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Abstract

In this paper, we study a statistical property of classes of real-valued functions that we
call approximation from interpolated examples. We derive a characterisation of func-
tion classes that have this property, in terms of their ‘fat-shattering function’, a notion
that has proven useful in computational learning theory. The property is central to a
problem of learning real-valued functions from random examples in which we require sat-
isfactory performance from every algorithm that returns a function which approximately

interpolates the training examples.
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1 Introduction

In the problem of learning a real-valued function from examples, a learner sees a sequence
of values of an unknown function at a number of randomly chosen points. On the basis of
these examples, the learner chooses a function—called a hypothesis—from some class H
of hypotheses, with the aim that the learner’s hypothesis is close to the target function on
future random examples. In this paper we require that, for most training samples, with
high probability the absolute difference between the values of the learner’s hypothesis

and the target function on a random point is small.

A natural learning algorithm to consider is one that chooses a function in H that is close
to the target function on the training examples. This poses the following statistical prob-
lem: For what function classes H will any function in H that approximately interpolates
the target function on the training examples probably have small absolute error? More

precisely, we have the following definition of approximation from interpolated examples.

Definition 1 Let C,’H be sets of functions that map from a set X to R. We say
that 'H approximates C from interpolated examples if for all n,7v,e,d € (0,1), there
is mo(n,7,€,0) such that for every t € C and for every probability measuret P on X, if
m > mo(n,7,€,0), then with P™-probability at least 1 — 0, v = (x1,T9,...,Tp) € X™
has the property that if h € H and |h(x;) — t(z;)| <n for 1 <i<m, then

P({xeX:|h(z)-tx) Z2n+7}) <e

We say that mo(n,~,€,0) is a sufficient sample length function for H to approxzimate C

from interpolated examples.

Two cases of particular interest are those in which C = H and C = R, the set of all

I'More formally, one has a fixed o-algebra on X: when X is countable this is 2%, and when X C R",
it is the Borel o-algebra. Then, by “any probability measure on X,” we mean “for any probability
measure on %,” where X, the fixed o-algebra, is understood. The class H must have some fairly benign

measurability properties; we refer to [12, 8] for details.
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functions from X to R. If H approximates H from interpolated examples, we simply say
that ‘H approzimates from interpolated examples. The main aim of this paper is to find
characterisations of classes which approximate from interpolated examples and which

approximate R¥ from interpolated examples.

This problem can be interpreted as a learning problem in which we require satisfactory
performance from every algorithm that returns a function that approximately interpo-
lates the training examples. If, instead of requiring that all algorithms in this class be
suitable, we require only the existence of a suitable algorithm, no necessary and suffi-
cient conditions on the function class ‘H are known. Because an arbitrary amount of
information can be conveyed in a single real value, it is possible to construct complicated
function classes in which the identity of a function is encoded in its value at every point,
and an algorithm can take advantage of this (see [3]). We can avoid this unnatural
“conspiracy” between algorithms and function classes in two ways: by requiring that
the algorithm be robust in the presence of random observation noise, as was considered
in [3], or, contrastingly, by requiring satisfactory performance of every algorithm in a
class of reasonable algorithms, as we consider here. Another reason for studying the
problem of this paper is that it has implications for learning in the presence of malicious
noise, in which the labels on the training sample can be any real numbers within 7
of the true value of the target. This will be discussed later in the paper, but for the
moment simply observe that if h is (-close to a training sample where the labels have
been corrupted to a level of at most 3, then h is certainly 23-close to the target on the
sample. If H approximates from interpolated examples, we can then deduce that if the
sample is large enough then (with high probability) h is within 25 + « of the target on
‘most’ of X.

Alon et al. [1] have analyzed a model of learning in which the error of a hypothesis is
taken to be the expected value of (h(z) — t(x))?% Their results can be used to provide
guarantees of small expected absolute error. However, the results of this paper provide
conditions under which we can (with high probability) have small ‘pointwise’ absolute

error almost everywhere on the domain, and these results do not follow from those of
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Alon et al.

In the next section, we define a measure of the complexity of a class H of functions (the
fat-shattering function), and we state the main result: that the fat-shattering function
is the key quantity in this problem. In Sections 3 and 4 we give upper and lower bounds
on the number of examples necessary for approximation from interpolated examples.

Section 5 describes the implications for learning with malicious noise.

2 Definitions and the Main Result

A number of ways of measuring the ‘expressive power’ of a class ‘H of functions has been
proposed. This power is quantified by associating a ‘dimension’ to the class. Sometimes
this is simply one number depending on H. Sometimes—in what is known as a scale-

sensitive dimension—it is a function depending on H.

