REGULARITY LEMMA FOR i-UNIFORM HYPERGRAPHS

VOJTECH RODL AND JOZEF SKOKAN

ABSTRACT. Szemerédi’s Regularity Lemma proved to be a very power-
ful tool in extremal graph theory with a large number of applications.
Chung [Regularity lemmas for hypergraphs and quasi-randomness, Ran-
dom Structures and Algorithms 2 (1991), 241-252], Frankl and Rodl
[The uniformity lemma for hypergraphs, Graphs and Combinatorics 8
(1992), 309-312, Extremal problems on set systems, Random Structures
and Algorithms 20 (2002), 131-164] considered several extensions of Sze-
merédi’s Regularity Lemma to hypergraphs.

In particular, [Extremal problems on set systems, Random Structures
and Algorithms 20 (2002), 131-164] contains a regularity lemma for 3-
uniform hypergraphs that was applied to a number of problems. In this
paper, we present a generalization of this regularity lemma to k-uniform
hypergraphs. Similar results were independently and alternatively ob-
tained by W. T. Gowers.

1. INTRODUCTION

While proving his famous Density Theorem [!1], E. Szemerédi found an
auxiliary lemma which later proved to be a powerful tool in extremal graph
theory. This lemma [15] states that all sufficiently large graphs can be ap-
proximated, in some sense, by random graphs. Since “random-like” graphs
are often easier to handle than arbitrary graphs, the Regularity Lemma is
especially useful in situations when the problem in question is easier to prove
for random graphs.

This paper is an attempt to expand Szemerédi’s Regularity Lemma to
(k + 1)-uniform hypergraphs for & > 2. Unlike for graphs, there are several
natural ways to define “regularity” (quasi-randomness) for k-uniform hyper-
graphs. Consequently, various forms of a regularity lemma for hypergraphs
have been already considered in [, 11, 3, 5, 2, 1].

One of the main reasons for the wide applicability of Szemerédi’s Reg-
ularity Lemma is the fact that it enables one to find all small graphs as
subgraphs of a regular graph (see [3, 7] for a survey). In [1], this issue is ad-
dressed for 3-uniform hypergraphs (i.e. case k = 2). The Regularity Lemma
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proved by Frankl and R&dl produces a quasi-random setup in which one can
find small subhypergraphs (see also [9]). The aim of this paper is to discuss
a generalization of this lemma to (k + 1)-uniform hypergraphs for £ > 2
that similarly as [1] allows one to find small subhypergraphs in its regular
partition.

We first recall the Regularity Lemma of Szemerédi.

Definition 1.1. Let G = (V, E) be a graph and 6 be a positive real number,
0 < & < 1. We say that a pair (A, B) of two disjoint subsets of V' is §-regular
if
|d(A',B") —d(A,B)| < §

for any two subsets A’ C A, B' C B, |A’| > §|A|, |B'| > §|B|. Here,
d(A, B) = |E(A, B)|/(JA||B|) stands for the density of the pair (A, B).

This definition states that a regular pair has uniformly distributed edges.
The Regularity Lemma of Szemerédi [15] guarantees a partition of the vertex

set V(G) of a graph G into t sets V3 U... UV, in such a way that most of
the pairs (V;, V;) satisfy Definition 1.1. The precise statement is following.

Theorem 1.2 (Regularity Lemma [15]). For every ¢ > 0 and to € N there
exist two integers Nog = Ny(e,tg) and Ty = Ty(e, to) with the following prop-
erty: for every graph H with n > Ny vertices there is a partition P of the
vertex set into t classes

P:V=Vu...uV

such that
(i) to <t < T,
(i) [|Vi] = V]| £ 1 for every 1 <i < j<t, and
iii) all but at most (%) pairs (V;,V;), 1 <i < j <t, are e-reqular.
2 J

For technical reasons, in this paper, we consider a slightly weaker version
of this lemma.

Theorem 1.3. For every ¢ > 0 there exist two integers No = No(e) and
To = To(e) with the property that for every graph H with n > Ny vertices
there is a partition P of the vertex set V into t classes

P:V=VU...UW

such that
(i) t < Tp, and
(ii) all but at most e(%) pairs of vertices {v,w} C V belong to e-regular
pairs (Vi,V;), 1 <i < j <t ie,veV, weV;. Consequently,
Yo (51) < e(5) hotds.

Observe that Theorem 1.3 follows from the Regularity Lemma applied
with ¢ replaced by £/8 and ¢y = 8/«.
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The aim of this paper is to establish a Regularity Lemma for (k + 1)-
uniform hypergraphs (we will refer to it as statement Regularity (k)) which
extends Theorem 1.3.

For k+1 = 2 (the case of Szemerédi’s Regularity Lemma), the underlying
structure #; of a graph H = (V, E) is an auxiliary partition V3 U...UV; of
the set of vertices V.

For k +1 > 2 (the case discussed in this paper), the underlying struc-
ture of a (k 4 1)-uniform hypergraph H will be an auxiliary partition Z
of [V]¥, where [V]* is the set of all k-tuples from V. It turns out that in
order to take a full advantage of the “regular behavior” of H with respect
to &, one needs more information about partition &7 itself. To “gain
control” over the partition classes of &, we view them as k-uniform hyper-
graphs and regularize them (applying Regularity(k — 1) as an induction
argument), getting partitions P,_1, Pj_o,..., Py of [V]F71, [V]F2,...,
V respectively. Unfortunately, this leads to a fairly technical concept of a
partition.

The advantage of this concept is, however, that similarly to [15], [1] and
[9], it allows to find and count small subhypergraphs in a “regular situa-
tion” using so called Counting Lemma. In the graph case, the proof of the
Counting Lemma is rather simple (cf. Fact A in [!] or the Key Lemma in
[3]). On the other hand, in the k-uniform hypergraph case, this is a very
technical statement which has been proved for k = 3 in [J] and for k = 4
in [12, 13]. The general case (i.e. k is arbitrary) has been recently veri-
fied in [10]. We have been also informed [6] that W. T. Gowers proved the
Regularity Lemma and the corresponding Counting Lemma for k-uniform
hypergraphs independently, using a different approach.

2. ORGANIZATION

As mentioned before, the most technical part of this paper is the de-
scription of the environment in which we work. The proof of the Regularity
Lemma itself is then straightforward, based on ideas from [15, 1]. The struc-
ture of the paper is as follows.

In Section 3, we introduce cylinders and complexes, which are the basic
building blocks of auxiliary partitions considered here.

In Section 4, we describe the structure of this auxiliary partition, whereas
in Section 5, we introduce a concept of polyad that extends the concept of
a pair (V;, V) in partitions considered by Szemerédi.

In Section 7, we introduce an equitable (u,d,d,r)-partition which is a
concept ensuring that all but at most u(kil) (k + 1)-tuples of vertices from
V are “under control”, that is, they belong to regular polyads (similarly as
all but at most &(}) pairs are in regular pairs, cf. (7i) in Theorem 1.3). We
also define a (Jx1,7)-regular partition corresponding to a regular partition
of Szemerédi and present our main results — Theorems 7.14 and 7.17.
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The proof of the main result is in Sections 8 — 11. In Section 8, we describe
our induction scheme and in Section 9, we show its easier part. Section 10
contains auxiliary results for the proof of implication (13), which is the key
part of our induction scheme for the Main Theorem. In Section 11, we give
the proof of this implication.

3. CONCEPTS

We start with a basic notation. We denote by [(] the set {1,...,¢}.
For a set V and an integer k& > 2, let [V]¥ be the system of all k-element
subsets of V. A subset G C [V]* is called a k-uniform hypergraph. We
sometimes use the notation G = (V(G), E(G)) = (V, E). For every subset
V' C V, we denote by G[V’] the subhypergraph induced on V', in other
words, G[V'] = GN[V']*. If there is no danger of confusion, we shall identify
the hypergraphs with their edge sets.

3.1. Cylinders and Complexes.

This paper deals mainly with ¢-partite k-uniform hypergraphs. We shall
refer to such hypergraphs as (¢, k)-cylinders.

Definition 3.1 (cylinder). Let ¢ > k > 2 be two integers, V be a set,
V| > ¢, and V =V U--- UV, be a partition of V.

A k-set K € [V]F is crossing if |V; N K| < 1 for every i € [(]. We shall
denote by Kg(k)(Vl, ..., Vy) the complete (¢, k)-cylinder with vertex partition
ViU---UV,, ie. the set of all crossing k-sets. Then, an (¢, k)-cylinder G is
any subset of Kék)(Vl, o Vo).

Definition 3.2. For an (¢, k)-cylinder G, where k > 1, we shall denote by
Ki(G), k < j < 4, the j-uniform hypergraph with the same vertex set as
G and whose edges are precisely those j-element subsets of V(G) that span
cliques of order j in G.

Clearly, the quantity |K;(G)| counts the total number of cliques of order
jin an (4, k)-cylinder G, 1 < k < j </, and Kr(G) =G.

For formal reasons, we find it convenient to extend the above definitions
to the case when k = 1.

Definition 3.3. We define an (¢,1)-cylinder G as a partition Vi U --- U V.
For an (¢,1)-cylinder G = ViU ---UVp and 1 < j < ¢, we set K;(G) =
K9, V).

The concept of “cliques in 1-uniform hypergraphs” is certainly artificial.
It fits well, however, to our general description of a complex (see Definition
3.6).

For an (¢, k)-cylinder G and a subset L of vertices in G, where k < |L| < ¢,
we say that L belongs to G if L induces a clique in G.

We will often face a situation when one cylinder ‘lies on’ another cylinder.
To this end, we define the term underlying cylinder.
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Definition 3.4 (underlying cylinder). Let F be an (¢,k — 1)-cylinder
and G be a (¢, k)-cylinder. We say that F underlies G if G C K (F).

Note that if kK =2 and F = Vi U---UV,, then G is an {-partite graph
with /-partition V1 U --- U V.
Definition 3.5 (density). Let G be a k-uniform hypergraph and F be a
(k,k — 1)-cylinder. We define the density of F with respect to G by

|GNKk (F)| :
dg(F) = {/ck(fn if |[Ki(F)] > 0,

(3.1)
0 otherwise.

Through this paper, we will work with a sequence of underlying cylinders.
To accommodate this situation, we introduce the notion of complex.

Definition 3.6 (complex). Let ¢ and k, { > k > 1, be two integers. An
(¢, k)-complex G is a system of cylinders {gU)}f:l such that
(a) G is an (¢, 1)-cylinder, i.e. GM) =V, U-- UV,
(b) (¢, 7)-cylinder GY) underlies (¢, j + 1)-cylinder GUHV) for every j €
[k —1], ie. GUTD C K;41(GY)).

3.2. Regularity of Cylinders and Complexes.

Now we define the notion of regularity of cylinders:
Definition 3.7 (regular cylinder). Let §, d be real numbers, 0 < § <
d <1, F be a (k,k — 1)-cylinder, and G be a k-uniform hypergraph with
the same vertex set. We say that G is (0,d)-regular with respect to F if
the following condition is satisfied: whenever F C F is a (k,k —1)-cylinder
such that

k()| 2 8 K ()|
then
d— 0§ <dg(F)<d+4.
We also say that G is (0, >d)-regular if G is (0, d’)-regular for some d' > d.
For k = 2 this definition means that a bipartite graph G = (V3 U Vo, E)
is (0,d)-regular if for any two subsets V/ C V; and Vi C Vs such that
[V{I[VZ] > 6Vi|[Va], we have
|d(Vi, V3) —d| <6,
where d(V{,V4) = |G[V{ U VJ]|/|V{||V5] is the density of the pair (V{,V5).
This differs from Definition 1.1. However, it is easy to observe that
e (8, d)-regularity implies 26'/2-regularity in a sense of Definition 1.1,
and
e J-regularity implies (6, d)-regularity, where d = d(V7, V2), in a sense
of Definition 3.7.

