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Abstract

In this largely expository article, we highlight the significance of
various types of ‘dimension’ for obtaining uniform convergence results
in probability theory and we demonstrate how these results lead to
certain notions of generalization for classes of binary-valued and real-
valued functions. We also present new results on the generalization
ability of certain types of artificial neural networks with real output.

1 Introduction

There are many approaches to the notion of ‘generalization’ in theories of ma-
chine learning and psychology. In this article, we review several mathematical
approaches and we present some new results on the generalisation ability of
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simple artificial neural networks. We start by describing one popular math-
ematical approach to generalization in the context of concept learning. We
emphasise how this model of generalization relates to results in probability
theory. We then examine how one might extend this notion of generalization
to a more general framework, that of generalizing real functions. Again, we
link these models with results in probability theory. We demonstrate con-
crete applications of one of the models by presenting some new results on
the generalization ability of certain types of neural networks.

2 PAC-generalization

The models of generalization we discuss in this article are based on what has
become known as the ‘probably approximately correct’, or PAC, model of
computational learning theory (or statistical learning theory). This model
was introduced by Valiant [20]. In Valiant’s formulation, much stress was
placed on the computational complexity of learning algorithms, which is not
something we shall address here. The main probabilistic tools which have
become useful for the analysis of this model and its variants have their roots
in the work of Vapnik and others (see [21, 23, 22]). The books [4, 14, 16]
contain general discussions of PAC learning.

In its simplest form, the PAC model of learning may be described as follows.
There is a set of examples X, and a target function t : X — {0,1}. It is
known that ¢ belongs to some set C of functions, but that is all that is known
about it. There is assumed to be some fixed (but unknown) probability
measure p on the set X of examples. (More precisely, we mean a probability
measure defined on a fixed o-algebra ¥ of subsets of X. It is usually assumed
that X is a complete separable metric space, in which case we take > to be
the Borel algebra on X.) In this framework, a ‘learner’ receives a training
sample

s = x(t) = ((1,8(21)), (w2, t(72)), - -, (Tm, t(zm))) € (X x {0,1})™,

a sequence of labelled examples. For the PAC model, it is assumed that the
examples x1,Ts, ... are drawn independently at random from X, according
to p. The aim is to find a good approximation to t from a set ‘H of functions
(possibly different from C). The class H must satisfy some measurability
conditions in order for the following definitions and results to be valid; these
conditions are quite natural and a discussion may be found in [8]. A learning
algorithm is a mapping L from samples of the form x(t), where x € Joo_; X™
and t € C. Generally, the error of h € H with respect to ¢ and p is defined to
be er,(h) = p({x € X : h(z) # t(x)}). With these notations, the definition

of PAC learning is as follows.



Definition 2.1 Suppose that L is a learning algorithm as described above.
We say that L is probably approximately correct (or PAC) if, given €,0 €
(0,1), there is mp(€,9) such that for any probability measure p on X and
any target function t € C,

P ({x e X™er, (L(x(t))) > €}) <0,

form > mp(€,d). (In other words, with probability at least 1 — 6, for a large
enough sample, L(x(t)) has error less than €.)

Note that a PAC learning algorithm must work for every probability mea-
sure p and every possible target function ¢, and that my(e,d) depends on
neither the probability measure nor the target. PAC learning is therefore
‘distribution-independent’ learning.

If C C H then it is possible (and perhaps sensible) to use a learning algorithm
L with the property that the function h = L(x(t)) satisfies h(z;) = t(z;) for
1 <7 < m; in other words, the output function of the learning algorithm
agrees with the target function on the examples it saw during training. We
say that such an L is consistent [8]. We make the following definition.

Definition 2.2 Let H be a set of functions from some set X to {0,1}. Then
H PAC-generalizes if for all €,0 € (0,1) there is mg(€,0) such that, for any
t: X — {0,1} and any probability measure pn on X, if m > mg(e,0) then,
with ™ -probability at least 1 — 9, a sample x € X™ is such that the following
holds:

h € H and h(z;) = t(x;) fori =1,2,....m
= er,(h) =p({r e X :h(z) #t(x)}) <e

It is clear that if H PAC-generalizes, if C C ‘H, and if L is a consistent
learning algorithm, then L is a PAC learning algorithm; see [8, 4].

More generally, when it is not the case that C C H, or when C is unknown, it
will be impossible to find a consistent learning algorithm. To deal with this
(and with other considerations, such as there being no well-defined target
function), the model can be extended by considering probability measures
on X x {0, 1}, rather than probability measures on X coupled with functions
from X to {0,1}. (Any probability measure 1 on X together with a function
t : X — {0,1} can be represented in the obvious way by a probability
measure P on X x {0,1}; see [8, 5].) In this more general model (which
is discussed in [8; 10], for example), the error of h € H with respect to a
probability measure P on X x {0, 1} is taken to be

erp(h) = P ({(2,y) € X x {0,1} : h(x) # y}).
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In this context, a learning algorithm takes as input a P™-random sample

s = ((z1, 1), (T2,92), - - s (T, Ym)) -

In this more general setting there may be no function in ‘H with zero error,
so we modify slightly the aim of learning: we now hope to produce a function
h € 'H with near-minimal error with respect to the measure P.

