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Abstract. This paper surveys certain developments in the use of prob-
abilistic techniques for the modelling of generalization. Some of the main
methods and key results are discussed. Many details are omitted, the aim
being to give a high-level overview of the types of approaches taken and
methods used.

1 Probabilistic Modelling of Learning

Suppose that X is a set of examples and that Y ⊆ [0, 1] is a set of possible
outputs. Elements (x, y) of Z = X × Y will be called labelled examples. In the
model, we shall assume that a learning algorithm A takes a randomly generated
training sample of labelled examples and produces a function h : X → [0, 1],
chosen from some hypothesis class H of functions. We assume that there is some
fixed, but unknown, probability measure1 µ on Z, and that each training example
is generated independently according to µ. A learning algorithm is a function
A :

⋃∞
n=1 Z

n → H, where H is a hypothesis class of functions from Z to [0, 1].
We have in mind some loss function ` : [0, 1] × Y → [0, 1]. Examples of loss
functions are `(r, s) = |r − s|, `(r, s) = (r − s)2, and the discrete loss, given by
`(r, s) = 0 if r = s and `(r, s) = 1 if r 6= s. What we hope for is that A(z)
has a relatively small loss, where, for h ∈ H, the loss of h is the expectation
L(h) = E `(h(x), y) (where the expectation is with respect to µ). Since the best
loss one could hope to be near is L∗ = infh∈H L(h), we want A(z) to have loss
close to L∗, with high probability, provided the sample size n is large enough.
(Here, and in the rest of the paper, we use the symbol P to denote probability. In
the definition that follows, the probability is with respect to µn.) This definition
has its origins in [35, 33, 32, 19]. (See also the books [3, 4, 21, 36].)

We say that A is a successful learning algorithm for H if for all ε, δ ∈ (0, 1),
there is some n0(ε, δ) (depending on ε and δ only) such that, if n > n0(ε, δ), then
with probability at least 1 − δ, L(A(z)) ≤ L∗ + ε. Note that if A is successful,
then there is some function ε0(n, δ) of n and δ, with the property that for all
δ, limn→∞ ε0(n, δ) = 0, and such that for any probability measure µ on Z, with

1 Certain measurability conditions are implicitly assumed in what follows, but these
conditions are reasonable and not particularly stringent. Details may be found in [31]
for instance.



probability at least 1− δ we have L(A(z)) ≤ L∗+ ε0(n, δ). The minimal ε0(n, δ)
is called the estimation error of the algorithm.

When H is a set of binary functions, meaning each function in H maps into
{0, 1}, if Y = {0, 1}, and if we use the discrete loss function, then we shall say
that we have a binary learning problem.

We might want to use real functions for classification. Here, we would have
Y = {0, 1}, but H : X → [0, 1]. In this case, one appropriate loss function
would be given, for r ∈ [0, 1] and s ∈ {0, 1}, by `(r, s) = 0 if r − 1/2 and
s− 1/2 have the same sign, and `(r, s) = 1 otherwise. We call this the threshold
loss. Thus, with respect to the threshold loss, `(h(x), y) ∈ {0, 1} is 0 precisely
when the thresholded function Th : x 7→ sign(h(x) − 1/2) has value y. There is
some advantage in considering the margin of classification by these real-valued
hypotheses (a fact that has been emphasised for some time in pattern recognition
and learning [34], and which is very important in Support Vector Machines [13].)
Explicitly, suppose that γ > 0, and for r ∈ [0, 1], define mar(r, 1) = r − 1/2
and mar(r, 0) = 1/2 − r. The margin of h ∈ H on z = (x, y) ∈ Z × {0, 1} is
defined to be mar(f(x), y). Now, define the loss function `γ by `γ(r, s) = 1 if
mar(r, s) < γ and `γ(r, s) = 0 if mar(r, s) ≥ γ. The corresponding loss Lγ(h)
of a hypothesis is called the loss of h at margin γ. We say (as in [3]) that
A : (0, 1) ×

⋃∞
n=1 Z

n → H is a successful real-valued classification algorithm if
for all ε, δ ∈ (0, 1) there is n0(ε, δ) such that, if n > n0(ε, δ), then with probability
at least 1− δ, L(A(γ, z)) ≤ infh∈H Lγ(h) + ε.