An important example of the first type of dimension is the pseudo-dimension [8, 12].
We say that a finite subset S = {z1,29,...,24} of X is shattered if there is r =
(r1,79,...,74) € R% such that for every b = (by, by, ..., by) € {0,1}¢, there is a function
hy € H with hy(x;) > r; if b = 1 and hy(x;) < r; if b; = 0. The pseudo-dimension of H,
denoted Pdim(H), is the largest cardinality of a shattered set, or infinity if there is no

bound on the cardinalities of the shattered sets.

Perhaps the most important scale-sensitive dimension which has been used to date in
the development of the theory of learning real-valued functions is the fat-shattering
function. This is a scale-sensitive version of the pseudo-dimension and was introduced
by Kearns and Schapire [9]. Suppose that H is a set of functions from X to [0,1] and
that 7 € (0,1). We say that a finite subset S = {1, 22,...,24} of X is vy-shattered if
there is r = (r1,72,...,74) € R? such that for every b = (by, by, ..., bg) € {0,1}¢, there
is a function hy, € H with hy(z;) > r; + v if b; = 1 and hy(x;) < r; — vy if b = 0. Thus, S
is v-shattered if it is shattered with a ‘width of shattering’ of at least v. We define the



fat-shattering function, faty : Rt — No U {00}, as
faty(v) = max {|S|: S C X is y-shattered by H},

or faty(7y) = oo if the maximum does not exist. (Here, Ny denotes the set of nonnegative
integers.) It is easy to see that Pdim(H) = lim,_,o faty(y). It should be noted, however,
that it is possible for the pseudo-dimension to be infinite, even when fats(y) is finite for
all v. We shall say that H has finite fat-shattering function whenever it is the case that
for all v € (0,1), faty(7y) is finite.

The fat-shattering function plays an important role in the learning theory of real-valued
functions. Kearns and Schapire [9] proved that if a class of probabilistic concepts is
learnable, then the class has finite fat-shattering function. (A probabilistic concept
f is a [0, 1]-valued function. In this model, the learner sees examples (x;,y;), where
Pr(y; = 1) = f(x;).) Alon et al. [1] proved, conversely, that if a class of probabilistic
concepts has finite fat-shattering function, then it is learnable. The main result in [3]
is that finiteness of the fat-shattering function of a class of [0, 1]-valued functions is a

necessary and sufficient condition for learning with random observation noise.

Our main result is the following.

Theorem 2 Suppose that H is a set of functions from a set X to [0,1]. Then the

following propositions are equivalent.

1. 'H approximates from interpolated examples.
2. 'H approzimates R* from interpolated examples.

3. 'H has finite fat-shattering function.



3 Upper bound

In this section, we prove that finite fat-shattering function is a sufficient condition for
approximation from interpolated examples and we provide a suitable sample length

function mg(n,~,¢€,0).

We first need the notion of covering numbers, as used extensively in [8, 1, 6] for instance.
Suppose that (A, d) is a pseudo-metric space and o > 0. Then, a subset N of A is said
to be an a-cover for a subset B of A if, for every x € B, there is an £ € N such that
d(xz,z) < a. The metric space is totally bounded if there is a finite a-cover for A, for
all @« > 0. When (A, d) is totally bounded, we shall denote the minimal cardinality of
an a-cover for A by Na(a,d) for a > 0. A subset M of A is said to be a-separated if,
for all distinct z,y € M, d(x,y) > «. We shall denote the maximal cardinality of an

a-separated subset of A by My (a,d). It is easy to show that
Ma(2a, d) < Na(a, d) < Ma(a, d)

(see [10]), so Ma(a, d) is always defined if (A, d) is totally bounded. Suppose now that
H is a set of functions from a set X to [0, 1] and that = = (21,22, ..., z,) € X™, where

m is a positive integer. We may define a pseudo-metric (2° on H as follows: for g,h € 'H,

(9, h) = max |g(zi) — h(wi)].

(This metric has been used in [6, 1], for example.) Alon et al. [1] obtained (essentially)
the following result bounding the [°-covering number of H in terms of the fat-shattering

function of H.

Lemma 3 Suppose that H is a set of functions from X to [0,1] and that H has finite
fat-shattering function. Let m € N, and x € X™. Then the pseudo-metric space (H,15°)
is totally bounded. Suppose o > 0. Let d = faty(a/4) and

=3 (M (2
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Then, provided m > logy + 1,

Wty <2 (m 2] )

(07

Here, as elsewhere in the paper, log denotes logarithm to base 2. We then have the

following result.