Definition 2.3 A learning algorithm L is said to be probably approximately
optimal if for any €, € (0,1) there is my(€,0) such that, given any probability
measure P on X x {0,1}, if m > my(e, &) then with P™-probability at least
1—9,se (X x{0,1})™ is such that

erp(L(s)) < }}g{ erp(h) +e.

(A more general definition than this can be given, where the aim is to produce
a function whose error is almost as small as the smallest one could hope to
find in a class F, which might be different from H. This is known as agnostic
learning and is not something we shall discuss further here. See [13, 15].)

By analogy with a consistent algorithm for the simple PAC framework dis-
cussed earlier, it might be thought that a good approach to the present
problem is to use a learning algorithm L which chooses h € H which ap-
pears, on the basis of the sample s, to have small error. Formally, we define
the observed error of h € H on a sample s to be

erg(h) = % {7 h(xi) # v},

and we should hope that if s is large enough then, with high probability, the
observed error is close to the (actual) error of h. We make the following more
general definition of PAC-generalization.

Definition 2.4 Let H be a set of functions from X to {0,1}. Then H PAC-
generalizes if for any €,0 € {0, 1}, there is mg(e,0) such that for any proba-
bility measure P on X x {0, 1},

p™ ({s € (X x{0,1H)™: 216178 lers(h) —erp(h)| > e}) <0

form > my(e, ). (In other words, for m > mg(e,0), with probability at least
1—9, if we take a random sample drawn according to P then for every h € 'H,
the observed error and the (actual) error differ by less than e.)



It can be seen fairly easily that if H PAC-generalizes, then a learning al-
gorithm L which chooses h minimising the observed error on the training
sample is probably approximately optimal; see [10]. (It is clear that if this
definition holds true for H then so does the earlier definition, Definition 2.2,
of PAC-generalization. In this sense, the present definition subsumes the
previous one.)

3 Uniform convergence of probabilities

Blumer et al. [8] observed that ‘uniform convergence’ results in probability
theory, such as those obtained by Vapnik and Chervonenkis [23], are imme-
diately applicable to PAC-generalization.

Let Z be a set and A a o-algebra of subsets of Z. Suppose that &€ C A is
a set of events. For z = (21, 22,...,2,) € Z™, denote by P,(A) the relative
frequency of event A € £ on the sample z,

P,(A) :;|{z’:zi c A}|.

(Although the relative frequency, as defined, does not depend explicitly on a
probability measure P as the notation would suggest, this notation is useful
since we shall be interested in the relative frequencies of events on P-random
samples.) Standard results in probability theory assure us that, given any
A € &, the relative frequency Isz(A) converges in probability to the probabil-
ity P(A). However, we shall require something far stronger. One says that
the relative frequencies (of events in £) converge uniformly to probabilities
if there is a function f(m,e€) with the property that for every e € (0,1),
f(m,e) — 0 as m — oo, and which is such that

VP, P™ ({z e Z™ :sup
Ae€

P,(A) — P(4)| > e}) < f(m,e),

where VP’ means for all probability measures P on (Z, A). Note that there
are two senses in which the convergence is uniform: the rate of convergence
of P,(A) to P(A) can be bounded by a quantity f(m, ¢) which is independent
of both the probability measure P and the event A € £.

It is fairly straightforward to see how such a uniform convergence result
implies PAC-generalization (an observation made, for example, in [8,; 10]).
For (using the notation of the previous section), take Z = X x {0,1} and
take A to be the product o-algebra ¥ x 2{%1} . For each h € H, let

Ep ={(z,y) € X x{0,1} : h(z) # y}
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and let &€ = {E}, : h € H}. With P as in the discussion of PAC-generalization,
P(E,) = erp(h) and, for s € Z™, Py(E),) = erg(h). Now, if the relative
frequencies of the events in £ converge uniformly to their probabilities, then
for all € € (0,1), given any ¢ € (0,1), there is mq(e, d) such that for m >

m0(67 5)7

VP, P™ ({z € Z™ :sup
Ac€

Py(A) = P(A)| > €}> <4

But this means precisely that, for m > mg(e,0), and for any probability
measure P on X x {0,1},

P ({s e 00 0. ssuplen ) — enn(h)] = of ) <

which is exactly what is required (see Definition 2.4) for H to PAC-generalize.