2 Techniques

Uniform Glivenko-Cantelli classes Suppose that F is a set of (measur-
able) functions from Z to [0, 1] and that µ is a probability measure on Z. De-
note the expectation Eµf by µ(f) and, for z = (z1, z2, . . . , zn) ∈ Zn, let us
denote by µn(f) the empirical measure of f on z, µn(f) = n−1

∑n
i=1 f(zi).

F is a uniform Glivenko-Cantelli class if it has the following property (also
known as uniform convergence of empiricals to expectations) if for all ε > 0,
limn→∞ supµ P

(
supm≥n supf∈F |µ(f)− µm(f)| > ε

)
= 0.

Define the loss class (corresponding to ` and H) to be `H = {`h : h ∈ H}
where, for z = (x, y), `h(z) = `(h(x), y). Suppose that `H is a uniform Glivenko-
Cantelli class. For z ∈ Zn, the empirical loss of h ∈ H on z is defined to be
Lz(h) = µn(`h) = n−1

∑n
i=1 `(h(xi), yi), where zi = (xi, yi). Let us say that

A is an approximate empirical loss minimisation algorithm if for all z ∈ Zn,
Lz(A(z)) < 1/n + infh∈H Lz(h). Then it is fairly easy to see [1, 3], that A is a
successful learning algorithm.

Symmetrization A key technique is symmetrization. The following symmetriza-
tion result for expectations is obtainable(see [14]):

E

(
sup
f∈F
|µ(f)− µn(f)|

)
≤ 2
n
E sup
f∈F

∣∣∣∣∣
n∑
i=1

σif(zi)

∣∣∣∣∣ , (1)



where, for 1 ≤ i ≤ n, σi ∈ {−1, 1} are Rademacher random variables, taking
value 1 with probability 1/2 and −1 with probability 1/2. (Here the expectation
is jointly over the distributions of the samples, and of the σi.) Symmetrization
results for the tail probabilities P

(
supf∈F |µ(f)− µn(f)| > ε

)
can also be ob-

tained; see [18, 25].

Concentration We now describe a type of concentration result (see [24]), a
generalisation of Hoeffding’s inequality. We shall call it the bounded differences
inequality. Suppose that a function g : Zn → R has the following bounded differ-
ences property: for 1 ≤ i ≤ n, there are constants ci such that for any z,z′ ∈ Zn
which differ only in the ith coordinate (so zi 6= z′i but zj = z′j for all j 6= i), we
have |g(z)− g(z′)| ≤ ci. Then, if z1, z2, . . . , zn are independent, we have

P (|g(z)− Eg(z)| ≥ α) < 2 exp

(
−2α2

/ n∑
i=1

c2i

)
. (2)

In particular, as observed in [14], if we take g(z) = supf∈F |µ(f) − µn(f)|,
and note that g has the bounded differences property with ci = 1/n, we obtain
that, with probability at least 1− δ,

sup
f∈F
|µ(f)− µn(f)| <

√
1

2n
ln
(

2
δ

)
+ E sup

f∈F
|µ(f)− µn(f)|. (3)

Using Covering Numbers Given a (pseudo-)metric space (A, d) and a subset
S of A, we say that the set T ⊆ A is an ε-cover for S (where ε > 0) if, for
every s ∈ S there is t ∈ T such that d(s, t) < ε. For a fixed ε > 0 we denote
by N (S, ε, d) the cardinality of the smallest ε-cover for S. (We define N (S, ε, d)
to be ∞ if there is no such cover.) In our setting, for z ∈ Zn, and f ∈ F , let
f |z = (f(z1), f(z2), . . . , f(zn)) and let F |z = {f |z : f ∈ F} ⊆ [0, 1]n. For r ≥ 1,
let dr(v,w) =

(
n−1

∑n
i=1 |vi − wi|r

)1/r, and let d∞(v,w) = max1≤i≤n |vi −
wi|. Define the uniform covering number Nr(F, ε, n) to be supz∈Zn N (F |z, ε, dr).
Note that if r > s then ds(v,w) ≤ dr(v,w) ≤ d∞(v,w) and, consequently,
Ns(F, ε, n) ≤ Nr(F, ε, n) ≤ N∞(F, ε, n).

As shown in [25] (using techniques developed in [35, 27, 19] and elsewhere),
if F is a set of functions from Z to [0, 1], then for any ε ∈ (0, 1),

P

(
sup
f∈F
|µ(f)− µn(f)| > ε

)
≤ 8Eµn (N (F |z, ε/8, d1)) e−nε

2/128. (4)

This implies that, with probability at least 1− δ,

sup
f∈F
|µ(f)− µn(f)| <

√
64
n

(lnN1(F, ε/8, n)) + ln
(

8
δ

)
.