Theorem 4 Suppose that H is a class of functions mapping from a domain X to the
real interval [0,1] and that H has finite fat-shattering function. Let t be any function
from X to R and let v,n,e > 0. Let P be any probability distribution on X and define
B to be the set of functions h € H for which P ({x € X : |h(z) —t(z)| = n+~}) > e

Let d = faty(v/8) and let . i
=5[]

Then for m > max (8/¢,logy + 1), the probability that some h in B has |h(z;)—t(z;)| < n

2\ logy
4| 2m H 9-m/2,
Y

Proof: The proof is based on a technique analogous to that used in [13, 5, 8], where we

for1 <1 < m s at most

‘symmetrise’ and then ‘combinatorially bound’. The first step—symmetrisation—relates
the desired probability to a ‘sample-based’ one. Fix t, P, m, the parameters v, n, ¢, and

hence the set B. It is easy to show using standard techniques that
P™{z e X™:3he B, |h(z;) —t(z;)| <n(1<i<m)} < P™R),
where
R= {xy € X?™ :3h € B, |h(z;) —t(z;)| <n (1 <i<m)
and [{i : |h(y:) — t(y)| = 0+ 7} > em/2},
and zy € X?™ denotes the concatenation of z,y € X™.
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The next step is to bound the probability of R using combinatorial techniques. For this,
let I be the ‘swapping group’ [12] of permutations on the set {1,2,...,2m}. This is the
group generated by the transpositions (i,m + i) for 1 < i < m. The group I' acts in a

natural way on vectors in X?™: for o € I and z € X?™, we define oz to be
(Zcr(l)u Zo(2)s - - - 720(2m))-
Let I'(R, 2) = |{o € ' : 0z € R}| be the number of permutations in I taking z into R.

It is well known that, since P?™ is a product distribution, we have

1
P?(R) < — max I'(R, ).

m reXx2m

Now, let us fix z € X*™ and consider the pseudo-metric space (B,[°). Since H has
finite fat-shattering function, so does B and Lemma 3 implies that this pseudo-metric

space is totally bounded. Let N = {le, ho, ..., ﬁn} be a minimal 7 /2-cover for B. From

logy
4 2
n<2|2m {—-‘ .
v

Since N is a y/2-cover, given h € B, there is h € N such that [>°(h, h) < /2, which

Lemma 3,

means that, for 1 < i < 2m, |h(z) — h(z)| < v/2. Suppose that oz = zy € R. Then,
by the definition of R, there is some h € B such that |h(x;) —t(z;)] < nfor 1 <i<m
and such that, for more than em/2 of the y;, |h(y;) — t(y:)| > n + . But (taking h to
be, as described above, a function in the cover v/2-close to h) this implies that there is
h € N such that for 1 < i < m, |h(x;) — t(z;)| <1+ ~/2 and such that, for more than
em/2 of the y;, |h(y;) — t(y:)| > n+ /2. Tt follows from this that if oz € R, then, for

some [ between 1 and n, oz belongs to the set Rl, defined as

R = {xy € X . |Bl(xz) —t(z)| <n+7/2(1 <i<m),

and {7+ |u() = ty)| = n+/2}] > em/2}

Let F(Rl, z) be the number of ¢ in I" for which oz € R,. Since 0z € R implies 02 € R,

for some [, we have

I'(R,z) < f:r(le,z).
=1
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Consider a particular [ between 1 and n and suppose that F(]%l,z) # 0. Let k be
the number of indices i between 1 and 2m such that |hy(z) — t(z)| > 1+ /2. Then
em/2 < k < m. The number of permutations ¢ in I' for which oz belongs to Ry is
then equal to 2%, which is less than 2™1="/2) (The z; which can be ‘swapped’ are

precisely those m — k satisfying [hy(zmis) — t(zmsi)| < 1 +7/2.) Tt follows that

logy
1 477
PQm(R) < 2_m sz(lfeﬂ) < nzfem/2 <2 (2771 ’7_“ ) 276m/2.
i=1 v

The statement in the theorem now follows. O

We thus obtain the following corollary, which shows that finiteness of faty, implies that
H approximates R¥ from interpolated examples, and hence H approximates H from

interpolated examples. The proof is an easy calculation.

Corollary 5 Suppose that H is a set of functions from X to [0,1] and that H has
finite fat-shattering function. Then H approzimates RX from interpolated examples.