We further extend this definition to the case when F is an (¢,k — 1)-
cylinder.
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Definition 3.8. Let ¢ > k be positive integers, F be an (¢,k — 1)-cylinder
with an (-partition Ule Vi and G be a k-uniform hypergraph with the same
vertex set. We say that G is (0, d)-regular ((0, > d)-regular respectively) with

respect to JF if the restriction G [U el V]} is (0, d)-regular ((6,> d)-regular
respectively) with respect to F [Ujel VJ} for all I € [0}k

For k£ > 2, the situation becomes more complicated and due to the quan-
tification of constants in a hypergraph regularity lemma (Remark 4.6, [1]),
it is not obvious that Definition 3.7 has an effect comparable to the case
k=2.

To overcome this difference, Frankl and Rodl introduced in [1] the concept
of (6,r)-regularity. Here we present this concept in more general form. We
start with the definition of the density of a system of cylinders.

Definition 3.9. Letr € N, G be a k-uniform hypergraph, and F be a system
of (k,k — 1)—cy]~1'nders Fi, ..., F, with the same vertex set as G. We define
the density of F with respect to G by
190U Ke(FDL oy e ‘

dg(F) = m if |Uj—; K(F5)| > 0,

0 otherwise.

(3.2)

Now we define a regular cylinder.
Definition 3.10 ((d, d, r)-regular cylinder). Letr € N, F be a (k,k—1)-
cylinder, and G be a k-uniform hypergraph. We say that G is (d,d,r)-
regular with respect to F if the following condition is satisfied: whenever
F =A{F,...,F.} is a system of subcylinders of F such that

U K| = 5 1Ku(F)]
j=1

then

d—06<dg(F)<d+6.
We also say that

e G is (0,d,r)-irregular with respect to F if it is not (0,d,r)-regular
with respect to F;
e G is (0,>d,r)-regular with respect to F if G is (8,d’, r)-regular with
respect to F for some d > d;
e G is (0,r)-regular with respect to F if G is (0,d’,r)-regular with
respect to F for some d' > 0.
We extend the above definition to the case of an (¢, k — 1)-cylinder F.

Definition 3.11. Let k. ¢,r € N, £ > k, F be an (¢,k — 1)-cylinder with
an (-partition Ule Vi, and G be a k-uniform hypergraph. We say that
G is (9,d,r)-regular ((§,> d,r)-regular respectively) with respect to F if
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the restriction G [Uje] V]] is (8, d, r)-regular ((0, >d, r)-regular respectively)
with respect to F [Uje[ V]} for all I € [0)F.

Notice that if a k-uniform hypergraph G is (0, > d,r)-regular with re-
spect to F, then each restriction G [Ujel V]} can be (§,d,r)-regular with
a different d’ > d. Similarly to Definition 3.10, we say

e G is (0,d,r)-irregular with respect to F if it is not (0, d, r)-regular
with respect to F;

e G is (d,r)-regular with respect to F if G is (0,d’,r)-regular with
respect to F for some d’ > 0.

Now we are ready to introduce the concept of regularity for an (¢, k)-
complex G.

Definition 3.12 ((4,d,r)-regular complex). Let d = (da,...,d;) and
0 = (92,...,6;) be two vectors of positive real numbers such that 0 < §; <
dj <1forall j=2,...,k and r € N. We say that an (¢, k)-complex G is
(8,d,r)-regular if

(a) G is (82, d)-regular with respect to GV, and

(b) GUTY is (§;41,d;41,7)-regular with respect to GU) for every j €

[k —1\{1}.

We say that an (¢, k)-complex G is (8,>d,r)-regular if there exits a vector
d = (dj,...,d)), d;- >dj, j=2,3,...,k, so that G is (8, d’, r)-regular.

Remark 3.13. We owe the reader an explanation of the above definition for
k=1 and 2.

When k = 1, vector d is empty, conditions (a) and (b) do not apply, and,
thus, every (¢, 1)-complex is (9, d,r)-regular.

When k& = 2, only condition (a) applies. Therefore, an (¢, 2)-complex
G = {G1,Go} is (8,d,r)-regular if GP) is (y,ds)-regular with respect to
g,

Note that parameter r is relevant only in the case when k > 2.

As mentioned in the Introduction, regular complexes are basic building
elements of an auxiliary partition used in the formulation and proof of our
regularity lemma. The next sections describe these auxiliary partitions.

4. PARTITIONS

For every j € [k], let a; € N and v;: [V} — [a;] be a mapping. Clearly,
mapping ; defines a partition V=V, U...UV,,, where V; = wl_l(i) for all
1€ [al].

For j € [a1], let Cross;j(¢1) be the set of all crossing sets J € [V]/,
i.e. sets for which [J NV;| <1 for all ¢ € [a1]. Note that Cross;(¢) =

K9, V).
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Let ([a1])L = {(M1,---,2): 1 < A < ... < \j < ai} be the set of
vectors naturally corresponding to the totally ordered j-element subsets of
[a1]. More generally, for a totally ordered set IT of cardinality at least j, let
(IN)Z be the family of totally ordered j-element subsets of II.

For every j € [k], we consider the projection 7; of Cross;(¢1) to ([a1])%,

mapping a set J € Cross;(¢1) to the set 7;(J) = (A1,..., ) € ([a1])L so
that |J NV, | =1 for every h € [j].
Moreover, for every 1 < h < min{j, k}, let

Un(J) = (@, () = Yu(H)) gepp
h

be a vector with ({Z) entries indexed by elements from (m;(J))%. For our
purposes it will be convenient to assume that the entries of U, (J) are ordered
lexicographically with respect to their indices. Notice that

U1 (J) € (Jar])’ and Th(J) € [an] % ... x [an] = [an]®) for b > 1.
(7)-times
We define .
OO () = (U1(), Ua(]),..., T;(])).

Then WU)(.J) is a vector with 2/ — 1 entries. Also observe that if we set
a = (a1, as,...,a) and

- j J
A(j,a) = ([aa])2 x [T lan)®), (4.1)
h=2

then U (J) € A(j,a) for every crossing set J € Cross;(t1). In other words,
to each crossing set J we assign a vector (z, ( H)) HcJg with each entry @, (g7
corresponding to a non-empty subset H of J such that z,, ) = Yp(H) €
[an], where h = |H]|.

For two crossing sets Ji, Jo € Cross;j(11), let us write

Ji ~ Jo if OO () = 0 (Jy). (4.2)

The equivalence relation (4.2) defines a partition of Cross;(t1) into at most

Al a)] = (j) » H o

parts. Now we describe these parts explicitly using (27 — 1)-dimensional
vectors from A(j,a).

For each j € [k], let 22\) be the partition of Cross;(1;) given by the
equivalence relation (4.2). This way, each partition class in 2\ has its
unique address V) € A(j,a). While 1) is a (2 — 1)-dimensional vector,

we will frequently view it as a j-dimensional vector (x1,x2,...,x;), where
x1 = (21,...,7;) € ([a1])L is a totally ordered set and x}, = (xE)Ee(ml)Z €

[ah]({t), 1< h<j, isa ({L)—dimensional vector with entries from [ay]. For
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cach address () e A(j, a) we denote its corresponding partition class from
20) by
P (20)) = {P € Cross;(¢1): vO)(P) = a:(j)}.
Th(is \Ix;ay we will ensure some structure between the classes from 22() and
LU,
More precisely, for each partition class P(j)(w(j)) e 2U) there exist j
partition classes Pfj_l), . .,P](j_l) e 201 such that for P(j—l)(m(j)) =

Unerj P,Sj_l) we have
PO () C ICj(P(j_l)(x(j))).

In other words, PU~1(£)) forms an underlying (j,j — 1)-cylinder of
PU)(x)) consisting of (jfl) classes from 2U~D. Given ) € A(j,a)
(and the corresponding P (x)) € 220)), we give a formal definition of
PU-D(2)) below. In fact, for every h < j we introduce a notation for a
(4, h)-cylinder P (2()) which consists of (i) partition classes of (") and
satisfies P (2()) C C; (PP (x9))).

To this end, we need the following notation. Let /) = (x1,22,...,2j) €

A(j,a), where x; € ([a1])L is a totally ordered set and @, = (Tr)re(a ) €
i

[au](u), 1 < u < j. For a given h-element subset = of 1 = (z1,...,z;) we
are interested in a vector ) (Z) which is “the restriction of ) to Z”. More
precisely, we define x(?) (2) as the vector consisting of precisely those entries
of £19) that are indexed by subsets of Z. Finally, 0)(2) = (zF, 23, ..., xs),
where for 1 < u < h,

x, = (QUT)TG(E)Q
is the (Z)—dimensional vector consisting of those entries of «,, that are labeled
with ordered u-element subsets of Z.
Remark. For example, if ) = (x1, 22, 23, 24), where

x1 = (2,3,5,7), T2 = (T(2,3), T(2,5)> T(2,7)> T(3,5)5 L(3,7) L(5,7))
T3 = ($(2,3,5)795(2,3,7)737(2,5,7)795(3,5,7))7 Ty = (95(2,3,5,7)),
and Z = (2,5,7), then
a:lE = (27 5, 7)7 a:2E = (1’(2’5)71'(277),.%'(577)), wSE = (‘T(2,5,7))'

Definition 4.1. For each h € [j] and ') = (x, o, . .. ,x;) € A(j,a), we
set

PW())= | ) {PeCross;(¢r): YW (P) = (2F,....25)}. (4.3)
Ee(ml)}é
Then, the following claim holds.

Claim 4.2. For every j € [k] and every £V9) = (xy,2s,...,2;) € A(j,a),
the following is true.
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(a) For all h € [j], P(h)(m@) is a (4, h)-cylinder;

(b) P(z)) = {PP(z)) 2:1 is a (4, j)-complex.

Now we define formally the notion of a partition.
Definition 4.3 (Partition). Let k be a positive integer, V be a non-
empty set, @ = ap = (a1,az,...,a;) be a vector of positive integers, and
Y V) — [aj] be a mapping, j € [k]. Set ¢ = {¢;: j € [k]}. Then, we
define a partition 2 = P (k,a,)) of Crossy(¢1) by'

P = {P(k) (x): = € A(k, a)} . (4.4)
We also define the rank of & by
rank(Z) = |A(k, a)|. (4.5)

Remark 4.4. Without loss of generality, we may assume that mappings
¥t [V]? — [a;] are onto for all j € [k]. Then we have

k

@1) y hli o\V) = rank(2) > ay

for all h € [k].
Remark 4.5. Tt follows from Definition 4.3 that for every j € [k],

P9 = P(j,a,4) = {p(j)(a;(j)): 20 e A(j, a)} (4.6)

is a partition of Cross;(11). Therefore, with every partition &2 = Z(k, a, )
of Crossi(11) we have associated a system of partitions {L@(j)}?zl defined
by (4.6). This system represents the “underlying structure” of P in the
following sense:

Every P € & can be written as P*)(z) for some x € A(k,a) (see (4.4)).
Since & = 2¥) every P € & uniquely defines (k, k)-complex P(z) =
{P(h)(w)}::1 (see Claim 4.2) such that

o P =PH(x) c P(x),
e PN (x) consists of (Z) elements of 2 for every h € [k], and
o PMHD) () C Kjyt (P (2)) for every h € [k — 1].

Remark 4.6. For k =1, & is simply the partition V =V U...UV,,, where
V; = 1 1 (4). Such partition is considered in Theorem 1.3.

Remark 4.7. For k = 2, & is composed of bipartite graphs ((2, 2)-cylinders)
P (x) with bipartition P (x) ((2,1)-cylinders). If we write x € A(2,a)
as ¢ = (i,j,a), where 1 < i < j < a; and « € [ag], then (2,2)-cylinders
73(2)(33) correspond to bipartite graphs Péj with bipartition V;UV; that were
considered in [1].

