is “almost” like

list-colouring edges of the multigraph H® :

H He
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Edge-colouring multigraphs

B '(G): chromatic index of multigraph G
B ch’(G): list chromatic index of multigraph G

B /(G): fractional chromatic index of multigraph G

Theorem (Kahn, 1996, 2000)

B multigraph G with A large enough
= ch'(G) = X/(G) =~ x/(G)

B in fact, Kahn’s proofs provide something much more general

® allowing lists of unequal size

Graph Colouring with Distances — UPMC, 7 April 2011




Kahn’s result

Theorem (Kahn, 2000)

for 0 <d <1, a>0,thereexists As, sothatif A > As
B G a multigraph with maximum degree at most A
B eachedge e hasalist L(e) of colours so that

m foralledges e: |L(e)|> aA

= for all vertices v : S IL(e)|™t < 1.(1-56)

eV

m forall K C G with |[V(K)| > 3 odd:

> et < 3 (V(K) =1) - (1-9)
ecE(K)

B then there exists a proper colouring of the edges of G
so that each edge gets colours from its own list
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Kahn'’s approach for our case

B we have a multigraph H® :

He

B sothat each edge e = x1x, hasalist L(e) of at least
(3/2+¢€) A — (dg(x1) —du(x1)) — (dg(X2) —du(x2)) — C*

colours

B and H° satisfies “some edge density condition”
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Extending Kahn'’s approach

B those density conditions guarantee that Kahn’s conditions
are satisfied for H®

B —> we can edge-colour H®

H He

B — we can colourthe Y -verticesin H,
choosing from the left-over colours for each Y -vertex

B also: we can deal with the “almost” list-edge colouring
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What about distances larger than 2 ?

Theorem (Agnarsson & Halldorsson, 2003)

B G planar — x(G°) < CDALD/zJ

B Dbest possible: take A -reqgular tree with radius L DJ

N[

In fact, their proof gives something much more general :

Theorem

B G k-degenerate — x(G°) < Ck,DALD/ZJ
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Main ideas of a simple proof

B G is m-orientable: G has an orientation
In which every vertex has outdegree at most m

m G Is k-degenerate — G Is k-orientable

m G is m-orientable — G is 2 m-degenerate

— x(G) < 2m+1

Theorem

B G is m-orientable = G" is Cm,DALD/2J -orientable
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Main ideas of a simple proof

B fix an orientation G of G with maximum outdegree m,
and fix D > 1

m let uv be anedgein G”

m sothereisa uv-path U = Xg, X1, ..., Xp =V
of length £ < D

m orient uv in G° according to the majority of the orientation
of the edges in that uv -path (when going from u to v )

(arbitrarily if a tie)
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Main ideas of a simple proof

B so outdegree in oriented G° of a vertex u is at most:

® the number of uv -paths of length £ < D In G

with at least (%ﬂ edges oriented X; — Xjy1 in G

B and the number of such paths is at most :

i i (if).mi.Ae—i

e=1 i=[£/2]

D
=3 3 (j) Al <o palt
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Colouring the cube of planar graphs

B so now we know there is some constant ¢, so that:
G planar = x(G°) < c; A +0(1)

® but what is the best ¢, ?

= we only know: 4 < c; < 68

B and what about distance D > 3 ?
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A variant with exact distances

B suppose we only want vertices at distance exactly D
to have different colours

B can be modelled using the
exact distance graph G=" of G :

B same vertex setas G

® edges between vertices with distance exactly D in G
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Exact distance graphs

G=? G=3
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Colouring exact distance graphs of planar graphs

m obviously:

G planar = x(G=P) < x(G®) < o(al’/?)

m andfor D =2 we can have x(G™°) = 3/2A

B in fact, for all even D, the bound seems to be 3/2 ADP/2
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Colouring exact distance graphs

m for odd D, the situation is very different:

Theorem (NeSetfil & Ossona de Mendez, 2008)

B /C a graph class with “bounded expansion”, D odd

= then there exists a constant c,. , so that:

GekK = x(G7°) < cxp

B a proper minor-closed class is of bounded expansion

® hence planar graphs are of bounded expansion
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Colouring exact distance graphs

B the result is best possible in many senses:

m not true for even D

® not true for k -degenerate graphs:

= consider S, p : complete graph K,
with edges replaced by paths of length D

= S,p is 2-degenerate, but x((Shp)~™°) = n

®m nottrue if “u, v have distance exactly D™
replaced by “there is a uv -path of length D~

= consider wheel W, with n spokes
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The exact cube of planar graphs

® sonowweknow: G planar = x(G™°) < ¢}
m short proof?

® what can we say about c5 ?

= best known bounds: 6 < c} < 1010%

B G triangle-free planar = x(G™°) < 16

(consequence of result in (Naserasr, 2007) )

® ingeneral: whatcan we say
about the structure of G= for planar G ?

Graph Colouring with Distances — UPMC, 7 April 2011




	phantom {title}
	The basics of graph colouringvp 
	Another way to look at vertex-colouringvp 
	Powers of a graphvp 
	Powers of a graphvp 
	A first conjecture,/,problemvp 
	Colouring powers of a graphvp 
	The square of $�m md $-degenerate graphsvp 
	The square of planar graphsvp 
	Towards Wegner's Conjecturevp 
	Towards Wegner's Conjecturevp 
	Even more general results,?vp 
	The clique numbervp 
	Sketch of the proof of square of planar graphvp 
	When easy induction is not possiblevp 
	When easy induction is not possiblevp 
	The structure so farvp 
	The other induction stepvp 
	Transferring to edge-colouringvp 
	Edge-colouring multigraphsvp 
	Kahn's resultvp 
	Kahn's approach for our casevp 
	Extending Kahn's approachvp 
	What about distances larger than 2,?vp 
	Main ideas of a simple proofvp 
	Main ideas of a simple proofvp 
	Main ideas of a simple proofvp 
	Colouring the cube of planar graphsvp 
	A variant with exact distancesvp 
	Exact distance graphsvp 
	Colouring exact distance graphs of planar graphsvp 
	Colouring exact distance graphsvp 
	Colouring exact distance graphsvp 
	The exact cube of planar graphsvp 