The paper of Vapnik and Chervonenkis [23] gave the first such general uni-
form convergence result. In order to describe it, we first need the notion of
the growth function of the set £ of events. For S C Z, let

ENS={ANnS:Aecé&}.
Then the growth function Il¢ : IN — IN is given by

Ie(m) = max €ENS|.

Vapnik and Chervonenkis [23] proved the following result.

Theorem 3.1 (Vapnik and Chervonenkis [23]) Let € be a set of events
on (Z,N) and P any probability measure on (Z,\). Then, for m > 2/€,

pPm ({z e Z™ :sup
Aeg

Py(A) — P(4)| > e}) < 4TT¢(2m) e=<m/s,

As it stands, this is not explicitly a uniform convergence result. However, it
leads directly to one for classes & whose Vapnik-Chervonenkis dimension—a
measure of the ‘richness’ of the class, developed in [23]—is finite. Noting
that IIg(m) < 2™ for all m, one says that £ has finite Vapnik-Chervonenkis
dimension d if Tlg(d + 1) < 247! and Tlg(d) = 2¢. (Otherwise—that is,
if Tlg(m) = 2™ for all m—the class has infinite Vapnik-Chervonenkis di-
mension.) The Vapnik-Chervonenkis dimension of &£, often called the VC-
dimension, is denoted VCdim(&). Vapnik and Chervonenkis observed that
if £ has finite VC-dimension d then the growth function IIg(m) is bounded
by a polynomial of degree d + 1. (A more precise bound, known as ‘Sauer’s
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Lemma’, is given in [19].) Therefore, when & has finite VC-dimension, the
bound given in Theorem 3.1 takes the form of a negative exponential mul-
tiplied by a polynomial, and therefore converges to 0 as m tends to infinity.
Thus, finite VC-dimension is a sufficient condition for relative frequencies to
converge uniformly to probabilities. In fact [23, 8], this is also a necessary
condition.

Theorem 3.2 ([23, 8]) Let £ be a set of subsets of a set Z. Then the
relative frequencies of the events in € converge uniformly to their probabilities
if and only if £ has finite VC-dimension.

We have seen how uniform convergence results apply directly to prove PAC-
generalization, by taking the events £ to be the error sets Fj for h € H. If
we identify {0, 1}-valued functions with their supports, then we may define
the VC-dimension of the set ‘H of functions. It is very easy to see that the
VC-dimensions of £ = {E, : h € H} and H are the same [8]; therefore, a
necessary and sufficient condition for H to PAC-generalize (in the sense of
Definition 2.4) is that H has finite VC-dimension. (On the necessity side,
Blumer et al. [8] prove a number of stronger assertions, among them that
‘H PAC-generalizes in the weaker sense of Definition 2.2 only if ‘H has finite
VC-dimension.)

We remark that a number of different uniform convergence results along
the lines of Theorem 3.1 have been obtained, some of which, such as those
in [21, 10, 5, 8], provide better bounds on the rate of uniform convergence.

4 Generalization of real functions

We now discuss how the previous notions of generalization have been ex-
tended to classes of real-valued functions. For simplicity, we shall assume,
unless indicated otherwise, that our sets H of functions map from a set X
into the real interval [0, 1]. (It is easy to modify the theories presented here
to deal with function classes mapping into other bounded subsets of the reals,
as in [10], for instance.)

Most of what we shall say here can be made significantly more general:
indeed, in [10], a theory is developed for function classes mapping into any
complete separable metric space.

It is clear that a different approach must be taken for classes of real-valued
functions. For example, if one wanted to extend Definition 2.2 to real func-
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tions, it would be inappropriate, given a target real function ¢ and a real
function h, to define the error of h with respect to t (and a probability mea-
sure ) to be u ({x € X : h(z) # t(z)}). One should not merely be interested
in whether h(x) equals t(x), but in how close h(x) is to t(x).

In this section we present a number of the models of generalization for real
functions which have been studied. Later, we explore the connections be-
tween these and uniform convergence results in probability theory, highlight-
ing the importance of certain extensions of the VC-dimension.

4.1 PAC-generalization

Suppose that H is a set of functions from a set X to [0,1]. In order to
measure how close one function is to a target function or, more generally,
how well it ‘fits” a probability measure P on Z = X x [0, 1], it is useful to use
a loss function [10]. In this approach, developed extensively by Haussler [10],
a loss function is a function [ : [0, 1] x [0, 1] — [0, M], for some M > 0, and
l(y,y') may be thought of as the ‘distance’ between y and y’. Having said
this, it should be emphasised that [ need not be a metric. For example,
a much-used loss function is the square loss, given by I(y,y') = (y — v')?,
and this is not a metric. Another commonly-used loss function is the linear
loss, l(y,y") = |y — ¢'|, which is a metric. There are a number of other loss
functions which are appropriate for a range of different problems; see the
discussion in [10]. From now on, without any great loss of generality, we
shall assume that M = 1. (Results for general M are given in [10].)

