1 Exercises and Solutions

1. For k € N, a graph G = (V, E) has Property Sy, if, for every pair (A, B) of disjoint k-element
subsets of V', there is a vertex x of the graph that is adjacent to every vertex of A and no vertex
of B.

(a) Find a graph with property Si.

(b) Show that, for each k € N, there is a graph with property Sj.

Answer.
(a) The smallest graph with this property is the 5-cycle. However, as we're about to prove, most
graphs work!
(b) Take a random graph G(n, 1/2). For specific sets A and B of size k, the probability that there is
no vertex (outside A and B) which is adjacent to all of A and none of B is (1 - 2_2]“)”_%. This is
because the event that any individual vertex  does the job has probability 27 2%, and these n — 2k
events are independent.

Now, call a pair (A, B) bad if there is no x € V(G) \ (AU B) adjacent to all of A and none of
B. The expected number of bad pairs is
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For each fixed k, this expression tends to 0 as n — co. Choose ng to make the expected number of
bad pairs less than 1. Then there must be a graph on ng vertices with no bad pair, and this graph
has property Sg.

2. Fill in the details in the proof of Theorem 5.2.

Answer.
The probability of the event Ag is 2 x 2_@, since the events that C' forms a clique and that C
forms an independent set are disjoint events with probability 9-(5).

As in the notes, for a given c-set C, let Do be the family of all ¢-sets intersecting C' in at least
two elements. The event A¢ depends only on which pairs lying inside C are adjacent. The family
of events {Ap : B ¢ D¢} depends only on which pairs lying entirely outside C' are adjacent. So the
hypotheses of the Local Lemma are satisfied. Now we see that |[D¢| < (5)(.",). (This overcounts
the sets intersecting C' in three or more elements. )

The first claim of the theorem now follows: the event that none of the A¢c occur is the event
that there is no clique or independent set of size c.

Now the lower bound on the Ramsey number we obtain is the value of ng (not necessarily

integer) such that
((5)(1) +1) 2O =1
(6= (7)< (29)

Rearranging gives

So

which gives the required bound.



3. A k-uniform hypergraph is a pair H = (V, E), where V is a set of vertices, and E is a family of
k-element subsets of V. (So a 2-uniform hypergraph is just a graph.) A hypergraph H = (V, E)
has Property B if V' can be partitioned into two subsets V, and Vs in such a way that no edge is
entirely contained within one of the two sets.

(a) Show that, if H = (V, E) is a k-uniform hypergraph with |E| < 28=!, then H has property B.
(b) Show that, if H = (V, E) is a k-uniform hypergraph such that each edge in E intersects at most
d others, and e(d + 1) < 281, then H has property B.

Answer.

(a) Take each vertex of V' and put it into V; or Va, each with probability 1/2. The probability that
an edge, with k vertices, lies entirely within one of the two sets is 2%, The expected number of
edges lying entirely within one of the two sets is |E|2'% < 1. Therefore there is some partition in
which there is no edge lying entirely within one of the two sets, which is what we wanted.

(b) I reckon “apply the Local Lemma” is sufficient!

4. (a) Let p=n~% for 0 < t < 1, and let k be a fixed natural number. Write down an expression
for the expected number of k-cliques in G(n,p). Hence show that, if t > 2/(k — 1), the probability
that G(n,p) contains a k-clique tends to zero as n — oo.

It is also true that, if ¢ < 2/(k — 1), then the probability that G(n,p) contains a k-clique tends
to one as n — oco: to prove this, one needs to work with the variance of the number of k-cliques.
(b) Let H denote the graph on five vertices a, b, ¢, d, e with seven edges: a,b,c,d form a clique, and
de is also an edge. For p =n~"/19, find the expected number of copies of H in G(n,p). What is

lim P(G(n,p) contains a copy of H)?

n—oo
(c) There is a parameter b(H) of graphs such that, if t > b(H), then the probability that G(n,p)
contains a copy of H as a subgraph tends to zero, while if t < b(H) then this probability tends
to 1. Based on the calculations in this question, what do you think this parameter b(H) might be?

Answer.
(a) The expected number of k-cliques is

<Z>p(§) < b th(E=1)/2 _ pk(1-t(k=1)/2)

So the expected number of k-cliques tends to zero if t > 2/(k — 1), and as usual this implies that
the probability of existence of a k-clique tends to zero.
(b) When counting the number of copies of H in a graph, if we have one copy, we don’t count
permuting the labels a, b, c as giving us a separate copy. However, we do count a 5-clique as giving
us 20 different copies. Adopting other conventions will only affect the constant factors, and won’t
obscure the main point.