1f there is no danger of confusion, we will omit the superscript * in £® e A(k,a)
to simplify the text.
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Later, we will also need to describe when one partition refines another
one.
Definition 4.8. Let & = Z(k,¢,a) and & = ¥ (k,p,b) be two parti-
tions. We say that .7 refines &, and write . < 2, if for every P*) ¢ 2
there are Si(k) € .7, ieI(S®), so that

P® = J{s:ie1(s®)).

We remark that the above definition implies that Crossy (1) C Crossg (1)

Let & = Z(k,1,a) be a partition of Cross (1) and suppose that for
every ¢ € A(k,a), we decompose P¥)(x) € 2 into mutually edge-disjoint
(k, k)-cylinders S®)(¢,x), where 1 < ¢ < s. In other words, P¥)(z) =
Us=1 S®) (¢, ) for all € A(k,a). Then we claim the following.

Claim 4.9. The system
7 ={sW(g.2): @ € A(k,a).¢ € [s]}
is a partition of Crossy (1) that refines 2.

5. PoLYADS

A regular pair played a central role in the definition of a regular partition
for graphs (see Theorem 1.2). In [1], where the regularity lemma for triples
was considered, this role was played by a ‘triad’ (which corresponds to a
(3,2)-cylinder). In order to define a regular partition & for a k-uniform
hypergraph, we extend these two concepts by introducing polyads. Polyads
are (k + 1, k)-cylinders consisting of selected k + 1 members of Z2.

We describe first the environment in which we work.

Setup 5.1. Let k be a positive integer, V' be a non-empty set, a = a» =
(a1,a2,...,a;) be a vector of positive integers, 1 = {1);: j € [k]} be a set
of mappings v;: [V} — [aj], j € [k]. Let & = P(k,a,1) be the partition
of Crossi(11) (see Definition 4.3).

Recall that for every crossing set K € Crossgi1(¢1) and h € [k], we
defined ¥, (K) as the (k?;l)—dimensional vector

Un(K) = (Zm,m) = Yr(H)) gexyn

where 7,(H) = (A1,..., ) € ([a1])" is such that |[H NV}, | = 1 for every
u € [h]. We set

« (k
" (K) = (W (K), Ua(K), ..., U(K))
and observe that ¥ (K) is a vector having 22:1 (kzl) = 2k+1 2 entries.

We define set A(k,a) of (287! — 2)-dimensional vectors by

k
A(k,a) = Ap(k,a) = (jar)) 5 x [lan) 4. (5.1)
h=2
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Then ¥ (K) € A(k,a) for each crossing set K € Crossy1(11).

Let & € A(k,a). Then we write vector & as & = (&1, &, ..., &), where
&, € ([a1])®™! is an ordered set and &, = (@r)re(a ) € [au](kzl), is a
(kzl)—dimensional vector with entries from [a,] for every u > 1.

Given an ordered set & C &; with 1 < || = h < k, we set &, =
(Zr1)re(yw for each u € [h]. We also define

PM(z)= [ {Pe€Crossp(yn): ¥W(P)=(2F,....87)}  (5.2)
Ee(@)h
- . k
for each h € [k], and set P(&) = {P(h)(:ﬁ)} . Similarly to Claim 4.2, we

h=1
can prove the following.

Claim 5.2. For every vector & = (&1,&2,...,&x) € fl(k,a), the following
statements are true.

(b) P(&) = {75(]1 (&) is a (k+ 1, k)-complex.

In this paper, (k + 1, k)-cylinders 75(k)(:?3) will play a special role and we
will call them polyads.
Definition 5.3 (Polyad). Let & = & (k,a, ) be the partition of Cross (/1)
as described in the Setup 5.1. Then, for each vector & € A(k,a), we refer
to (k 4 1, k)-cylinder P (&) as a polyad.

We also define the set &2 of all polyads of & by

P = {75““) (#): & € A(k, a)} . (5.3)

For every polyad P € P there exists a unique vector & € fl(k, a) such

that P = P®)(&). Hence, each polyad P € & uniquely defines (k + 1, k)-
o A k . .

complex P(&) = {P(Z) (:ﬁ)} ) such that P € P(&).

Remark 5.4. Similarly to Remark 4.4, if ¢;: [V]9 — [a4], j € [k], are map-
pings defining &2, then we have

() fL=1

Remark 5.5. For k = 1, we have a = (a;) and A(1,a) consists of 1-
dimensional vectors & = (&), where &1 = (7,7), 1 < i < j < a;. For a

fixed & = (7, j), we have aﬁii} = (i) and .’%ij} = (j). Consequently, a polyad
PU@) = |J {PeCrossi(ypr): ¥ (P) = (2F)}

se{{it{s}}
is the bipartition V; UV; (see Remark 4.6).
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Remark 5.6. For k = 2, a polyad P? (&) € & is a (3,2)-cylinder and
& = ((i,5,0), (o, 8,7)) € A(2,a) is a six-dimensional vector such that 1 <
i<j<t<ay, a7y € [az]. In view of Remark 4.7, 75(2)(:%) is the 3-partite
graph P U Pg U Pge and PO (&) is its 3-partition V; U V; U V;. Note that
the triple (P, Pée , Pge) corresponding to P(?) (&) was called a triad in [1].

Every polyad P®) (&) € 2 is a (k + 1,k)-cylinder that is the union of
k 4+ 1 elements ((k,k)-cylinders) of &?. We describe these elements using
vector &.

Let & = (&1, ®&9,...,%&;) € A(k,a) be given. Then, for every 1 < u < k,
vector &, can be written as &, = (@T)TE(@)Z, i.e. its entries are labeled by
u-element subsets of & in lexicographic order. For every x € &1, we set

Opy = (Zr: @ & Y))ve(a)n- (5.4)

In other words, vector 0,&, contains precisely those entries of & which are
labeled by an u-element subset of &; not containing x. Clearly, d,&, has
(ﬁ) entries from [a,]. Furthermore, we set

Op& = (0381, 0z &2, . . ., 0x&y)

and observe that 9,& is a (2¥ — 1)-dimensional vector belonging to A(k, a).
Then, the following fact is true.

>

(k7 a)’

Fact 5.7. For every vector & = (&1,...,&y) €
O ). (5.5)

k
PR (z) = U PR

TE L]

On the other hand, given a (k, k)-cylinder P*)(x) € 2, we will also need
to describe all polyads that contain this (k, k)-cylinder.

Let © € A(k,a) and & = (&,...,%;) € A(k,a) be given. We say that
x < & if there exists © € & such that & = J,&. In this case, we say that &
is an extension of x and denote by Ext(x) the set of all extensions of x, i.e.

Ext(z) = {:c € A(k,a): x < m} .

Then, in view of Fact 5.7, we have that P*) (x) ¢ P*)(z) whenever < &.

Remark. For k = 1, a 1-dimensional vector & = (i) describes a subscript
i of a set V; in Szemerédi’s partition and a 2-dimensional vector & = (i, j)
describes a pair of subscripts 7, j of a pair V;, V; in Szemerédi’s partition
(see Theorem 1.3). Hence, if @ = (i), then @ < & if & contains ¢ and Ext(x)
is the set of all 2-dimensional vectors containing .

Remark. For k = 2, a 3-dimensional (3 = 22 — 1) vector « describes sub-
scripts 4, j, and « corresponding to a bipartite graph Py in a Frankl-Rodl
partition. A 6-dimensional (6 = 22! — 2) vector £ = (4,5,4,a, 3,7) de-
scribes a triad in a Frankl-Rodl partition (see Definition 7.6). Hence, © < &
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if a triad determined by & includes bipartite graph P2 and Ext(x) is the
set of all such vectors &.

We will prove the following fact.
Fact 5.8. For every x € A(k,a), |Ext(z)| < |A(k,a)|".

Proof. Let © € A(k,a) be given. If & = (&1, ...,&) € Ext(x), i.e. x = 0,&
for some € &, then notice that 25 — 1 of 25*1 — 2 components of vector
& are determined by x. Therefore, the size of set Ext(x) is bounded by

G ‘o
(a1 —k‘) X I_IJZQJ(,C) <ay X Haj(qfl).
H?:z ajj J=2

k
Since (jﬁl) <kx (l;) and |A(k,a)| = () x H?:z aj(-j), it is easy to observe

that the above product is bounded by |A(k, a)*. O
6. GLOSSARY OF TERMS

This section provides a brief summary of terms defined in the previous
three sections. The reader may find it useful in the remainder of this paper.

Cylinders and Complexes.
e An (¢, k)-cylinder is an ¢-partite k-uniform hypergraph.

(a) and (b) of Definition 3.6.

e A complex G = {g () }f | 1s a set of k-cylinders satisfying conditions

Partition.
Let ay, ag,...,a; be fixed positive integers and a = (ay,...,a;). Below, J
is a set with j elements.
e ;: [V)) — [aj], j € [k] are k mappings.
o V; =y (i) for every i € [a1].
e Cross;(1) = {J € [VI: |JNVi| < 1,i € [a1]} is the set of all
J-element crossing subsets J of V.
o T;(J) = (A1,...,\j) € ([a1])L is so that [J NV, | = 1 for every
KE [j] |
o Uy(J) = (Tr, (1) = Yn(H))gepn is a vector with (1) entries from
[an], where h € [j].
. \I/'(j)(J) = (U1(J),¥a(J),...,¥;(J)) is a vector with Zi:l ({L) =
27 — 1 entries. _
e A(j,a) = ([a1]) x Hfle [ah](i) is a set of 2/ — 1 dimensional vectors.
o 2U) = (z1,29,...,x;) is a vector from A(j, a), where &; € ([a1])
and &, = (21)ve(a)u € [au](i) for every u > 1.
e for an ordered set & C &; with 1 < |Z| = h < j, we set &= =
(#1)re(z)w for each u € [h].
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o PW(20)) =z, (@1)h {P € Crossy,(1): YW(P) = (2F,...,2F)} is
a (4, h) cylinder for every h € [j].

° ’P( {73 h) :13(3))} 1 is a (J, j)-complex.
o P = ,@(k,a,w = {P(k cx e Ak } is a partition of the set
Crossg(¢1)-
Polyads.

Let & = P(k,a, 1) be any partition of Crossy(11) and K € Crossgy1(1)1)
is a k + 1 element crossing set.

o Uy(K) = (Yn(H ))HE(K)h is a vector with (kH) entries from [ay,] for

evekry h € [k].
o B )(K) = (Uy(K),...,¥,(K))is a vector with 22:1 (kzl) = okl _
2 entries.

k+1

o A(k,a) = Ay (k,a) = (Jar])"! x TTF_ylan] (") is a set of 261 — 2
dimensional vectors. X
o & = (&,&9,...,&;) is a vector from A(k,a), where &1 € ([a1])"H

and &, = (@T)Te(fglk [au](kﬂ) for every u > 1.

e for an ordered set £ C & with 1 < |Z| = h < k, we set 25 =
(:%T)Te( =)u for each u € [h].
o P ( ) = U~ {P € Crossp (1) \Ii(h)(P) (i% ,a?:%)} is a

(k+1,h)- yhnder for every h € [k].
~ ~ k
o P(z) = {P(h)(:ﬁ)}hﬂ is a (k + 1, k)-complex.
e P®)(2) is called a polyad.
Extensions. .
Let ¢ € A(a, /{), x = (@1,@2,...,51316) S A(a,k), Z, = (-%T)Te(i:l)’lé for
u € [k].
® 0y = (Ir: 2 € T))re(a)w isa ( )-dimensional vector from [au](k)
for every u € [k].
o 0, = (835:2:1, Oz o, . .. ,(%c&k) is a (2¥ — 1)-dimensional vector from
Ak, a).
e x < & if and only if x = 0,& for some x € &;.
Ext(z) = {a: c A(k,a): x < :c} .
P®) (z) c P*)(z) whenever < &.