To extend the general definition, Definition 2.4, of PAC-generalization, we
assume that we have, as above, a function class H from X to [0, 1], and a
loss function [ : [0, 1] x [0,1] — [0, 1]. For the definition to be as general as
possible, rather than assume that there is a target function from X to [0, 1]
together with a probability measure on X, we assume that we have some
unknown probability measure P on Z = X x [0, 1]. Given h € H, the error
of h with respect to P is defined to be the expected value of the quantity
I(h(x),y), where (z,y) € Z is distributed according to P; that is,

erp(h) = Bayrr(l(h(x),y)) = Ep(l(h(z),y)).

The corresponding estimate of the error on a sample

z = ((.’171,3/1), ('x27y2)7 cey (xmvym)) ez™

ery(h) = = 3" 1(h(w:), v2).

m =



We have the following definition of PAC-generalization in this context. Again,
the motivating idea is that we want to be sure that, with high probability, on
a large enough sample, the sample-based estimate of the error of any h € 'H
is close to the true error of h.

Definition 4.1 Let H be a set of functions from a set X into [0,1]. We say
that H PAC-generalizes if for any €,6 € (0,1), there is mo(€,d) such that for
any probability measure P on Z = X x [0, 1],

heH

pm ({z € Z™ : sup lery(h) — erp(h)| > e}) <4

for m > mg(e, d).

This definition of generalization leads to certain types of ‘learning’ result
(and, indeed, one could motivate it by the desire to obtain such results).
Specifically, regarding a learning algorithm as a function from U:_; Z™ to
H, it is straightforward to show that the following result on (the obvious
extension of) probably approximately optimal learning holds.

Theorem 4.2 ([10]) Suppose that H is a class of functions from X to [0, 1]
and that 1 is a loss function. Suppose also that H PAC-generalizes (with
respect to the loss function ). Then, there is a learning algorithm L such
that the following holds: given €,§ € (0,1), there is mp(€,d) such that for
any probability measure P on Z = X x [0,1] and for m > my(e,0), with
probability at least 1 — 0, a P™-random sample z € Z™ 1is such that

erp(L(z)) < ggf{erp(h) + €.

4.2 Generalization from interpolation

Another approach to the generalization of real functions is to consider ‘gener-
alization from approximate interpolation’, where we can develop two distinct
models [3, 2]. This approach is less general than the loss functions approach,
in that it extends Definition 2.2 rather than Definition 2.4. For these models
of generalization, we do have a target real function ¢t : X — IR together with
a probability measure p on X, and the aim is to find a good approximation
to t from H.

To motivate these definitions of generalization, we recall Definition 2.2, the
first, most basic, definition of PAC-generalization for classes of {0, 1}-valued
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functions. The key part of the definition was the requirement that for m >
mo(€,d), with p-probability at least 1 — §, a p™-randomly drawn x € X™
is such that

h € H and h(z;) = t(x;) fori=1,2,....m
= er,(h) =p({re X :h(x)#tx)}) <e

As we mentioned earlier, it would be too coarse to carry this definition over, as
it stands, to real function classes. Suppose that we replace the too-stringent
‘h(x) = t(x)’ by the condition ‘h(x) is within n of t(x)’, where 7 is some small,
chosen number in (0,1). That is, we wish to be sure that, with probability
at least 1 — 0, if h is an n-interpolant of ¢ on the sample, in the sense that
t(z;)) —n < h(z;) < t(x;) +n for i = 1,2,...,m, then h(x) is within n of
t(x) on a set of measure at least 1 — e. Then we arrive at the following
definition [6, 3.

Definition 4.3 Let H be a set of functions from X to [0,1]. We say that H
generalizes from approximate interpolation if for all €,6,n € (0,1), there is
mo(n, €,9) such that, for all probability measures p on X and allt: X — IR,
if m > mg(n,€,0) then with p™-probability at least 1 — 6, a sample x =
(X1, 22, ..., xym) € X™ is such that the following implication holds for every
h e H:

(i) = t(w:)| <n (1 <@ <m) = p({z: |h(z) —t(z)] = n}) <e

This definition may seem to be rather demanding: one expects, with high
probability, to be able to deduce from the fact that h is within 1 of ¢ on a
random sample that it is within 7 of ¢ almost everywhere else (with respect
to p). We may weaken this requirement by requiring such an h to be close
to t almost everywhere, but not necessarily as close asn. This results in the
following definition [2].