Furthermore, there is a positive constant K such that a sufficient sample length function

K 1 d
mo(,1€,0) = (1og (5) + dlog® (%» ,

where d = faty(7/8).

18

4 Lower bound

In this section, we give lower bounds on the number of examples necessary for H to
approximate R¥ from interpolated examples and for H to approximate H from inter-
polated examples. The bounds are in terms of faty;, the fat-shattering function of H.
To prove them, we consider a discretised version of H. We then consider a number of
notions of dimension for classes that map to these discrete sets, and show that a large

family of these dimensions are all closely related. This family includes a version of the
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Natarajan dimension—see [11]—for which it is easy to prove lower bounds. Since the
fat-shattering function is also a member of this family of closely related dimension, we
obtain the lower bound. This broad outline is similar to the approach adopted by Ben-

David, Cesa-Bianchi, Haussler and Long [4], who consider learning [n]-valued functions.

We first define the discretisation we shall use. For a € [0,1], let D,(a) = [a/v]. For a
function f: X — [0,1], let D,(f) : X — {0,1,...,[1/v]} be defined as the composition
of D, and f. Let D,(H) denote {D.(f) : f € H}. Functions in D,(H) map to
{0,1,...,n}, where n = [1/v]. Let [n] denote {0,1,...,n}.

From the definition of the fat-shattering function,

112
fatH(a) < fatDW(H) (5 {%J)

for a, 7 € RT.

We consider the following notions of dimension, defined using classes of {0, 1, x}-valued

functions on [n].

Definition 6 If F is a class of [n]-valued functions defined on X and WV is a class of
{0, 1, x}-valued functions defined on [n], we say that F U-shatters x = (z1,...,14) € X¢
if there is a sequence (¢y,. .., ¢q) € U such that

{01} S {(o1(f(21)),-.., Ga(f(za)) : f € F}.

The V-dimension of F, denoted U-dim(F), is the size of the largest V-shattered sequence,

or infinity if there is no largest sequence.

We can express the fat-shattering dimension fatz(k) as a dimension of this type, for

k> 2. Define Wg (k) = {tb; : i € {0,...,n— k}}, with

1 z>i+k
Vi(2) =14 % i<z<i+k

0 z<u,

13



for z € [n]. Then fatz(a) = Ve (|2a))-dim(F) for all classes F of functions from X to

The Wgpa-dimension (a ‘gapped’ version of the Natarajan dimension) will be useful,

since it is easy to prove lower bounds using this dimension.

Definition 7 Let Wy, (k) be the following set of {0,1,*}-valued functions defined on
[n], where k € {2,3,...}.
\I[gnat<k) = {’l/}i,j : Za] € [TL], ’Z _.]| Z k}u
with
1 a=1
Yijla) =1 0 a=j

x  otherwise.

The following result and its proof (which we omit) are similar to the key result in [1]
(Lemma 15), which bounds covering numbers of F in terms of fatz(1). We will see later
that it generalises that lemma, since the Wgy,a¢(2)-dimension is the smallest of a family

of dimensions that includes fatz(1).

Lemma 8 Let k > 2 and n > 1 be integers. Suppose that F is a class of [n]|-valued
functions defined on X satisfying Vgpae(k)-dim(F) < d, and that m > logy + 1, where
d /m .
y = Z ( . >n22'
i=0 \ ?
Then

max Mk, 1) < 2(2mn?)'osv.

The “k-gapped distinguishers” correspond to a family of dimensions that includes the

WU ynat (k)-dimension and the fat-shattering function at a certain scale.

Definition 9 Let k > 2. A set U of functions from [n] to {0,1,%} is a k-gapped

distinguisher if it satisfies

14



1. foralli € {0,1,....,n—k} and j € {i+ k,...,n}, there is a function » € ¥ and
a bit b €{0,1} such that (i) =b and ¥(j) =1 — 0.

2. min{li —j|:d,j €[n], W eV, Y(i)=0,¢()=1} =k.

In addition to the set Wy, (k), another important example of a k-gapped distinguisher

is the class

Uy (k) = { € {0, 1,}" - min{[i = j| : 4,5 € [n], (i) = 0,8:(j) = 1} = k}.

In fact Wy(k) is the largest k-gapped distinguisher, in the sense that it contains any
other k-gapped distinguisher.

Lemma 10 Suppose F is a class of [n]-valued functions defined on X, U is a class of
{0, 1, x}-valued functions defined on [n], and k > 2. If U is a k-gapped distinguisher
then Wgnat (k)-dim(F) < U-dim(F) < W, (k)-dim(F).