7. REGULAR PARTITION

Let & = P(k,a,v) be any partition of Crossg(¢1) on n vertices as
described in Setup 5.1. Then we define the (relative) volume of a polyad
P*) e P by
|Khg1 (PR

Vol(P*)) = ()
k+1

(7.1)
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Remark 7.1. For k = 1 and for any vector & = (i,5) € A(1,a), we have
1 <i < j < a1, and polyad 75(1)(:1“:) is simply bipartition V; U V; (cf.
Remark 5.5). Thus, Ko(P(1)(2)) is the complete bipartite graph K(V;, V;)
(cf. Definition 3.3) and Vol(P1)(2)) = |V;||V;|/(3)-

Remark 7.2. For k = 2 and for any six-dimensional vector & = (i,4,¢, c,
B, v) € A(2,a), polyad 73(2)(:%) = PY U PZf U P%e is a (3,2)-cylinder
(see Remark 4.7). Hence, |K3(P?(&£))| counts the number of triangles
in P@ (#) and Vol(P?)(&)) corresponds to a relative number of triangles
t((Pg,Péé,Pif)) in a triad (PY sz Pﬂ) defined in [1].

In this paper, we will work only with partitions with certain properties.
These properties are summarized in the following definition.
Definition 7.3 (equitable (u,d,d,r)-partition). Let § = (d2,...,dx)
and d = (dg,...,d;) be two arbitrary but fixed vectors of real numbers
between 0 and 1, u be a number in interval (0,1] and r be a positive in-
teger. We say that a partition & = P (k,a,) is an equitable (u,d8,d,r)-
partition if all but at most “(k:il) many (k+ 1i—tup]es K € [V]¥*! belong to
(8, d,r)-regular complexes P (&) = {750) (a“c)} L where & € A(k,a). More

precisely,

Z {V01(75( N(&)): P(&) is (5,d,r)—regu]ar} >1—p. (7.2)
&cA(k,a)

Remark 7.4. For k =1, polyad PM (&) is a (2, 1)-cylinder (see Remark 5.5)
and P(&) = {PW(&)} is a (2,1)-complex that is (d,d,r)-regular for every
vector & € A(1,a) (see Remark 3.13). Thus, Definition 7.3 states that all
but p(g) pairs of vertices are crossing.

Remark 7.5. For k = 2 and a vector & € A(2,a), (d,d,r)-regular (3,2)-
complex P (&) consists of (02, ds)-regular tripartite graph P (&) and its
tripartition P (x) (see Remarks 3.13 and 5.6). Due to (7.1), inequality
(7.2) means that all but at most (%) triples of vertices from V are crossing

and belong to (dy, dy)-regular (3,2)-cylinders from 2.

In terms of the connection between Definition 7.3 and [1], we first recall
the definition of an equitable (¢,t,c1,e2)-partition (Definition 3.2 in [4]).
Definition 7.6. Let V be a set. An equitable (¢,t,e1,¢e9)-partition P of
[V]? is an (auxiliary) partition V = |J;_, Vi with [Vo| <t and |[Vi] = ... =

}V}‘ = m, together with a family of graphs Pa], where 1 <1¢ < j <t and
0 < a </, such that

(1) Ui, PY = (m,V)forauz'j,1<i<j<tand
(2) for all but e (4 ) pairs i, j, P, ]‘ < eym? and all bipar-
tite graphs P, o € [f], are (82, 1/0) regu]ar (see Definition 3.10).




REGULARITY LEMMA FOR k-UNIFORM HYPERGRAPHS 17

Remark 7.7. One can show that an equitable (¢,¢,¢e1,e9)-partition P is also
an equitable (u,d,d, r)-partition, provided that u = 27¢1, § = (d2) = (e2),
d=(d2) =(1/0),t >1/e;,m >1/ey, and @ = (t+1,¢+1). This means that
we must prove that all but at most ,u(g) triples are crossing and triangles
in (02, d2)-regular (3,2)-cylinders. Indeed, there are at most
e ¢ x n? triples containing a vertex from Vp,
ot X (Tg) Xn+4tx (?) triples which are not crossing, - -
o c1(5) x m? x n triples in (3,2)-cylinders containing Py’ with |Py’| >
e1ym? or in (3, 2)-cylinders containing (eg, 1/£)-irregular Py (i.e. i,
is an exceptional pair from (2)),
. (;) x n x eym? triples in (3, 2)-cylinders containing Py’ with ’Pé” <
3 1m2.
Thus, the number of triples of vertices which are not in (9,d,r)-regular
polyads is bounded by

tn2+t m n+t m + 2eq t m2n < E4—i—i—i—&—£1 n?
2 3 2 —\n 2t 6t2
n n
<9(ex +51/2+51/2+61)<3> =u<3>.

Hence, (7.2) holds.

Now we can define the notion of a regular partition — a partition we are
looking for.

Definition 7.8 (regular partition). Let H be a (k + 1)-uniform hyper-
graph with vertex set V, |V| =n, and let & = & (k,a,) be any equitable
(1,8, d,r)-partition of Crossg(11).

A polyad P®)(&) is called (Opy1,7)-regular (w.r.t H) if

~ N k
(a) complex P(&) = {P(J)(z%)}‘ ) is (8, d,r)-regular, and
j: A
(b) H is (641, 7)-regular’ with respect to P*) ().
We say & is (0p11,7)-regular' (w.r.t H) if all but at most 0y 1 (kil) many

(k +1)-tuples K € [V]*1 are in (0g4 1, r)-regular polyads P*)(&). In other
words,

Z {Vol(ﬁ(k) (&)): PX(&) is (5k+1,r)—regular} >1—0ky1. (7.3)
&cA(k,a)

Remark 7.9. For k = 1, each polyad PM (&), where & = (4,5) € A(1,a),

is just bipartition V; U V;. Moreover, by Remark 3.13, condition (a) is

trivially satisfied and condition (b) means that pair (Vj,V;) is do-irregular
(see discussion behind Definition 3.7).

252—1"egular fork=1
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Hence, Definition 7.8 states that partition V = V3 U...UV,, is dr-regular
if all but at most do (g) pairs of vertices are crossing and in Jo-regular pairs.
This exactly fits the description of the partition from Theorem 1.3.

Remark 7.10. For k = 2, the concept of an equitable (u,d,d,r)-partition
plays the same role as that of an equitable (¢, ¢, &1, e9)-partition in [1]. Simi-
larly, a polyad P (&) corresponds to a triad defined in [1] (see Remarks 7.5
and 7.7). Then, (d3,7)-irregular polyad P (&) corresponds to a (d3,7)-
irregular triad as defined in Definition 3.3 of [1]. Hence, Definition 7.8
corresponds to Definition 3.4 in [1].

In the previous two definitions, r was a fixed integer and d and & were
two fixed vectors. For our regularity lemma to work, we need to extend
these definitions to the case when vector § is a prescribed function of d and
r is a prescribed function of a; (the number of vertex classes) and d. We
remark that the dependency of  on a; and d is not needed for the proof of
our regularity lemma but it is essential for applications of this lemma.

Definition 7.11 (functionally equitable partition). Let ; be a num-
ber in interval (0,1], 0x(dg), Ok—1(dk—1,dg), ..., d2(da,...,di), and r =
r(t,da,...,dy) be non-negative functions. Set § = (da,...,0k).

A partition & = P(k,a,) of Crossg(¢1) is a functionally equitable
(u, 8, r)-partition if there exists a vector d = (da, ... ,dy) such that & is an
equitable (u,d(d), d,r(a1,d))-partition (see Definition 7.3).

Definition 7.12 (regular functionally equitable partition). Let a (k+
1)-uniform hypergraph ‘H and a number 61, where 0 < 6xy1 < 1, be
given. We say that a functionally equitable (u, d,r)-partition & is (0p41,7)-
regular® (w.r.t. H) if @ is (Op41, 7 (a1, d))-regular® (w.r.t. H), where d is the
vector from Definition 7.11.

Remark 7.13. Note that for £ = 1 there are no functions given in the
above definitions, and, therefore, a do-regular functionally equitable (u, 8, 7)-
partition &2 corresponds to a dy-regular partition (see Remark 7.9).

The objective of this paper is to prove the following theorem.

Theorem 7.14 (Main theorem). For every integer k € N, all numbers
dk+1 >0 and p > 0, and any non-negative functions oy (dy), op—1(dx—1,d),
vy, O02(doy ... dg), and v = r(t,da,...,dy), there exist integers nii1 and
Ly1q such that the following holds.

For every (k + 1)-uniform hypergraph H with at least ngq1 vertices there
exists a partition & = P(k,a, ) of Crossi(¢n1) so that

(i) & is a functionally equitable (p,§,r)-partition,
(ii) 2 is (01, 7)-regular (w.r.t. H), and
(iii) rank(Z?) = |A(k,a)| < Liy1.

362—regular fork=1
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Remark 7.15. For k = 1, Theorem 7.14 is equivalent to Theorem 1.3. Indeed,
in view of Remark 7.13, (i) and (ii) mean that the partition & is da-regular.
Furthermore, |A(1,a)| = aj, thus, condition (iii) means that the number
of partition classes is bounded by Ls, independently of the given graph H.
This is precisely the statement of Theorem 1.3.

Remark 7.16. The proof of Theorem 7.14 is by induction and implicitly
uses the Regularity Lemma of Szemerédi as the base case for the induction.
Since the proof doesn’t change the sizes of vertex classes once we apply the
induction assumption, we may assume that every two vertex classes of every
partition considered in this paper differ in sizes by at most 1. In other words,
if & is a partition of Crossi(1)1), then

[ D < [t @) < < oy Ha)] < ()] + 1

Note that similarly to Szemerédi’s Lemma (case k = 1), one can show
a version of Theorem 7.14 with the hypergraph H replaced by an s-tuple of
hypergraphs Hi, Ha, ..., Hs.

Theorem 7.17 (Statement Regularity(k)). Let s,k > 1 be fized inte-
gers. Then, for all numbers dy11 > 0 and p > 0, and any non-negative
functions 0y (dy), 0k—1(dg—1,dg), - .., d02(da,...,dg), and r = r(t,dsa,. .., d),
there exist integers n§€+1 and L;c—l-l such that the following holds.

For every (k+1)-uniform hypergraphs Hi, ..., Hs with common vertex set
of size at least nj_, there exists a partition & = P(k,a, ) of Crossy(y1)
so that

(i) & is a functionally equitable (p, 8, r)-partition,
(ii) & is (Oky1,7)-regular with respect to every H;, i € [s], and

(iii) rank(2) = |A(k,a)| < L}, ;.

Remark 7.18. We are going to use Regularity (k) as an assumption to prove
Regularity (k + 1). However, for simplicity and since there is no principle
difference between the proof of Theorem 7.17 and Theorem 7.14, we will
show Regularity(k + 1) only for s = 1.

Remark 7.19. For k = 1, the above theorem appears (as Lemma 3.7) in [4]
in the following form:

For any 9 > 0 and positive integers t and s, there exist integers N (eq, t, )
and T'(eo,t, s) such that the following holds. If |[V| > N(eo,t,s), then for
any partition V = VpUViU.. .UV, with |Vp| < tand |Vi| = |Va| = ... = |V,
and any system of graphs Hi, Ho,..., Hs, each on the vertex set V', there
exists a partition V =Wy U W71 U...U Wy such that

(1) Wy <t < T(eo,t,s),

(2) W] = |Wa|=...=[Wy],

(3) the partition V =Wy U W; U...U Wy “refines” the given partition
V =VouWViU...UVy, thatis, forall 1 <i < t/, there exists 1 < j < ¢
such that W; C V,
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(4) WoUWp U ... U Wy is gog-regular with respect to H; for all i =
1,2,...,s.
Note that if |V| is divisible by ¢ and ¢/, then W, and Vj are empty and the
partition V = Wy U ... U Wy refines the given partition V =V, U... U V;.
Regularity (k) is an assumption to prove Regularity (k 4+ 1) and, there-
fore, Lemma 3.7 in [1] is the base case for the induction. Since the proof
doesn’t change the sizes of the vertex classes once we apply the induction
assumption and we apply Regularity (k) (and implicitly Lemma 3.7) only
finitely many times, we may assume the following throughout the proof:

e the size of the vertex set V is divisible by the number of classes
of each vertex partition considered (we can always add a constant
number of vertices);

e when applying Regularity(k), the resulting partition % refines any
given initial vertex partition V = V; U... U V;. In other words, if #Z
is a partition of Crossi (1), then for every 1 < i < ay there exists
1 < j <t such that

Yt (@) C V.
Consequently, every crossing set in the partition V =V, U... U W

remains crossing in %. In particular, this delicate observation will
be used in (11.10).