Definition 4.4 Let H be a set of functions from X to [0,1]. We say that H
weakly generalizes from approximate interpolation if for all €,6,n,v € (0,1),
there is mqo(n,v,€,0) such that, for all probability measures p on X and all
t: X — IR, if m > mo(n,7,¢,0) then with p™-probability at least 1 — 9,
a sample X = (x1,Ta,...,xy) € X™ is such that the following implication

holds for every h € H:

h(x) — ta)] < n (1< i <m) = u({a : |h(z) — )] = n+}) <e.

10



5 Uniform convergence of empiricals

5.1 Definitions and connections with generalization

We have seen how PAC-generalization for {0, 1}-valued function classes re-
lates directly to the uniform convergence of relative frequencies to probabil-
ities. Here, we explain how PAC-generalization for classes of real functions
relates to results in probability theory on the uniform convergence of empir-
icals to expectations.

Let Z be a set and A a g-algebra on Z. Suppose that F is a set of random
variables on Z, each with range [0, 1]. For z € Z™, the empirical estimate of
the random variable f € F on z is

A

-

3=

1

2

One says that the empiricals (of F) converge uniformly to expectations if
there is a function f(m,e€) such that for every e € (0,1), f(m,e) — 0 as
m — oo, and

VP, P™ ({z € Z™ :sup |E,(f) — E(f)| > 6}) < f(m,e),

fer

where ‘VP’ means for all probability measures defined on (Z, A). Note that
this is an extension of the notion of the uniform convergence of relative
frequencies to probabilities, since the probability and relative frequency of
an event are, respectively, the expectation and the empirical estimate of its
indicator (or characteristic) function.

Returning to the loss functions approach to function generalization, given any
h € H, let l;, be the function from Z to [0, 1] defined by I, (z,y) = l(h(z),y).
Then, as is easily verified,

A

erp(h) = Ep(lp), erg(h) = IE,().

From this, it is clear that PAC-generalization as defined in Definition 4.1 is
equivalent to the uniform convergence of empiricals to expectations for the
class of random variables F = {l;, : h € ‘H}, usually called the loss space and
denoted I3 [10].

5.2 Covering numbers

The notion of covering numbers turns out to be central to results on uniform
convergence of empiricals to expectations. Given a pseudo-metric space (Y, d)
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and a subset S of Y, we say that the set 7' C Y is an e-cover for S (where
e > 0) if, for every s € S there is ¢t € T such that d(s,t) < e. For a fixed
e > 0 we denote by N (e, S,d) the cardinality of the smallest e-cover for S.
(We define N (e, S, d) to be oo if there is no such cover.)

Suppose that F is a set of [0, 1]-random variables defined on Z. For z =
(21,22, ..., 2m), we denote by F(z) the following subset of IR™:

F(z) ={(f(z1), f(z2), -, fzm)) - [ € FF

Pollard [18] (see also [10]) obtained the following result.

Theorem 5.1 Suppose that F is a permissible’ set of [0, 1]-valued random
variables on Z and that P is any probability measure on Z. Then, for any
positive integer m and any € > 0,

P (e 2 st - o) 2 )

fer
€ em
< " — -
= Al (N (16’f<z)’d>> b ( 128) ’
1 2 1
where d is the L'-metric, given, on IR*™, by d(r,s) = — Z |ri — sl

Haussler [10] has improved this result in a number of ways, but the form
given here is sufficient for our purposes.

From this result, it can be seen that uniform convergence of empiricals to
expectations will occur if the covering numbers can be bounded in such a way
that the bound of Theorem 5.1 tends to 0 as m — oo. Such bounds have
been obtained in terms of ‘dimensions’ which characterise the ‘richness’ of
the class F in much the same way as the VC-dimension does for {0, 1}-valued
classes.

5.3 The pseudo-dimension

The pseudo-dimension (also known as the Pollard dimension) was introduced
by Pollard [18]. With the notation as above, we say that z € Z™ is P-
shattered by F if some translate r + F(z) of F(z) intersects all orthants of

!The set of random variables must satisfy some measurability conditions; see [10, 18]
for details. These are not particularly stringent, and we refer to a class with the required
properties as a permissible class.
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IR™. The pseudo-dimension of H, denoted Pdim(H), is the largest length
of a P-shattered z (or it is infinite, if there is no bound on the lengths of
P-shattered z). We state the definition formally in a rather more explicit
way.

Definition 5.2 (Pseudo-dimension) With the usual notation, z € Z™ is
pseudo-shattered by F if there are ri,ra, ..., 7y € IR such that for any b €
{0,1}™, there is fy, € F with

fb(zi) >ri<=b =1.

The largest d such that some z € Z? is P-shattered is the pseudo-dimension
of F, denoted Pdim(F). (When this mazimum does not exist, the pseudo-
dimension is taken to be infinite.)

Note that when the class F in fact maps into the set {0,1} rather than
the interval [0,1], the definition of pseudo-dimension reduces to the VC-
dimension. Furthermore, when F is a vector space of real functions, the
pseudo-dimension of F is precisely the linear dimension of F; see [10].