In the binary case, better bounds are possible; see [3, 14] (in particular [14,
16] by using a technique known as chaining).

Next, we have the following result [6, 3] which concerns real-valued classifi-
cation. (See [6, 30] for similar results.) With probability at least 1− δ,

∀h ∈ H, L(h) < Lγz(h) +

√
8
n

(lnN∞(H, γ/2, 2n)) + ln
(

2
δ

)
. (5)

Rademacher Complexity For z ∈ Zn, E supf∈F
∣∣2n−1

∑n
i=1 σif(zi)

∣∣ is de-
noted Rn(F,z), where the expectation is over the joint distribution of the σi,
and the Rademacher complexity (or Rademacher average) of F is defined to
be Rn(F ) = ERn(F,z) (where here the expectation is over Zn, with respect
to µn). (See, for example [25, 9, 22, 31].) By equation (1), we see directly that
E supf∈F |µ(f) − µn(f)| is bounded above by Rn(F ). By (3), with probability
at least 1− δ, for z ∈ Zn,

sup
f∈F
|µ(f)− µn(f)| < Rn(F ) +

√
1

2n
ln
(

2
δ

)
.

The Rademacher complexity possesses some useful structural properties; for
example, the Rademacher complexities of a function class and its symmetric
convex hull are the same [9]. Estimates of the Rademacher complexity for a
number of function classes, including neural networks, can be found in [9].

More recently, attention has turned to localized Rademacher complexities, in
which the supremum is taken not over the whole of F , but over a subset of those
f with small variance. For details, see [25, 7, 12].

Combinatorial Measures of Function Class Complexity We have seen
that the covering numbers and Rademacher complexity can be used to bound
the probabilities of chief interest. These can in turn be bounded by using certain
combinatorial measures of function class complexity. We shall focus here on
the bounding of covering numbers, but see [25] for results relating Rademacher
complexities to combinatorial parameters.

For the binary case, Vapnik and Chervonenkis [35] established that what
has subsequently been known as the Vapnik-Chervonenkis dimension (or VC-
dimension) is a key measure of function class complexity. (The importance for
learning theory was highlighted in [10], and expositions may be found in the
books [4, 3, 21, 36], and elsewhere.) In this case, for z ∈ Zn, the set F |z is
finite, of cardinality at most 2n, and we may define the growth function ΠF :
N → N by ΠF (n) = maxz∈Zn |F |z|. It is clear that N (F |z, ε, dr) = |F |z| and
Nr(F, ε, n) = ΠF (n), for all r and for ε ∈ (0, 1). The VC-dimension VCdim(F )
is then defined to be (infinity, or) the largest d such that ΠF (d) = 2d. The
Sauer-Shelah lemma [28, 29] asserts that if VCdim(F ) = d < ∞ then for all
n ≥ d, ΠF (n) ≤

∑d
i=0

(
n
i

)
, showing that the growth function is polynomial in



this case. For another description of VC-dimension, we may say that a subset S
of Z is shattered by F if for any T ⊆ S there is fT ∈ F with fT (z) = 1 for z ∈ T
and fT (z) = 0 for z ∈ S \ T . Then the VC-dimension is the largest cardinality
of a shattered set. Note that, with the discrete loss, it is easy to see that if
F = `H then ΠF = ΠH and so VCdim(F ) = VCdim(H). Now, equation (4)
has the following consequence for a binary class of finite VC-dimension d: with
probability at least 1− δ,

sup
f∈F
|µ(f)− µn(f)| < k

√
1
n

(
d ln

(n
d

)
+ ln

(
1
δ

))
,

for a fixed constant k. (In the Boolean case, tighter bounds can be obtained
(see [23]).)

Lower bounds on the sample complexity of learning algorithms can also be
obtained in terms of the VC-dimension [17, 10, 3]. The VC-dimensions of many
different types of neural network have been estimated; see [3, 20, 2], for example.