Proof: Take a Wy, (k)-shattered sequence z € X 4. Since ¥ is a k-gapped distinguisher,
for all ¢); ; € WUgpat(k) thereisa ¢ € Wand ab € {0, 1} for which ¢(i) = band ¢(j) = 1—b.
It follows that x is W-shattered, which gives the first inequality. The second inequality
follows from the fact that ¥ C W, (k). O

It follows from Lemma 10 that Lemma 8 generalises Alon et al’s Lemma 15, which gave
a similar result for the W, (2)-dimension. The following result shows that the Wy (k)-
dimension, the W, (k)-dimension, and the W-dimension (for any k-gapped distinguisher

U) are all closely related.

Lemma 11 Let k > 2. Let F be a class of functions that map from X to [n|, satisfying
U, (k)-dim(F) > d > 2. Then

d

Vot (k)-dim(F) > ————.
gnat (K)-dim(F) 31og?(2dn?)
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Proof: Suppose z = (z1,...,24) € X¢ is Uy(k)-shattered by F. The definition of

U, (k) implies that any (minimal) subset of F that W, (k)-shatters = is k-separated, so
Mg(k,12°) > 24,

Suppose U, (k)-dim(F) = dy, and let

If d > logy then, by Lemma 8,
27 < Mg (k, 1) < 2(2dn?)'8v,

SO

d < 1+ logylog(2dn?). (1)
Alternatively, if d < logy, then (1) is obviously true. Clearly, dy = 0 only if d = 0, so
assume d, > 1. Then y < 2dyd*™n??V | so we have

d < 1+ logylog(2dn?)
< 1+ (log(2dy) + dy log(dn?)) log(2dn?)

< 3dy log®(2dn?).

The following result follows easily from Theorem 1 in [7], which gives a lower bound on
the number of examples necessary for learning {0, 1} in the probably approximately

correct model (see also [5]).

Lemma 12 Let 0 <e<1/8,0<§ < 1/100, andd > 1. If

- d 1—61 1
m<max | —., ——In=
32¢’ € )

then there is a distribution P on [d] and a function t € {0, 1} such that
p™ {m e X™:3f € {0, 1} such that f(x;) = t(z;),i=1,...,m and
Ply:fly) #tly)t =€t = 0

16



We use Lemma 12 to prove the following lower bound on the sample length function for

approximating R* from interpolated examples.

Theorem 13 Suppose H is a class of [0, 1]-valued functions defined on a set X, 0 <
vy <n<1,anded € (0,1). Then if faty(y) > d > 1 and 4> > 4d2~VYS, any sample

length function mq for H to approzimate R™ from interpolated examples satisfies
1 d 1 1
5) > — | —————1],-log=|.
mo(11, 7, €,0) 2 max (326 <310g2(4d/72) ) o8 5)

Proof: Fix 0 < v < n < 1, define n = [1/v], and suppose faty(y) > d. Let
F = D,(H). Then fatz(1) > d, s0 Wgnat(2)-dim(F) > k, where k = d/(3log®(2dn?)).
Consider a sequence (x1,...,2;) € X" that is Wy (2)-shattered by F. Clearly, there
is a subset Hy C ‘H with [Ho| = 2" and a sequence (Vg by, - -, Yoy b,) € Pgnat(2)" such
that

{(War s (F(@1), -+ Y (f(20)))  f € Dy(Ho)} = {0, 1},

Without loss, we can assume that a; > b; for j =1,... k.

Now, if m < max((k—1)/(32¢), ((1 — €)/¢) In(1/8)) and k > 2 (for which 42 > 4d2~V /6
suffices), Lemma 12 implies that there is a distribution P on {1,...,k} and a function
p:{1,...,k} — {0,1} such that
P™{le{l,.... k" {1,...,k} — {0,1} such that
p(l;) =p'(l;) for i =1,...,m and

Plye{l,....k}:p(y) #P (W)} 2 et = 0.

Choose a function ¢t : X — R satisfying

for j =1,...,k, where

A = i min{h(x;) — (a; — 1)y : h € Ho and h(z;) > (a; — 1)y,j =1,...,k}.

17



For each function h € H, define f, = D, (h). Let p, : {1,...,k} — {0,1} be defined by

L)1 falwg) =q
pn(j) =
0 fh<$j) = bj.