The following result follows from one due to Pollard [18]; see [10].

Theorem 5.3 Suppose that d is the L'-metric on IR*, where k is any positive
integer, and that z € Z*. Suppose also that F has finite pseudo-dimension.
Then, for any € € (0,1),

N(e, F(z),d) <2 (2—6 In (%))Pdim(f) :

€ €

Thus, when F has finite pseudo-dimension, d, we see from Theorem 5.1 that,
for any P,

P ({aezm s B - B 2 €} ) < om0

fer

where

32e 32e\\ ¢ em
f(m,e) =8 <71n (T)) exp <_1—28> — 0 as m — o0,

for each fixed €. One therefore has the following result.

Theorem 5.4 If F has finite pseudo-dimension then the empiricals of the
random variables in F converge uniformly to their expectations.
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Returning to function generalization, and recalling that what we require for
PAC-generalization is uniform convergence of empiricals to expectations for
the loss space Iy, we obtain the following result of Haussler [10].

Corollary 5.5 If Iy has finite pseudo-dimension then H PAC-generalizes.

For certain loss functions [, the pseudo-dimension of [ can be related directly
to the pseudo-dimension of H; see [10].

5.4 Scale-sensitive pseudo-dimension

Recently, it has been shown that finiteness of the pseudo-dimension of F is
a stronger condition than is needed for uniform convergence of empiricals to
expectations. Alon et al. [1] have determined a weaker sufficient condition for
the uniform convergence. Their characterisation involves a ‘scale-sensitive’
counterpart of the pseudo-dimension, which was introduced by Kearns and
Schapire [12] in their work on the learnability of probabilistic concepts, and
which, after [7], we shall call the fat-shattering function.

Definition 5.6 (fat-shattering) Suppose that F is a set of functions from
Z to [0,1] and that v > 0. We say that z € Z™ is ~y-shattered if there is
r = (ry,r2,...,mm) € R™ such that for every b = (by, by, ..., b, € {0,1}™,
there is a function fy, € F with fu(z;) > ri+v if by =1 and fu(z) <r; — v
if b; = 0.

Thus, z is v-shattered if it is shattered with a ‘width of shattering’ of at
least . We define the fat-shattering function, faty : R™ — IN U {0, 00}, by
defining fatz(7) to be the largest d such that some z € Z¢ is y-shattered.
(We define fat z(y) = oo if there is no maximum such d.) It is easy to see that
Pdim(F) = lim,_ fatz(y). It should be noted, however, that it is possible
for the pseudo-dimension to be infinite, even when fatz(7y) is finite for all
positive v. We shall say that F has finite fat-shattering function whenever
it is the case that for all v € (0,1), fatz(~y) is finite.

Alon et al. [1] bounded the covering numbers in terms of the fat-shattering
function.

Theorem 5.7 (Alon et al. [1]) Suppose that F is a set of [0, 1]-valued ran-
dom variables on Z and that F has finite fat-shattering function. Let m be
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a positive integer. Suppose v > 0 and that d = fatz(y/4). Let

o5 ()"

Then, provided m > log B+ 1, for any z € Z™,

Ne, Flz),d®) < 2 (m PT) bgB,

Y

where d is the L>-metric on IR™, given by d*°(r,s) = max |1 — 4.
<i<m

Now, for any r,s € IR™, the L'-distance is bounded by the L>-distance:
1 ¢ [e.e]
d(r,s) = — ; i — 8] < lrggrcnm — 5| =d*®(x,s).

This means that any e-cover with respect to d* is also an e-cover with respect
to d, and hence, for any F, for all €, and all z, N' (¢, F(z),d) < N (e, F(z),d>).
Thus, the bound of Theorem 5.7 is a bound on the required covering numbers,
This bound is sub-exponential in m and so, as earlier, it leads to a uniform
convergence result: if F has finite fat-shattering function then the empiricals
converge to their expectations uniformly. In fact, as shown in [1], the converse
is also true.

Theorem 5.8 (Alon et al. [1]) One has uniform convergence of empiri-
cals to expectations for the class F of [0, 1]-random variables if and only if
F has finite fat-shattering function.

We have the following immediate corollary for generalization.

Theorem 5.9 (Alon et al. [1]) The class of functions H from X to [0, 1]
PAC-generalizes (with respect to loss function ) if and only if the loss space
ly has finite fat-shattering function.

6 Generalization from interpolation

6.1 The strong model

The problem of generalization from approximate interpolation may be re-
garded to some extent as a problem within the loss functions approach to
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function learning. To see this, let us fix n € (0,1) and take {7 to be the loss
function given by

My,y) =0if [y —y'[ <n, U(y,y)=1if[y—y|=n.