Since we introduced a number of various symbols in this section, we high-
light the following:

® §o,03,...,0,r are parameters that control the regularity properties
of the underlying structure (partition);

e /i is a parameter describing what fraction of (k + 1)-tuples are not
“under control”, that is, they are not crossing or do not belong to
dense, regular polyads;

e 011 controls the regularity of H with respect to underlying polyads;

e while p1 and dgy1 are fixed positive reals, d2,d3, ..., d; are functions
of densities do, ds, ..., dg;

e r is a function of the number of partition classes a1 and densities
da,ds, ..., dg.

8. PROOF OF THE MAIN THEOREM.
Our proof of Theorem 7.14 resembles the proofs from [15, 1]. First, we
define the notion of the index of a partition.

Definition 8.1 (Index). Let H be a (k+1)-uniform hypergraph with vertex
set V and let & = Z(k,a,) be a partition of Crossy(1). We define the
indezx of partition & by
ind? =Y Vol(PW(&)) x dj,(P¥)(&)).
#cA(k,a)

Then we observe that the index of every partition is bounded.
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Fact 8.2. For every (k+ 1)-uniform hypergraph H and every partition & =
P(k,a,) of Crossg (1), we have

0<ind & <1.

Let 0g41, p, 6 = (02,...,0k), & = 0;(d;,...,d), where ¢ = 2,... k,
and r = r(t,da,...,dr) be as in Theorem 7.14. In the actual proof of
Theorem 7.14, we make a use of the following statement that enables to
increase the index of the partition.

Lemma 8.3 (Index Pumping Lemma, Statement Pump(k)). For ev-
ery functionally equitable (p,d,r)-partition P = P(k,a,p), which is not
(Og+1,7)-regular, there exists a partition T and a function f (defined in
context) such that

T is a functionally equitable (u, &, r)-partition,
rank(y) < f(rank(gz)v 5/€+17 67T)7

and

ind 7 > ind 2 + ;. /2.

The proof of Theorem 7.14 will follow from the following facts
(I1) Regularity(2) holds;

(I2) Pump(k)=Regularity (k) holds for every k > 2;

(I3) Regularity(k — 1)=Pump(k) holds for every k > 2.

Indeed, we have

Regularity (2) (5;) Pump(3) (g) Regularity (3) (g) Pump(4) (g) e
—_—
(I1)

LB Regularity (k — 1) ek Pump(k) Sk Regularity (k) .
What remains to prove are facts (I1)-(13). We start with the first two
since they are easier to handle.

9. PROOF OF FACTS (I1), (12).
Proof of (I1). First we write the statement of Regularity(2):

Lemma 9.1. Let s > 1 be a fixed integer. Then, for all numbers 63 > 0 and
w > 0, and any non-negative functions do(ds) and r = r(t,ds), there exist
integers ng and L3 such that the following holds.

For all 3-uniform hypergraphs Hi, ..., Hs on the same vertex set with at
least m3 wvertices there exists a partition &2 = P (2,a,p) of Crossa(11) so
that

(i) & is a functionally equitable (p, (02),r)-partition,
(il) 2 is (93, r)-reqular with respect to every H;, i € [s], and

(iii) rank(2?) = |A(2,a)| < Ls.

Lemma 9.1 is a consequence of Theorem 9.2 (see Theorem 3.11 in []).
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Theorem 9.2. For all integers s, ty, and £y, for all § and €1, 0 < g1 <
264 /s, and for all integer-valued functions r(t,f) and all functions e3(f),
there exist Ty, Lo, and Ng such that if H1, ..., Hs are 3-uniform hypergraphs
on the same vertex set V. with |V| > Ny, then, for some t and ¢ satisfying
to <t < Ty and by < £ < Ly, there exists an equitable (£,t,e1,e2({))-
partition (see Definition 7.6) which is (0,7 (t,¢))-reqular with respect to each
H;, @ € [S]

In order to get Lemma 9.1, we apply Theorem 9.2 and obtain an equitable
(4,t,e1,e2(0))-partition & that is (0, (¢, ))-regular with respect to each H;,
i € [s]. The input parameters for Theorem 9.2 are chosen so that & is
an equitable (u,d(d),d,r(t,d))-partition by Remark 7.7 and (03, r(t,d))-
regular with respect to each H;, i € [s], by Remark 7.10. We omit details
here. (]

Proof of I2. To prove Pump(k)=Regularity(k), we follow the idea of
Szemerédi [15]. We define an initial partition £y that is a functionally
equitable (u, 8, r)-partition. If partition & is not (dx41,r)-regular, then we
apply Pump(k) and obtain a functionally equitable (u,d,r)-partition &)
whose index exceeds ind &y by a positive constant. We repeat the whole
procedure until we get a (dxy1,7)-regular functionally equitable (u,d,7)-
partition. This must happen in finite many steps because the index of every
partition is bounded by 1 and we increase the index by a positive constant
at each step.

Set a; = [4(k + 1)?/u] and let Py = Py(k, ag,1,) be a partition of
CTOSSkWO,l)’ where ag = (ala L..., 1)7 ¢O = WO,h s 7¢0,k)> where ¢0,1 is
an arbitrary mapping V' — [a1] so that

o1 (W] < g1 < ... < Jpg(an)] < g (1)) +1
and g j: [V])? — {1} for j € [k] \ {1}.
Set V; = 1/)0_%(2) fori =1,...,a1. It follows from Definitions 4.3 and 4.1

that any P € 2, is of the form Kék)(wl,...,wk), where 1 < 41 < ... <
i < aj. Similarly, by Definition 5.3 and (5.2), every polyad P e Py is of
the form K™\ (Vi,,...,Vi,.,), where 1 < iy < ... < ipp1 < ay.

k+1 oyl
Let P = K, (Viy,...,Vi,,) € Py be any polyad. Then, by (5.2), the

o PR L A o

unique (k + 1, k)-complex P = {79@)}, X such that P € P is defined by
5@ _ ) Vi U UV, for i =1,
K](g:)—l(‘/;uu-"/ik_,_l) for i > 1.

It follows from Definition 3.10 that the complete (i + 1)-uniform (k + 1)-

partite hypergraph K,iiﬂ)(Vil, LV

1 i) 18 (0',1,77)-regular with respect
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to K,gﬁl(wl,...,mm) for any & > 0 and any ' € N. Therefore, P is
(6(d),d,r(ar,d))-regular (k + 1, k)-complex, where d = (1,...,1).

k—1

Consequently, to conclude that Py is a functionally equitable (u,d,7)-
partition, we need to show that the total volume of all polyads in Py is at
least 1 — p (see Definitions 7.11 and 7.3). This translates into proving that
all but u(kj_l) many (k 4 1)-tuples are crossing.

This is, however, easy, since the number of (k 4 1)-tuples that are not
crossing is at most aj x (1+Z/‘“) X (1,01) < ulyyy) since ap = [4(k+1)%/u].

If partition Zy is (0g41,7)-regular, then we are done. Otherwise, we
apply Pump(k) and obtain a functionally equitable (u,d,r)-partition &)
with rank(21) < f(rank(2%), 041,68, 7) and ind 22, > ind P + 6, /2.

If 21 is not (Jxy1,7)-regular, we repeat the process and obtain partitions
Py, P, ... satisfying

rank(%;) < fi(rank(2), 11, 6,7),
where f(2)) means i-times iterated function f, and
ind 2; > ind Py +i x §41/2.
Since 0 < ind & < 1 for any partition &2, this process will stop after at

most 2/ 6% 41 steps. The last partition P.sq must be a functionally equi-
table (u, d,r)-partition that is (0g41,7)-regular and rank(Pst) < Lgpi1 =

f25k7fl(rank(c@o),5k+1,577")- .

In order to prove (13), we first summarize all needed auxiliary results in
the next section and then we provide the actual proof of implication (13).

10. AUXILIARY RESULTS FOR THE PROOF OF IMPLICATION (13).

In our proof we will need the following results. The first tool is statement
Regularity(k — 1) in which H;, Ha, ..., Hs are replaced with k-uniform
hypergraphs g§’“) , Qék) Y ,g§’“) and which we assume by induction assump-
tion. We use the notation 4/, d;,d’, etc. to be consistent with the context
in which we apply Lemma 10.1 and to distinguish the fact that it is an
induction assumption.

Lemma 10.1. Let s, k > 1 be fized integers. Then, for all numbers §;. > 0
and ' > 0, for any vector & = (65,...,0}_1) of non-negative functions
01 (di—1), 0p_o(di—2,dk—1), ..., 05(da,...,dg_1), and for any positive in-
teger function v’ = r'(t,dy,...,dy_1), there exist integers n) and Lj such
that the following holds:

For every k-uniform hypergraphs g@, Qék), - ,g,E’“) with common vertex
set of size at least nj, there exists a partition # = H(k — l,a%,zp‘%’) of
Crossy,_1(1{) so that

(i) Z is a functionally equitable (i, &', r")-partition,
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(ii) Z is (6, 1r")-reqular with respect to every g}’“), i€ls], and
(iii) rank(%Z) = |A(k — 1,a”)| < L.

The next lemma enables to decompose each sufficiently dense regular
(k, k)-cylinder into a bounded number of regular (k, k)-cylinders with smaller
relative densities. In order to preserve the flow of the proof, we postpone
the proof of this lemma as well as the next lemma (Lemma 10.3) to the
Appendix A.

Lemma 10.2 (Slicing Lemma). Suppose «, 0 are two positive real num-
bers such that 0 < 2§ < o < 1. Let G be a (k,k — 1)-cylinder sat-
isfying |Ki(G)| > mF/Inm and H be a (k,k)-cylinder which is (3,c,7)-
reqular with respect to G. Then, for every 0 < p < 1, where 30 < pa and
krlnm/m < 6%/(3(In4)ap), and u = |1/p| the following holds:

There exists a decomposition of H = Ho U H1 U...UH, such that H; is
(36, pa, r)-regular with respect to G for every i € [u].

Remark. For Ho we have the following: [Ho| = [H| — >0 ; [H;| < (a +
5)‘]Ck(g)‘ —u X (pa — 35)|/Ck(g)’. Since pu = p|1/p|] > 1 — p, we obtain
|Ho| < (pa + 4u6)‘l€k(g)‘.

The proof of the Slicing Lemma is very similar to the proof of Lemma 3.8
in [4] (which is actually this lemma for k = 2 in a slightly different setting).

The details can be found in the Appendix A.
By Definition 4.8, for two partitions . and 7, J refines . if for every

S*) € . there exists ’Z;(k) € 7,i e I(SW), such that S*) = Uiersm Tk,
Then we have the following lemma.

Lemma 10.3. If 9 refines .#, then ind > ind ..

We will also need the following fact which is a consequence of the Cauchy-
Schwarz inequality (for its proof see [1]).