Suppose, more generally, that F : Z → [0, 1]. For γ > 0, we say that S ⊆ Z
is γ-shattered by F if there are numbers rz ∈ [0, 1] for z ∈ S such that for
every T ⊆ S there is some fT ∈ F with the property that fT (z) ≥ rz + γ if
z ∈ T and fT (z) < rz − γ if z ∈ S \ T . We say that F has finite fat-shattering
dimension d at scale γ, and we write fatγ(F ) = d, if d is the maximum cardinality
of a γ-shattered set. We say simply that F has finite fat-shattering dimension
if it has finite fat-shattering dimension at every scale γ > 0. Alon et al. [1]
obtained an upper bound on the d∞ covering numbers in terms of the fat-
shattering dimension, establishing that F is a uniform Glivenko-Cantelli class
if and only if it has finite fat-shattering dimension. We can apply their results
to real classification learning by using (5). This leads [3] to the fact that, with
probability at least 1− δ,

∀h ∈ H, L(h) < Lγz(h) +

√
8
n

(
d log2

(
32en
d

)
ln(128n) + ln

(
4
δ

))
, (6)

where d = fatγ/8(H).
For more on the fat-shattering dimension, including estimates for neural net-

work classes, see [1, 3, 6]. See [3, 8, 25, 26] for improved bounds on covering num-
bers in terms of the fat-shattering dimension, particularly with respect to the
metrics dp for p 6=∞.

3 Data-Dependent Learning Bounds

In this section we present some data-dependent results, in which bounds on es-
timation error are given that depended not only on the hypothesis class, but
on the sample z itself. Data-dependent bounds have been obtained in a number
of ways, in particular through deploying a general ‘luckiness’ framework devel-
oped in [30, 37], and, more recently, through the application of concentration
inequalities, as in [11, 5].



Suppose that H is a binary function class mapping from X to {0, 1}. By
proving a new concentration inequality, Boucheron, Lugosi and Massart [11], es-
tablished that the VC-entropy Hn(x) = log2 |H|x| (for x ∈ Xn) is concentrated
around its expectation. With this, they were able to establish the following data-
dependent result (in which the loss function is the discrete loss): with probability
at least 1− δ, for z ∈ Zn = (X × {0, 1})n,

∀h ∈ H, L(h) < Lz(h) +

√
6 ln |H|x|

n
+ 4

√
ln(2/δ)
n

.

This should be compared with the bounds that would follow from the results
presented earlier: such bounds would involve E |H|x| or, since µ is not known,
the growth function ΠH(n) = maxx∈Xn |H|x|, and therefore would not depend
explicitly on the data. It is certainly possible that |H|x| is much less than ΠH(n),
and so the data-dependent bound could have significant advantage. (This result
can also be expressed in terms of the empirical VC-dimension.)

There are also data-dependent results for real-valued classification [37, 5].
Using the concentration inequality from [11], Antos, Kégl, Linder and Lugosi [5]
have obtained bounds involving the empirical fat-shattering dimension. For x ∈
Xn, and γ > 0, let fatγ(H|x) be the fat-shattering dimension of the set of
functions obtained by restricting H to the set consisting of the elements of the
sample x. Then, in [5], it is shown that, for γ > 0, with probability at least 1−δ,

∀h ∈ H, L(h) < Lγz(h) +

√
1
n

(
9d(x) + 12.5 ln

(
8
δ

))
ln
(

32en
d(x)

)
ln(128n),

where d(x) = fatγ/8(H|x).
This should be compared with (6). The former might look better, but the em-

pirical fat-shattering dimension can be significantly less than the fat-shattering
dimension, so in some cases the data-dependent bound is better. Moreover, the
empirical fat-shattering dimension can be calculated reasonably easily in some
cases. (See [5].)

We can also obtain a version of the above result in which the margin γ is
not specified beforehand, and could depend on both the data and the chosen
hypothesis. Using the ‘method of sieves’ (see [6, 3]), it can be shown that, with
probability at least 1− δ, the following holds, for all h ∈ H and for all γ ∈ (0, 1]:

L(h) < Lγz(h) +

√
1
n

(
9d1(x) + 12.5 ln

(
16
δγ

))
ln
(

32en
d2(x)

)
ln(128n),

where d1(x) = fatγ/16(H|x) and d2(x) = fatγ/8(H|x).
Turning attention now to the Rademacher complexity, Bartlett and Mendel-

son [9] have observed that the empirical Rademacher complexity Rn(F,z) is
concentrated about its expectation, which is Rn(F ). For, it is easy to see that
g(z) = Rn(F,z) satisfies the bounded differences property with each ci equal to



2/n. Hence, by (3), with probability at least 1− δ,

∀h ∈ H, L(h) < Lz(h) +Rn(F,z) + 3

√
1
n

ln
(

2
δ

)
.
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