Then, for fixed n, generalization from interpolation is equivalent to a re-
stricted form of PAC-generalization with respect to [", in which we only
consider distributions P on Z = X X IR which correspond (in the obvious
fashion) to pairs (¢, ) where ¢ is a function on X and p is a probability
measure on X. The loss space [}, is {0, 1}-valued, so its pseudo-dimension
and fat-shattering function are precisely its VC-dimension. In [3], a scale-
sensitive dimension Bdimy, is defined as follows: for v € (0, 1),

Bdimy, () = VCdim(13,).

We call this the band dimension and say that ‘H has finite band dimension if
Bdimy(y) is finite for all . In [3], the following result is obtained.

Theorem 6.1 The class H generalizes from approximate interpolation if and
only if it has finite band dimension.

The band dimension is not a well-known measure of dimension, having ap-
peared only rarely in other work on learning theory (such as [17]). However,
it can be related to the pseudo-dimension [3], as follows.

Theorem 6.2 Suppose that H maps from a domain X into a bounded real
interval. Then H has finite band dimension if and only if it has finite pseudo-
dimension. Furthermore, there are constants ci,co > 0 such that for all
v €(0,1),

Pdim(H)

— =< i < i .
1 oa(1/n) = Bdimy(y) < coPdim(H)

Corollary 6.3 H generalizes from approximate interpolation if and only if
H has finite pseudo-dimension

Thus, although it looks like a very difficult definition to satisfy, generaliza-
tion from interpolation holds for many natural classes of functions. The
fact that finite pseudo-dimension of H is necessary for generalization from
approximate interpolation is, in some ways, in contrast to the results for
PAC-generalization; there, the finiteness condition on the pseudo-dimension
(namely, Pdim(l) < o0) is not necessary and can be replaced by finiteness
of the fat-shattering function.

The following result from [3] provides indication of the appropriate size of
mo(nv €, 5)
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Theorem 6.4 Suppose that H has finite pseudo-dimension d. Then there is
a constant ¢ such that a sufficient value of mo(n, €,9) for generalization from
approzimate interpolation is

C

6(Pdhn0ﬁln(%>+dn(%)).

The paper [3] contains many other results on generalizing from approximate
interpolation, including a characterisation of those measures of dimension
whose finiteness is a necessary and sufficient condition for such generalization.

6.2 The weak model

Since finite pseudo-dimension is a sufficient condition for generalization from
approximate interpolation, it is also a sufficient condition for weak general-
ization from approximate interpolation. However, the following result has
been obtained.

Theorem 6.5 H weakly generalizes from approximate interpolation if and
only if H has finite fat-shattering function.

Unlike generalization from approximate interpolation, the problem of weak
generalization cannot be expressed directly as a problem involving loss func-
tions. The ‘if” part of Theorem 6.5 follows from the following ‘convergence’
result, which is implicit in [2].

Theorem 6.6 Suppose that H is a class of functions mapping from a domain
X to the real interval [0, 1] and that H has finite fat-shattering function. Let
t be any function from X to IR and lety,n,e € (0,1). Let u be any probability
distribution on X and m any positive integer. Define the subset QQ of X™ to
be the set of x for which there exists h € H such that

p{z e X |h(z) =t(z)] 2 n+7}) > eand [h(z;) — t(z)| <n, (1 < i <m).

Then

Q) < 2, m (N (%,H(z), doo)) g-em/2,

where d*® is the L>-metric on IR*™, given by d(r,s) = | ax 7 — 84
<i<2m

Combining this with the result of Alon et al., Theorem 5.7 gives the ‘if” part
of Theorem 6.5. The following result from [2] indicates a suitable value of

mO(na 7, € 6)
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Theorem 6.7 Suppose that H maps from a domain X into [0, 1] and that H
has finite fat-shattering function. There is a constant K such that a sufficient
sample length for weak generalization from approximate interpolation is

)

ve

K 1
mame.d) = (1n (5) + fanto /)
€
The proof that finite fat-shattering function is necessary can be found in [2].

6.3 Some applications to artificial neural networks

In this section, we explain how the results on generalization from interpola-
tion can be used to obtain results for certain types of neural network. (See,
for example, [11], for the basic definitions of neural networks.) We consider
here artificial neural networks A having one hidden layer, where each hid-
den node has linear threshold activation function, and in which the activation
function of the single output node is the identity function (so that it out-
puts the weighted sum of its inputs). We do not assume that the number
of hidden units is known. We do, however, make the assumption that the
weights from the hidden layer to the output node are bounded in such a
way that the sum of the absolute values of all these weights is bounded by
a fixed, known, constant B. (If bounds are given on the number k of hid-
den nodes and on the absolute value of each weight from the hidden layer
to the output node, then we certainly have such a bound B: thus the re-
striction we impose on the weights is weaker than imposing a restriction on
the number of hidden units and on the magnitude of the weights.) Each
state of such a neural network N is described by weight vectors b € IR* and
W1, W, ..., W) € IR". The assumption on the weights is that 3%, |b;| < B.
Let sign(z) : IR — {0,1} be given by sign(z) = 1 <= x > 0. Then we may
describe the set of functions computable by the neural network explicitly, as
follows. Let w = (b, wy, ws,...,wg) denote a typical state of the network.
Then the function computed by the network in state w is h,, : IR" — IR given
by