Fact 10.4. Let 0y, d;, i € I, be positive real numbers satisfying Y ,;o; = 1.
Setd =73 _,croidi. Let J C I be a proper subset of I such that } ;. ;0 =0
and

ZO‘jdj = O‘(d—l— I/).
jeJ
Then

2
E aid32d2+i
4 l1—0
el

and, therefore, if o > 6 and |v| > 0 for some § > 0, then
Zaid? > d? + 63,
el

Now we are ready for the proof of implication (13).
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Show that slicing did not decrease P is  (0ky1,r)-irregular
ind 7 (see (C)). with respect to H.
Use the Slicing Lemma on .% to get
.
Use # and ¢ to obtain a new parti- Find witnesses of irregu-
t%on 54 (sefe (11.1()))4satisfying (11.5) larity for each (5’E+1’T)_
(ind > ind &£ + 6;.,1/2). irregular polyad P®) (&)
1 (see (11.1a), (11.1b)).
Obtain (8}, r’)-regular (w.r.t. Q%k),
gék), e ék)) functionally equitable
(', &', r')-partition Z (of (k — 1)-
tuples).
Construct the Venn Dia-
gram (see (11.2)) and ob-
Apply Regularity(k — 1) (induc- tain a system of k—unifo(rkr;n
tion assumption) to g§’“), Qék) s hyi)ergraphi ¥ = {6,
g§’“) with a special choice of constants Qé )7 ceo g§ )} (see (011-3))
', 6. and functions &', 7 (see (11.6a)- with s < |A(k, a”)| x
(11.6¢)). or(ar”, m)x|A(k,a?)|*

FIGURE 1. Scheme of the proof of Regularity (k — 1)=Pump(k).

11. PROOF OF IMPLICATION (13)

Proof of Lemma 8.5. We will follow the scheme outlined at Fig.1.

Let H be a (k + 1)-uniform hypergraph, a” = (a{’, ... ,a;:}) be a vector
of positive integers and let dx11, p, & = (d2,...,0x), where p < d11/2,
d; = 0i(d;,...,dg), where i = 2,... k, and r = r(t,ds,...,d;) be as in

Theorem 7.14 *. Furthermore, let

7 = (@(k’ay7¢y) = {P(k)(a:) T = (wlv B 7wk) € A(k'yay)}

4We may assume p < 6x41/2 (needed for (11.21)) because any (1, 8, r)-partition is also
a (u*,d,r)-partition for every p* > u (see Definitions 7.3 and 7.11).
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be any functionally equitable (i, d,7)-partition of Crossg(¢y”) which is not
(041, 7)-regular.

This means (see Definition 7.11) that there exists a vector w = (7o, ..., 7g)
of positive real numbers such that &2 is an equitable (u, §(), w,r(a’, 7))-
partition and (cf. (7.3))

Z {Vol(ﬁ(k) (&)): PR(&) is (Ok41,7(af, 7))-regular} < 1 — 4.
#cA(k,a?)
For every (841, 7(a? , m))-irregular polyad P*) (&) satisfying (a) and vi-
olating (b) of Definition 7.8, there exist r(a{’,7) witnesses of irregular-
ity, that is, an r(a?,m)-tuple of (k + 1, k)-cylinders Q(&) = {ng)(ﬁz), e

Q(Iz)g )(:i:)} such that
r(ay”
r(ai”, )

]Ck+1(Qz('k)(53)) > 5k+1}]ck+1(75(k)(§3))} (11.1a)

=1

and
|dr PV (&) — dr(Q(#))] > ds1- (11.1b)

Since each QZ(»k) (2) is a (k + 1, k)-cylinder, it can be written as the union of
k+1 (k,k)-cylinders Q" (&) = U, 5, O (0:&), where & = (21,..., &)
and

oM (a,2) = o (&) N P®) (9, 4).

Let xg be an arbitrary but fixed vector from A(k,a”). Observe that for
given & = (&1,...,&;) € A(k,a”) there exists at most one = = z(&) € &
such that ng) (9.2) € PR (x0) for every i € [r(ay,w)]. Moreover, such
exists if, and only if, & extends xg, i.e. g < &.

Consider system X (xg) of such hypergraphs, i.e.

(o) = {QE’“) (). 2 (0:) PP (o), & € Bxct(wo), } |

x=x(&),i € [r(afz,ﬂ')}

From Fact 5.8, we have that |X(zo)| < r(a{’, 7) x |A(k, a”)|".
For every xo € A(k,a”), let G(xg) be the system of edge disjoint (k, k)-
cylinders given by regions of the Venn diagram of elements of X' (x() in

PF)(z4). In other words, if X(xg) = {Q1,...,Q.}, where Q; ¢ P¥)(x)
and ¢ = | X (xo)| < r(ay’,m) x |A(k,a”)[*, then

Gao) = { (195 (e € 011, (11.2)

i=1
where

Qsi _ Ql for E; = 1,
L PW () \ Q;  forg; =0.



REGULARITY LEMMA FOR k-UNIFORM HYPERGRAPHS 27

Note that
(1) P (xq) = Ugeg () 9 and this union is disjoint, and
(2) the size of G(x) is bounded by or(ai”,m)x|A(k,a”)|*
We remark that for those xo for which X' (x¢) is empty (i.e. there are no

irregular polyads P(&) with g < &), we have G(x¢) = {P*)(x0)}. In view
of Claim 4.9, system

= |J dG= (11.3)
zcA(k,a?)

is a partition of Crossy(1){”) that refines &. Alternatively, we will write

g — {ka)agék)a--wgs(k)}a
where
s < |A(k,a?)| x 2r(ai”mx|A(k.aZ)|* (11.4)

Now, we are going to modify ¢ to obtain a partition . with the following
properties:

(a) .7 is an almost equitable (pu/2,d,r)-partition, that is there is a
vector o = (09, ..., 0%) such that all but at most (u/2) (kil) many
(k + 1)-tuples K € [V]**! belong to almost (§(a),o,r(ai,a))-
regular complexes S = {S(j)}le e 7. Here, S = {S(i)}le

is almost (8(o), o, r(af,o))-regular if, for o = (0y,...,0%), i =
2,3,...,k,
o S@ is (65(0?), 0p)-regular with respect to S, (11.5)
o SO is (§;(c), 04, r(af , o))-regular with respect to S~

fori=3,...,k—1, and
(6x(a®), p,7(ai’, &))-regular with respect to S*~1)
and p > oy.

(b) rank(.) < f(rank(Z), 0g+1,0,7), and
(¢) ind.? > ind 2 + 6}, /2.

This will be done in three steps.
Step 1. Define input parameters 85, d5,..., 0y, r

/

, and u/ appearing
in Lemma 10.1. Then apply this lemma on k-uniform hypergraphs g§’“),
gé’“’, cen ) to obtain a partition Z of Crossg_1(1/%).

Step 2. Combine hypergraphs g{’“% gék), ey ng) (which form a partition
of Crossy (")) and partition Z to construct our partition ..

Step 3. Show that .7 satisfies conditions 11.5(a)-(c).

We continue with Step 1. Recall that dg41, g, 6 = (d2,...,0k), 0; =
0i(diy ..., dy), where i = 2,... k, and r = r(¢,da,...,d;) as in Theorem 7.14
are given. Moreover, 7w = (72,...,7) is a vector of positive real numbers
such that & is an equitable (1, 6(), 7, r(a{’, 7))-partition.
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Set
pr = p/ (8s(k +1)?), (11.6a)
and define
&y, = min {6 (px)/3, 1/ (8s(k + 1)?), u?/ (512s%(k + 1)) }, (11.6b)
p' = min {480, /s, 1/ (8(k + 1)%)}, (11.6¢)

be reals between 0 and 1. For ¢ = 2,3,...,k— 1, we also define the following
functions (in variables da, ..., dr_1):

8idiy .. dp—1) = 6i(diy .. di_1, pr), (11.6d)
and
T,(t, da, . .. 7dk—1) = T‘(t, da, ... dg-1, pk) (1166)
Moreover, set &' = (85,...,8,_4).

Applying Lemma 10.1 (i.e. the induction assumption Regularity (k — 1))
with these choices of parameters to gf’“),gé’f), .. ,gé’“), we obtain a par-
tition Z = Z(k — 1,a”,49”) such that for some vector p = (pa, ...,
pk*l) S (07 1]k_17

(i) Z is an equitable (/, 8 (p), p, 7' (af, p))-partition,
(i) Z is (6},7'(af, p))-regular with respect to every gfk), i€ (11.7)
[s], and
(iii) rank(%) = |A(k — 1,a”)| < L.
For Step 2, we will now extend partition Z = Z(k — 1,a%,¢‘%) to a

partition . of k-tuples . For each ¢ € [s], and every (2% — 2)-dimensional
vector § € A(k — 1,a”), we define (k, k)-cylinders S (¢, §), by
k S(k— ~ . i _ ~ 7
S0 (e.g) = 4% NERED@) it KRED(@)) © Crossu(v7”),
Kr(RE=D(g)) otherwise.
(11.8a)
Note that if K (R*=D () ¢ Crossg(¢7), then S®)(1,9) = ... = SF) (s, ).
This may seem artificial, but we find it convenient to define it this way.
For each i € [k — 1], we also define (k,i)-cylinders S@ (&, ), by
sV 9) =RV (). (11.8b)
Since we have Crossy(¢y’) C Crossy(¢) by Remark 7.19 and ¥ =
{gf‘”, gé’“), e ng)} is a partition of Crossg(¢){"), we obtain

Ki(R¥1(g)) = U SM(¢,9) (11.9)
=1

for every § € A(k —1,a”).
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Combining (11.9) with the fact that {ICk RED(G): g€ Ak -1, a”)}
is a partition of Crossy(¢f), and Claim 4.9 yields

S ={SW(e,9): g€ Ak —1,a”),& € [s]} (11.10)

is a partition of Crossk(w‘fj ). Furthermore, . refines &, that is, each P € &
is a disjoint union of members of .¥:

P= J s (11.11)
SCP, Se

Now we establish Step 3 by showing that . satisfies (11.5) (a)-(c).

Proof of (11.5)(a). We will show that the following vector o satisfies re-
quirements of (11.5)(a): o = (p, pr) = (p2,- -, Pk—1, pr), Where py is given
by (11.6a) and (,02, ey Pk—1) = p comes from (11.7).

Setafﬁ*a'f, = (pir...,pr), P' = (pz,...,pk 1) fori=2,...k—1,
and of = (p;). Observe that 7'(af, p) = r(a{ , o), 5, < Sk(pr) = 5k(0'k),
and &/(p%) = 8;(o?) fori =2,...,k—1.

We call a (k + 1)-tuple of vertices K bad if one of the following cases
occurs:

(1) K is not crossing.

(2) There exists a (k + 1, k)-complex S S = {3(1),3(2), ... ,S(k)}, where
S €. such that either
(2a) K belongs® to a (§;(o ),pi,r(af/,a))—irregular (k+1,i)-cylinder

SO for some i € {2,. — 1}, or
(2b) K belongs to a (0x(o ) (afp,a'))—irregular (k + 1, k)-cylinder
S®) or

(2¢c) K belongs to a (0x(a*), p,r(ai , o))-regular (k + 1, k)-cylinder
S®) with p < pk.

In view of (11.5)(a), we need to show that at most (u/2) (kil) many
(k+ 1)-tuples are bad. Now we estimate the number of (k4 1)-tuples in (1)
and (2a)-(2¢c).

First, we estimate the number of (k + 1)-tuples in (1) and (2a). If a
(k 4+ 1)-tuple K is not crossing, then it contains a k-tuple K’ € [K]* that is
not crossing. Also, if K belongs to a (6;(a?), pi, r(ay , ))-irregular (k+1,1)-
cylinder SO for some i € {2,...,k — 1}, then, in view of (11.8a), it must
contain a k-tuple K’ which belongs to some (&(p%), p;, 7' (a¥, p))-irregular
(k,i)-cylinder RO (§) € %.

Since Z is an equitable (i, 8'(p), p,r'(a¥, p))-partition (cf. 11.7(i)) the
number of k-tuples K’ satisfying either of the above two properties is at most
/(7). We have i/ < pu/(8(k + 1)?) (cf. (11.6¢)). Therefore, the number of

Sk belongs to S@ if it induces a clique in S@.
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(k + 1)-tuples K satisfying (1) or (2a) is at most

1/ (8(k +1)?) (Z) xn < p/(4(k+1)) (ki 1). (11.12)

Second, we estimate the number of (k+1)-tuples K to which (2b) applies.
Assume that K belongs to (k+1, k)-cylinder S®*) which is (6, (6®), (a7, o))-
irregular.