The expected number of copies of H is
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n(n—1) (” ; >p7 = (1+ (1)) gn*" = (1-+ 0(1)) cn> /10 = (1 + o(1)) a1
Of course, this is very large. However, the expected number of 4-cliques in G(n,p) is at most

nipS = n~1/5. This means that the probability that G(n,p) contains a 4-clique tends to zero as
n — oo. If G contains no 4-clique, then it certainly contains no copy of H.



This is no paradox. The probability that G(n,p) contains a 4-clique is indeed of order n=1/5,
However, if G(n,p) does contain a 4-clique, then each of its vertices d will be adjacent to about

3/10 other vertices that can play the role of e, and so G (n, p) will contain on the order of n3/10
—1/5,,3/10 _ ,,1/10

np=mn
copies of H. So the expected number of copies of H is seen again to be at least n
(c) To get the expected number of copies of H to be greater than 1, we need plVIDIp )] s, 1
which means |V(H)| — t|E(H)| > 0, if p = n~!. This suggests that we should be interested in
V(H) = |V(H)|/|E(H)|. It is certainly true that, if ¢ > V/(H), then there are unlikely to be any
copies of H, whereas if t < b'(H) then the expected number of copies of H is large.

However, (b) should warn us that it’s not that simple. A better proposal is

b(H) = min |V (H")|/|EH)],

where the minimum is over all subgraphs H' of H. This proposal turns out to be right: see Bollobés,
Random Graphs.

5. Set p =n"2/5, and consider a random graph G = G(n,p).

(a) Show that the degree of any fixed vertex v has a Binomial distribution, and find an upper
bound on the probability that this degree is greater than or equal to n%/3. [You may need to look
up some estimates on the tails of the distribution of a Binomial random variable.]

(b) Show that the probability that the maximum degree of G is at most n*/3 is at least 2/3.

(c) Show that, with probability at least 2/3, for every pair (U, V') of subsets of V(G), with |U|, |V| >
n'/2, there is an edge from U to V.

(d) What can you deduce from (b) and (c)?

Answer.
(a) The degree of a vertex v is the sum, over all other vertices u, of the indicator function of the
event that uv is an edge. This means that the degree of v is a sum of Bernoulli (0-1 valued) random
variable with probability p of being 1, so the degree of v is a Binomial random variable X with
parameters (n — 1,p). So its mean is p(n— 1) < n3/5. The variance is also about n*/?, so deviations
of greater than about n3/10 from its mean are unlikely.

To get a more precise answer, let me introduce you to a tool called the Chernoff bounds.

Theorem 1.1. Let X be a binomial random variable with mean p. Then, for all t > 0:
(a) Pr(X > p+1t) < exp(—t*/2(n +t/3));
(b) Pr(X < p—t) < exp(—t*/2p).

Here, for instance, we can take ¢t = %n2/3: the probability that d(v) is greater than (n—1)p+t is
at most exp(—t2/2(u+1/3)) < exp(—t) = exp(—n?/3/2), for n large enough. Hence the probability
that d(v) is as large as n?/3 is at most this large.

Cruder estimates can still give bounds that are perfectly good enough for this purpose.

(b) The probability that there is a vertex with degree at least n2/3 is at most n times the probability

2/3 . .
—n?/ /2 which is

that one particular vertex has this large a degree, which is therefore at most ne
certainly at most 1/3 (for n large enough).

(¢) The probability that some particular pair (U, V) of disjoint sets of size [n'/?] is “bad” (spans
no edge) is at most (1 — p)™, since there are at least n pairs of potential edges, and this is therefore
an upper bound on the probability that none of them are in the graph.

Now, the expected number of bad pairs is at most

2 onl/2
( ?/2> (1—n"2%)" < (en/nlm) T < exp <2n1/2 logn — n3/5) <1/3,
n



again at least provided n is large enough. Note that we were crude where we could be, but we
didn’t compromise on the key part of the count, which is the power of n in the exponent.
(d) Of course, this means that there is at least one graph of maximum degree at most n?/® such
that there is an edge between every pair (U, V) of sets of at least n'/? vertices.

You should see that we could make this argument a whole lot tighter, and get a stronger result.
Let me emphasise again that, if you want to construct a sequence of n-vertex graphs with the
properties above, you'll have a tough time.