k n
ho(z1, 29, ..., Ty) = Z b; sign <Z wji:vz) .
j=1 i=1

The set ‘H of all functions computable by such a neural network architecture
is then

k
H = {hw:w: (b, w1, Wy, ..., W), where k € IN and Z|bj| < B}.

=1
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Results from [9] show that

2,2
faty (o) < KB " n <@> ,

a? o

where K is some fixed constant.

The following result is obtained by using this bound together with Theo-
rem 6.5 and Theorem 6.7 (or, rather, their simple modifications for classes
of functions mapping into the interval [0, B]). For the sake of simplicity, we
have not explicitly determined the constants involved.

Theorem 6.8 There are constants ¢ and €y and Yo such that the following
holds. Let €, 6 and n be fixed positive numbers less than 1, with € < €
and v < 7. Suppose that N is any one-hidden-layer network of the type
described above and let p be any probability distribution on X, the set of
all inputs. Suppose that the target function t is computable by the network.
Suppose also that L is a learning algorithm for N with the property that
if s = ((z1,91), (x2,92), - -, (Tn, Ym)) 18 any training sample for t of length
m, then h, = L(s) satisfies |h,(x;) —yi| < n for 1 < i < m. Then, if
a training sample s is generated by a p™-random choice of (x1,xs, ..., Ty),
where m > (16/€)1n(4/0), then, with probability at least 1 — 6, L(s) = h,, is

such that
i ({m Cho(z) —t(z)| > n+ C\B}Z (h\l/n%> }) < €.

Proof It follows from Theorem 6.6 together with Theorem 5.7 (see [2]) that
a sufficient sample length mg(n, 7, €, d) for (the class of functions computable
by) N to approximate from interpolated examples is

8 1200dB? 4
mo(’r/,’y, 6,5) = g <3d1n2 (67211,122> + ln <5>>

where d = faty(7/8). Let m/2 > (8/¢)In(4/9). Then m will be at least my
if

m  24d , [1200dB2

— > —-In .

2 eln”2

Recalling that faty () is bounded by K(B?*n?/a?)In (Bn/a), there is a con-
stant ¢; such that this will be true if m > ¢;3% (In §)*, where 3 = Bn/(yy/e€).

There is a constant ¢, such that this inequality holds if 3 < co(y/m/(Inm)?);
for then, 4%(In 3)? is of order no more than

ey21n®2

m

Tnm) (Inm)® = —

Inm’
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(Clearly, this same argument works provided we take 3 < c;(y/m/(Inm)3/2+%),
where z is any fixed positive number, but the present choice (x = 1/2) suffices
for our purpose.) Now,

Bn vm
e S

means we may take v = c¢(Bn(lnm)?/(y/ey/m)) for some constant ¢, as
required. O

Thus, if we fix in advance the accuracy and confidence, € and §, and if we
have a learning procedure which will n-interpolate on any training sample
of length m for ¢, we can be confident (with probability at least 1 — d) that
the final state of the network will estimate ¢(z) to within an error margin of
cBn(Inm)?/(y/ey/m) on most inputs. (Formally, it will compute within this
error margin on all inputs but for those in some set having probability less
than e.)

Consider now the subclass of these neural networks in which the number
of hidden units is fixed at some number k. We can bound the pseudo-
dimension of the class of functions computable by the network N in terms
of k [9]: specifically, the pseudo-dimension of order knlIn(kn). (In fact, the
same bound also holds without the restriction on the weights into the output
node.) From Theorem 6.4, we have the following result.

Theorem 6.9 Let e, § and n be fixed positive numbers. Let N be a network
of the type just described, having n input nodes and k hidden nodes. Suppose
that 1 is a probability distribution on X, the set of all inputs and that the
target function t is computable by the network. Suppose also that the learning
algorithm L is such that if s = ((x1,11), (T2, y2), - - -, (Tm, Ym)) @s any training
sample for t of length m, then h, = L(s) satisfies |hy(z;) — vi| < n for
1 <i<m. Then there is a constant c, depending only on € and &, such that
the following holds for m > cknln(kn): if a training sample s is generated by
a p™-random choice of (x1,a, ..., %), then, with probability at least 1 — 0,
L(s) = h,, satisfies

P({x e X :|h,(x) —t(x)] > n}) <e.
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