Clearly, if |h(z;) — t(z;)| < n for some h € Hy and some j € {1,...,k}, then h(z;) €
((a; = 1)y, a7] U ((bj — 1), 057] so pu(i) = p(j). Also, if pp(j) # p(j) for some h € H,
then |h(x;) —t(z;)| > n+-. It follows that P{y € {1,...,k} : pu(y) # p(y)} > € implies
Q{y € X : |h(y) — t(y)] > n+~} > €, where @ is the discrete probability distribution
on X satisfying Q(z;) = P(j) for j =1,...,k. So

Q™ {y € X™ : 3h € H such that |h(y;) — t(y;)| <mnfori=1,...,m and
Qye X:|hly) =ty =n+} =2 e} =
Q™ {y € X™ : 3h € Hy such that |h(y;) — t(y;)] <nfori=1,...,m and
Que X:|hly) =ty =n+7} 2 e} =
P™{le{1,....k}™: I : {1,...,k} — {0,1} such that
p(l;) =p'(l;) fori=1,...,m and

Plye{l,....;k} 1 p(y) #P(y)} = e} > o

We also have the following result which bounds from below the sample length function

for H to approximate H from interpolated examples.

Theorem 14 Suppose H is a class of [0, 1]-valued functions defined on a set X, 0 < v <
1,3y/2<n <1, ande,é € (0,1). Ifd satisfies faty(n+~) > d > 1 and 4 > 4d2~ V5,
then any sample length function mq for H to approximate H from interpolated examples

satisfies

( 6) > a. —1 —_— — 1 —1 lo —1
m € max .
ol7, 7V, €, - 32¢ 31 2(1 l/'YQ) ) E g 5

Proof: Fix0 <~y < 1land3v/2 <n < 1,definen = [1/v], and suppose d < faty(n+-).

18



Let F = D,(H). Then
112
fatr <_ {@

>
20272

so0 Uei([2n/7] + 1)-dim(F) > d, hence Wypae([2n/7] + 1)-dim(F) > k, where k =
d/(3log®(2dn?)). Consider a sequence (z1,...,7;) € XF that is Waa(|2n/7] + 1)-
shattered by F. Clearly, there is a subset Hy C ‘H with |H,| = 2% and a sequence
(Vaybrs > Yapby.) € Yenat([2n/7] + 1)F such that

{(¢a1,b1 (f(fl71)), s 7¢ak7bk(f(l‘k‘))) : f S DW(HO)} = {07 1}k'

Fix a function t € Hy. Any function h € H that has

Yaibi (D (1)(21)) = Py p, (D (8)(2:))
satisfies |h(z;) — t(z;)| < v <mn. Any function h in H that has
Yai i (Dy (h)(:)) 7 Pay (D (1) ()

satisfies

W) — tz)] > m )

2 _
f)/
> 2y+n—y=n+7,

since (n —~v)/v > 1/2 and |2a] > « for a > 1/2.

Using the same argument as in the proof of Theorem 13, there is a distribution P on X
such that if m is too small then with P™-probability at least ¢, some h € H is within n
of t on a random sample, but P(|h —t| > n+7) > €. O

5 Discussion

Figure 1 shows the sample complexity bounds for approximation from interpolated ex-
amples. (The diagram omits the requirement in the lower bounds that + is not too small

as a function of faty(y) and faty(n + v).) These bounds imply Theorem 2.
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1 fat 1
— sz( <fatH v/8) log (aH7/8>+log—>>
H approximates RX 0

from interpolated examples faty () 1 1
— m= (max ( —log ))
elog® (faty(7)/7?) €

4
H approximates H v m=0 | max faty(n +7) 1 log 1
from interpolated examples elog® (faty(n +7)/7%) € 0

Figure 1: Sample complexity bounds

Notice that the upper and lower bounds on the sample length for H to approximate
RY from interpolated examples are within log factors of each other. These sample
complexity bounds are also relevant to the problem of learning real-valued functions in
the presence of malicious noise. Suppose a learner sees a sequence of training examples
that correspond to the values of a target function corrupted with arbitrary bounded
additive noise. That is, each example is of the form (z;,¢(z;) + n;), where t € H and

|n;| < n. Clearly, any function h € H that is n-close to the training sample will satisfy
Pr(|lh—t|>2n+~) <e

provided that H approximates from interpolated examples and the training sample is
sufficiently large. In addition, if there is an algorithm that can learn in the presence of
malicious noise (in this sense), then it can certainly learn in the presence of uniformly
distributed random noise (as defined in [3]), which implies faty, is finite ([3], Theorem 3).

That is, a function class H is learnable with malicious noise if and only if faty is finite.
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