This means (see Definition 3.11) that one of the k + 1 (k, k)-subcylinders
of S (say Sirreg) 18 (0x(a%),7(a{’, o))-irregular.

By (11.8a) and (11.10), there exist £ € [s] and § € A(k— 1, a”) such that

Sirrex = SP(€,9) = 6 N IL(RFV(g)).

Hence, gé’“) is (0,7 (af, p))-irregular with respect to R*#~D(g). This
means, however, that T:’,(k_l)(;l)) violates condition (b) of Definition 7.8.
Moreover, K contains a k-tuple K € Kp(R*=D(g)).

Since Z is (3,7 (af, p))-regular with respect to all gi(’f) (see 11.7(ii) and
Definition 7.8), the number of such k-tuples K is at most s x &}, x (}). Thus,
the number of (k+1)-tuples K in this category is bounded by s x 0}, x ( ) Xn.

Now we estimate the number of (k+1)-tuples satisfying (2¢). If K belongs
to a (k+1, k)-cylinder S®) that is (03 (a%), p, r(ai, &))-regular with p < py,
then the number of such (k + 1)-tuples is at most pj, x (}) x n.

Using (11.6a) and (11.6b), we obtain that the number of (k + 1)-tuples
satisfying (2b) or (2c¢) is at most

s % 8 x (Z) X 1+ pp ¥ (Z) xngu/(4(k+1))<kil). (11.13)

Combining (11.12) and (11.13) yields that at most

M/(4(k:+1))<kil>+M/(4(k+1))<ki > (/2 )<k+1>

many (k + 1)-tuples K satisfy either one of (1), (2a)-(2c). O

Proof of (11.5)(b). It follows from (11.10) that rank(.%) < |A(k—1,a”)|xs.
We know that s < |A(k,a”)| x or(ai”, m)x|A(k,a?)* (see (11.4)). Moreover,
by the induction assumption (see 11.7(iii)), we have |[A(k — 1,a”)| < L,

where Lj depends only on gf’“), e §’“) (i.e. on &), 8, and r. Consequently,

[A(k = 1,a”)| < |A(k — 1,a")|* < L}*
and rank(.?’) < f(rank(2), dk41,90,7). O
Proof of (11.5)(c). Let @reg be the set of all (01,7 (a’, 7))-regular poly-

ads in &, P, be the set of all polyads P*)(&) violating (a) in Definition
7.8, and let 9%, be the set of all polyads P*) (&) € & which satisfy (a) and
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violate (b) in Definition 7.8. Observe that P = @reg U P, U, and this
union is disjoint.

Then,
ind & =& + &,
where
= Y. Vol(P®)dz,P*)
PR € PregUPa
and

L= Y Vol(P*hdz,(P®).
75(’V>69’b

For any polyad P®) € 2 with [Kp1(P®)| > 0, and for any polyad
S®) e & such that S® c P*) we set

o Ken(SW)  Vol(S®)
S K (P®)] - Vol(PH)
Since partition . refines & (see (11.11), for each polyad PH) € P, we have

’Ck+1(73(k)): U Kk+1(5(k))
Sk cpk)

and this union is disjoint. Consequently, we have

1= > osm (11.14a)
Sk) cPpk)
and
dn(P) = 3 ogmdn(SY). (11.14b)
Sk) cPpk)
Combining (11.14a), (11.14b), and the Cauchy-Schwarz inequality yields
(PP < > oswdi(S™) (11.15)
o) P k)

for every polyad Pk e :@‘ We use this to estimate &;. Indeed, we use
(11.15) and ogu) = Vol(S*)) / Vol(P*) to conclude that

(11.15) . R
& < ST Vo) ST s d3(SW)
PR € ProgUPy S P k)
= > ST VolS®a2,($M). (11.16)

P) € ProgUPn S CPE)
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Let P*) (&) be any polyad in &%, and let I be the set of all polyads S*) ¢

P*)(2). Recall that Q(&) = {ng)(:?:),...,Q(lz) o (@)} s an r(a, )
r(ay”,

tuple of witnesses of irregularity, that is, (k+1, k)-cylinders satisfying (11.1a)

and (11.1b). Denote by J the set of all polyads S*) so that S*) ¢ Q(k (&)
for some i € [r(a{’, )], and set

o = ) s
Skeg

v = du(Q#) - dn(PM(2)).

Then,
U™ Kin (@ (@) 4119
= > ogw = > b1 (11.17)
SO K (PR (@) -
SkeJ
and
r(a? )
ag A ~
2 03(k>dH )=a Z Z{ S(k)d, (SW). S(k)CQEk)(i)}
Skeg
= 0dn(Q(@)) = o (PP (@) +v)
(11.18)
Moreover,
- %) (11.1b)
vl = (@) — dn(PP (@) > dpsn. (11.19)

Thus, by Fact 10.4 applied with parameters I, J, o, v defined above and
0 = 041, we obtain

> oswdi(SW) > di (PW) + 6}, (11.20)
Sk cPpk)

for every polyad P*) € 2. We remark that (11.14a), (11.14b), (11.17),
(11.18), and (11.19) verify the assumptions of Fact 10.4.
Now we use this to estimate &. Indeed, observe first that

> Vol(P®)) > g — 1 = G /2 (11.21)
75(}“)6(9%13

because at most (1 —dx41) (kj:l) many (k + 1)-tuples are in (0p11,7(a’, 7))-

regular polyads and at most M( kil)
z

ing or not in (§(w), 7w, r(af, ))-regular (k+ 1, k)-complexes P. Combining

many (k4 1)-tuples are either not cross-
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this with (11.20) yields

R R (11.20)
> Vol(PW)di, (PW) - <

ﬁ(k)eléb

S VolPW) [>T swdi (SW) -6k,

PRI, Sk Pk
< Yo D VoSWdg(S™) - apy /2. (11.22)
PR ey Sk cPpk)

We put equations (11.16) and (11.22) together and obtain

ind.” = > Vol(®az,($®) = Y~ Y Vol(§®)dF(8W)

Shes PRep SECPK)
> &+ &+ 6, /2 =ind P + 54, /2.
0

Observe that if we could show that .7 is an equitable (u/2, 8, r)-partition
instead of an almost equitable (x/2, d, r)-partition, then . would be a par-
tition we are looking for. Note that the only difference would be to prove in
(11.5)(a)

o SW) is (6,(6®), op, r(af , &))-regular with respect to S*=1:
instead of
o S®) is (8p(a*), p,m(af , o))-regular with respect to S®=1) and p >
Ok
However, we are not able to prove this and, therefore, in the remaining
part of the proof we will modify partition . into a functionally equitable
(u, &, r)-partition 7.

To this end, we will use the Slicing lemma (with appropriately chosen p)
which enables to decompose each sufficiently dense (6, i, r)-regular cylinder
into |1/p| (38, ap, r)-regular cylinders. We apply this lemma to every S*) e
< with relative density p > o and divide it into (k, k)-cylinders with the
same density.

We need to verify that the rank of a new partition .7 will not increase by
much and its index will not decrease.

Now we provide details of this construction. We call S®)(¢,9) € .7 good
if it satisfies the following;:

(S1) S®(¢,9) is (! k,p, r(af’, o))-regular with respect to S*=1 (¢, §) and
p=p&9)=p
(S2) S(l (§ ) = 7@ ')( ) is (6:(a?), pi,r(ai , &))-regular with respect to
D, ) =RI(g )fom_2 . k—1, and
(S3) ’S (€, 9)| = (n/ar)k /ln(n/al).
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Otherwise, we call S®¥)(¢,4) bad. Denote by Feood the set of all good

(k, k)-cylinders S) (&,9) € 7 and let HAaq = 7 \ Fgood- Observe the

following;:
o/ ( ) bounds the size of the union of those (k, k)-cylinders S*) (¢, §), for
which (S2) does not hold (recall Z is an equitable (1/,8'(p), p, ' (af, p))-
partition and af = a?’);

e sx0, (1) +sxpi(}) estimates the size of the union of those S®) (¢, 4) for

which (S1) does not hold: s x &, (}) is for the size of all (6}, p,r(a{", ))-
irregular S (¢, 4) = gé’“) NKR(RED(§)) (% is (61,7 (af , p))-regular
with respect to all gi("“ ) and s x pi(}) for ones with p = p(&,9) < pg;

o rank(.”) x (n/a1)*/In(n/a;) estimates the size of the union of those
S®)(&,4) that are violating (S3).

Subsequently, for sufficiently large n, we obtain
> {I8W]: 8™ € Ana}

k
< n (T n (n/al)
<u <k> + s X 5k<k> + 5 X pk(k: + rank(.) x 7111(”/@1)

(11.6a)—(11.6c) M n
—_— . (11.2
2(k +1)2 (k) ( 3)

Now we are going to define a new partition 7 as follows:
(o) First observe that every S¥)(¢,9) € Fgood 18 (04, psr(af, o))-regular
with respect to SE=D (&, §), where p = p(&,9) > pi, and

<

/ck<8<k‘1><f,y>>] > |S9(&,9)| > (n/a)/ In(n/ay).

Then we use the Slicing lemma with H replaced by S*)(¢,4), G by
S*E=1(¢,4), and r with r(af, o), and with parameters

m = a? (11.24a)
5 = &, (11.24Db)
a = p(&9), (11.24c)
p=p&9g) = K =Pk (11.24d)

8s(k+1)%p(&,9)  p(&9) —

u=u(&g) = [1/p(&9)] < (11.24e)

This yields (k, k)- cyhnders TH) (4,

(k £,9),1=0,1,...u(,9), satisfying
(T1) S® (¢, 9) = USSP 70 (4, ¢,9) and this union is disjoint,

(

=1,.

(T ) TE (i, €,9) is (35k,pk, r(af , o))-regular w.r.t. SE=1 (¢, §) for every
(€, 9), and
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(T3)

IT0(0,¢,9)] < (patdud)|[KKy(SHY SIKR(SED (€, 9)).

9))| < 45(k‘ +1)
(B) For every S¥)(¢,4) € Aaq, we set

P0,¢,9) = SP (&, 9). (11.25)
Then we define 7 by

7 ={TW(i,£,9): SW(£,9) € Fyoouri € [ul&, 9)]}
U{T®(0,6,9): § € A(k —1,a”),¢ € [s]}. (11.26)

We need to show that .7 is a partition we are looking for. We accomplish
this by proving

(A): T is a functionally equitable (u, &, r)-partition,

(B): rank(.7) < f(rank(Z), dk+1,0,7), and

(C): ind 7 >ind P + 6, /2.
Since parts (B) and (C) are easier to prove than (A4), we start with them.
Part (B): It follows from (11.26) and (11.24e) that

8s(k + 1)?

I

(190 <83(k 11y
I

rank(.7) < x rank(.) + s x rank(.)

_|_3> x f(rank(2),0k41,0,7)

= f(rank(2), 0g41,0,7).

Part (C): (T1) and (11.25) shows that .7 refines .# (see Definition 4.8).
Hence, applying Lemma 10.3 yields

. ) (11.5)(c) 5ﬁ+1
ind? >ind” > indZ+ 5

Now we prove part (A): For af = af and a = (p2, ..., pr) = (p, pr), We

prove that
T is an equitable (u, 8(a), o, r(af ,o))-partition. (11.27)
Then, by Definition 7.11, partition 7 is a functionally equitable (u,d,7)-

partition. By Definition 7.3, all what remains to show is

kil) (k + 1)-tuples K € [V]**! belong to

(8(c),0,r(af ,o))-regular complexes.

all but at most ,u(

For the following we recall that o@ = (pi,...,py) for 2 < i < k. Now, let
*)(€,9) € Fgo0a- We show then that

{SWEH),....S* V), TW (6, € 9)}
(€

is a (8(c),0,7(af , o))-regular complex for all i € [u(&,§)]. Indeed,
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@) (g,9) is (62(o?), p2)-regular with respect to S (£, 4) because of
(2),
eFori=3,... k-1, 89 g)is (6:;(a?), pi,r(af ,o))-regular with re-
spect to SU=1(€,9) because of (S2),
o« TW (i, &,9) is (Ox(pr), pr, (a7, o))-regular with respect to SE=1 (¢, §)
because
— 7% (4,€,9) is (30}, P, r(a‘fﬁ, o))-regular with respect to S(k_l)(f, 7)
(cf. (T2)), and
— 05, < 6r(pr)/3 (ct. (11.6b)).
Denote by Faooa the set of all TW) (i, &, §) € 7, i € [u(&,§)], such that
k)&, g) € Zgood- Furthermore, set Haq = 7 \ Jgooa and let ﬁgood be the
set of polyads 7®) € 7 which consists only of elements from J04-
In other words, every 7" ¢ <7Agood belongs to a (8(e),o,r(af,o))-
regular (k + 1, k)-complex. Hence, we must prove

> A{Vol(T®): TH € Fypoa} > 1 - p.

If 70 ¢ ﬁgood, then it must contain a (k, k)-cylinder T € Z.q. This
means however, that 7" = 7®)(0,¢, ) for some § € A(k — 1,a”) and
¢ € [s]. By the definitions of 7®)(0,&,9) (see (a), (3)), we have

S A{IT®™0,£,9): €€ [s], 9 € A(k —1,a7)}
<Y {18 9)|: SW(E,9) € Fhaa}

+ 2 {IT0(0,6,9)]: SY(E ) € Frooa}
Then we use (11.23) and (T3) to conclude

S {IT®(0.6.9)]: ge[]geA(k_l’a%)}§M<Z>
+ MZ{‘KIC(SU“_U(&Q)” e [3],1') c A(k_ 1,(1,’%)}

< (kf:l)2 (Z) (11.28)

The last inequality follows from the fact that {K(S*F1(¢,9)): § € A(k —
1,a”)} forms a partition of Crossy(¢f) for every fixed & € [s]. Therefore,
by (11.28), we have

Z { Vol(’j—(k)): T*) ¢ %ood}
< ”) < S {T®(0,6,9)]: € € [s],9 € A(k — 1,a”)}

(k+1
() <
S G S
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12. CONCLUDING REMARKS

Definitions 7.11 and 7.12 describe the most important properties required
from a partition & produced by the Regularity Lemma for k-uniform hy-
pergraphs (Theorem 7.14).

For some applications of Szemerédi’s Regularity Lemma, it turned out to
be useful to have a version of this lemma that produces an e-regular partition
of vertices satisfying some additional conditions. As an example we mention
Lemma 3.7 from [4] (see also Remark 7.19) in which a partition produced
by Szemerédi’s Regularity Lemma also refines a given initial partition of
vertices.

Here we present a version of Theorem 7.14 in which we impose an addi-
tional “divisibility” condition on densities da, ..., d; in Definition 7.11 and
we require & to “refine” an initial complex G. This modified regularity
lemma is one of the key ingredients in the proof of the Counting Lemma in

[10].

First, we need some additional notation. Suppose & = Z(k,a,v) is a
partition of Crossy (1) and {L@U)}f:l
with & (see Remark 4.5). For an (¢, k)-complex G = {g(j)}le,
that & respects G if for every j € [k] and every 9 € A(j,a) either
) (w(j)) c gU) or PU) (w(j)) NGl = .

Then, our modified regularity lemma reads as follows:

is a system of partitions associated

we say

Corollary 12.1. Let ¢ > k > 2 be arbitrary but fixed integers. Then for
all positive numbers Mg, ..., Ak, 0p11 and pu, and any non-negative functions
Ok(d), Op—1(dx—1,dg), ..., d2(da,...,dg), and v = r(t,ds,...,dy), there
exist integers ngy1 and L1 such that the following holds.

For every (k+1)-uniform hypergraph H and (¢, k)-complex G = {gU) }le
with common vertex set of size at least nyy1, there exists a partition & =
P(k,a,) of Crossi(¢1) and a vector w = (ma,...my), so that

(i) & is an equitable (u, d(m), (a1, ™))-partition,
(ii) 2 is (Ok+y1, (a1, ™))-regular with respect to H,
(iii) rank(2?) = |A(k,a)| < Liy1, (12.29)
(iv) & respects G, and
(v) Aj/m; is an integer for j =2,... k.

Remark. The difference between Corollary 12.1 and Theorem 7.14 is that

(1) in Corollary 12.1, we have additional input parameters
(a) numbers \;, j =2,...,k, and
(b) an (¢, k)-complex G = {g(ﬁ}?:l;

(2) in Corollary 12.1, we impose additional conditions (iv) and (v) on
the output partition Z.
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The proof of Corollary 12.1 closely follows the proof of Theorem 7.14.
Here we point out only the differences between these proofs:

(D1) As the induction assumption we do not use Lemma 10.1 but the
above corollary stated for H replaced by a family of hypergraphs Gy, ..., Gs.

Lemma 12.2. For all integers s > 1, £ > k > 2 and all positive num-
bers Xo, ..., \p—1, 0y, and p', and any non-negative functions 0)_,(dx—1),
O _o(di—2,di—1), ..., 05(da, ... ,dg—1), and v’ =1'(t,da,...,dy_1), there ez-
ist integers ny, and Ly, such that the following holds.

For all k-uniform hypergraphs Gi,...,Gs and an ({,k — 1)-complez G =
{g(j) };:11 with common vertex set of size at least ny, there exists a partition
R =Rk —1,a”,47) of Crossp_1(7) and a vector p = (pa,... pr—_1), S0
that

(1) Z is an equitable (1', &' (p), 7' (a¥, p))-partition,
(i) # is (8;,7"(a?, p))-regular (w.r.t. H),
(iii) rank(%Z) = |A(k — 1,a”)| < L,

(iv) Z respects G, and

(v) Aj/pj is an integer for j =2,... k — 1.

(D2) In the proof of the Pumping Lemma, we start with an equitable
(p, 8(m), w,r(a, ))-partition Z = Z(k,a”, ?) which is (6p, r(af’,))-
irregular and satisfies (12.29)(iii)-(v). Using the witnesses of irregularity
(11.1a), (11.1b), we construct a system of k-uniform hypergraphs Gy, ..., Gs
that form a partition of Crossy(1){”) that refines 2.

This implies that every G;, i € [s], respects the given G*) € G, that is,
either G; € G or G, NG = .

(D3) For Step 1., we define pj, by

1/165(k +1)% < pr, < p/8s(k 4 1)? and \y/pr € N (12.30)

instead of (11.6a). Note that (12.30) is possible by setting pr = \r/L, where
L is an integer such that \y/L < p/8s(k+1)% < M\/(L — 1).

Then, instead of Lemma 10.1, we apply Lemma 12.2 with input pa-
rameters given by (12.30), (11.6b)-(11.6e), and with additional parameters

A2, ..., A\k—1 and the (¢, k — 1)-complex {g(j) j:ll

This yields a partition % of Crossy_1(1)7) satisfying (11.7). Moreover, %
respects {gU)};:ll and \;j/p; is an integer for j =2,...,k — 1.

(D4) The partition . defined by (11.8a) and (11.10) satisfies (11.5)
again. Moreover, vector o = (p2,. .., px) (see the proof of (11.5)(a)) satis-
fies \j/pj € Nfor j =2,... k. For j =2,...,k—1 this comes from applying
Lemma 12.2 and for j = k from the definition of pj (see (12.30)).

Finally, since % respects {gU)}f;ll (see (D3)) and every G;, i € [s],

respects G*) € G (see (D2)), (11.8a) implies that .7 respects G = {g(j)}jf:l.
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(D5) While defining the partition .7 (see (T1)-(T3), (11.25), (11.26)), we
have (k, k)-cylinders

T® (i, ¢,9) € SP (¢, 9),

for i = 0,1,...u(£,9) (or i = 0 only), € € [s], and § € A(k —1,a”). Since
7 respects G (see (D4)), the partition .7 defined by (11.26) also respects
G. Note that calculations in parts (4)-(C) remain the same.
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APPENDIX A. SOME PROOFS FROM SECTION 10
We first give a proof of the Slicing Lemma.

Proof of Lemma 10.2. For every edge e € H, we define a random variable
X, with values in {0,1,...,u} by

P(X.=1i) = pforic€ [u,
P(Xe=0) = 1-—pu.
Then, we define H; by putting e € H into H; if and only if X, = 1.

Clearly, |H;| is a random variable with binomial distribution Bi(|H|,p).
Let G1,...,G, be subcylinders of G such that

U Kr(Gj)

j=1

> 30| K1(G)|- (A1)

Then, due to (4, a, 7)-regularity of H, we have

U K(G)]-
j=1

Subsequently, for every i € [u], the expected number of edges of H; in

Ujz1 Ki(G;) is

HN U Ki(G))

Jj=1

= (a+9)

E; =E<|Hm U/ck(gj)\) = (a £ 0)p| | Kr(G))|. (A.2)

j=1 j=1
Set v = ¢/pa, and observe that
pa—30 < (1—7)pla-—79), (A.3a)
pa+30 > (1+7)pla+9). (A.3b)

Suppose that for some i € [u] we have

10 | Ke(@)] = pal | Ki(G5)] = 38| | Ki(65)].

j=1 j=1 j=1
Then, using (A.2) and (A.3b), we obtain

;0 | Ki(G))] = (pe+30)| | K(G)]
j=1 Jj=1
a0l UKk 'E 0+ B
j=1

Consequently,

M0 | Ki(G))| — Ei > E:.
j=1
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Similarly, assuming
H; 0 | Ki(G5)| = pa| | Kr(G5)] < =38| | K(G))],
j=1 Jj=1 Jj=1
we obtain ”Hi N U§:1 /Ck(gj)‘ — E; < —~vE;. As a result, we have
b (|70 U a(@)1 - ol U ksl | = 381 U a6
j=1 j=1 j=1

<P (‘\HZ N O Ki(G;)| — Es

j=1

295, (M)

Using the Chernoff inequality, we estimate the right-hand side of (A.4) by
2exp(—v2E;/3). Moreover, from (A.1), (A.2), and |Kx(G)| > mF/Inm, we
conclude

k

E; > (a—=9))p > ozépm—.
Inm

U Kr(G;)
j=1

Thus,

T T

P < 70 | Kr(Gy)| - pal | Kk(gj)“ > 36| Kk(gj)’)
j=1 j=1 ]
< 2exp(—(8*mF /3aplinm)) < 2exp(—(In4)krmF~1) =2 x g—krmt=t

There are at most 287" ways of selecting (k, k — 1)-cylinders Gy, ...,G, C
G. Hence, the probability that at least one of (k, k)-cylinders H; is (34, pa, 7)-

irregular is bounded by u x okrm =l 9w 4krm™ T < ] for p > 1. Thus, we
infer that there exists a choice of (k, k)-cylinders H;, ..., H, so that every
H; is (30, pa, r)-regular. O

Proof of Lemma 10.3. For each polyad S®) e . with [Kj11(S®)| > 0, and
for every polyad 7®*) € .7 such that 7" ¢ S®) | we set

Kisa (0] Vol(T®h)

Since partition .7 refines ., similarly to the proof of (11.5)(c) (see also
(11.14a) — (11.15)), we obtain

G(SW)y < N opudi(TW) (A.5)
Fk) (k)
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for every polyad S*) € .#. We use this to estimate ind.#. Since O3y =
Vol(T ™))/ Vol(S®)), we have

(A.5) . .
ind.” < > Vol(SW) M osud}(TW)
Sk T (k) cSk)

= > Y Vol(T")d3(TW) < ind 7.
Sk THE Sk
0
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