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Pricing of contingent claims in a two-dimensional

model with random dividends*

Pavel V. Gapeev! Monique Jeanblanct

We study a model of a financial market in which two risky assets are paying dividends
with rates changing their initial values to other constant ones when certain events occur.
Such events are associated with the first times at which the value processes of issuing firms,
modeled by geometric Brownian motions, fall to some prescribed levels. The asset price
dynamics are described by exponential diffusion processes with random drift rates and
independent driving Brownian motions. We derive closed form expressions for rational

values of European contingent claims, under full and partial information.

1 Introduction

In the present paper, we study a first passage time model for two dividend paying assets with
dividend rates changing their initial values to other constant ones, during the allowed infinite
time horizon. The times of change of the dividend rates are assumed to be the first times at
which the firm values hit some given lower constant barriers. Such a model corresponds to a

financial market in which the fall of one of the firm values leads to a change of the dividend rate
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not of the asset issued by the same firm only, but of the other ones too. For instance, such a
situation may happen in a model with one parent company having several branches (or firms),
when a financial trouble of one of the firms makes an influence on the dividend policy of all
other ones as well. Note that some other models with random dividends were earlier considered
in the literature (see, e.g. Geske [3]), where the possibility of significance of stochastic dividend
effect on the rational values of contingent claims was emphasized. We introduce a dividend
switching model for asset prices that reflects certain contagion effect between low ratings of
several firms, which appears to be new for the related literature, to the best of our knowledge.
Other first passage time contagion models were considered within the credit risk framework, for
example, in Zhou [15], Giesecke [4], Overbeck and Schmidt [10], Valuzis [14] (see also Bielecki
and Rutkowski [1; Chapter X] or Schénbucher [13; Chapter X] for further references).

The purpose of the present paper is to derive closed form expressions for rational values
of European contingent claims in the model described above. Suppose that the evolution
of firm values (or some related indices) is modeled by geometric Brownian motions, and the
risk-neutral dynamics of the underlying asset prices are described by exponential diffusion
processes having the following structure. Assume that the drift rates of the latter processes are
changing their initial values to other constant ones at the first times when the former processes
fall to some prescribed levels, on the infinite time interval. For simplicity of exposition, we
restrict our consideration to the two-dimensional case and assume that the firm values and the
underlying asset price processes are driven by the same Brownian motions, which are supposed
to be independent of each other. The rational values of the claims are expressed through the
transition density of the joint marginal distribution of a geometric Brownian motion and its
running minimum, as well as through the density of its first passage time on a constant level.
The results of the paper can naturally be extended to the case of a model with several underlying
assets, the price processes of which are driven by independent Brownian motions with random
drift rates. A generalization of the model to the case of correlated driving Brownian motions
would lead to more complicated and less explicit formulas (see, e.g. Iyengar [6], He et al. [5]
or Patras [11]).

The paper is organized as follows. In Section 2, we introduce a two-dimensional model with
two firms issuing two underlying risky assets having the dividend structure described above. In
Section 3, we derive expressions for rational prices of European contingent claims with respect
to the filtration generated by both firm value processes (full information). In Section 4, we

present expressions for the same contingent claims with respect to the filtration generated by



the value of one of the firms only (partial information). In Section 5, we illustrate our results
on the rational pricing of European exchange options allowing its holders to exchange one asset
for another (see, e.g. Margrabe [9]), in the model described above, under full information. In
that case, the expressions for rational prices can be simplified, and thus become more amenable

for simulations. The main results of the paper are stated in Propositions 3.1 and 4.1.

2 The model

In this section, we introduce a first passage model for two firms issuing dividend paying assets.

2.1 The dynamics of firm values and asset prices

We consider a probability space (£2,G, P) with two independent standard Brownian motions
W= (W{)i>0, i = 1,2. Let the processes X’ = (X});>0, i = 1,2, be given by:
2

Xy = x; exp ((772 - é) t+0; th) (2.1)

where 7;, 6; > 0 and z; > 0 are some constants, for every i = 1,2. The processes X*, i = 1,2,
describe the evolution of values of two firms. Following the structural approach in credit risk

models, let us define the random variables 7;, ¢ = 1,2, by:
7 =1inf{t > 0| X} < b;} (2.2)

where b; > 0, ¢+ = 1,2, are some given constant levels. We will sometimes use the notation
7;(x;) to emphasize the dependence of 7; on the starting value z;, for every ¢ = 1,2. Note
that, by construction, 7;, ¢ = 1,2, are stopping times with respect to the natural filtration
G =0(X!,X2|0<u<t),t>0,of the process (X', X?).
Let the processes S* = (S);>0, @ = 1,2, be given by:
2

. o .
SZ = S§; eXp ((7" — 71 — (5@0) t— ((5@1 — (51"0) (t — 7'1)Jr — ((51"2 — (51»0) (t — 7'2)Jr + g; WZ) (23)

where (t — 7;)7 = max{t — 7;,0}, and oy, 0;, s; are some strictly positive constants, for
every i = 1,2 and k = 0,1,2. The existence of such a pair of processes (S!,S?) can be easily
deduced from the classical diffusion model with constant dividend rates, by means of standard
change-of-measure arguments. The processes S*, i = 1,2, describe the risk-neutral dynamics

of the prices of dividend paying assets issued by the two firms. Here, » > 0 is the interest rate
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of a riskless banking account. Observe that it follows from (2.1) and (2.3) that the processes
St i =1,2, admit the representation:

Sl =s; <f—5> Z exp (rt + Biot +7ia(t — 1)+ ot — 7'2)+) (2.4)
where «; = 0;/0;, Bip = 0i0;/2 — oin;/0; — 0 /2 — §;p and v, = 0o — Oig, i, k=1,2.

At the random times 7;, ¢ = 1,2, at which the value processes of the two firms hit some
prescribed barriers, the dividend rates of the underlying assets change their initial values to
other constant ones. In more details, for every ¢ = 1,2 fixed, the i-th asset pays dividends
at the rate d;p until the time 7 A 7o = min{7, 7} at which the first event occurs and the
dividend rate is changed to d;,, where ¢ =1 if 7 A7y =7, and ¢ =2 if ;4 A7y = 75. Then,
the i-th asset pays dividends with the rate J;, until the time 7 V 7o = max{m, 7} at which
the second event occurs and the dividend rate is changed to ;3 = 0;1 + 0;2 — d; 0. After both

events occur, the i-th asset pays dividends with the rate 9, 3.

2.2 The payoffs of European contingent claims

The purpose of the present paper is to determine the rational (no-arbitrage) prices of European
contingent claims with payoffs of the form C'(Sk, S2), for some non-negative measurable func-
tions C(s1,82), s; > 0, i = 1,2, and a fixed time horizon 7" > 0. Without loss of generality,
we assume that the payoffs are already discounted by the banking account, that is equivalent
to letting 7 equal to zero. The rational (or no-arbitrage) price process V = (V;)o<t<7 of such
a claim is given by:

Vi = E[C(ST, S7) | G4 (2.5)
for any 0 <t < T, where the expectation is taken with respect to the equivalent martingale
measure. In the sequel, we will provide a closed form expression for the rational price of the so-
called currency exchange (or Margrabe) option with the payoff C(s1,s2) = (s1 — s2)T, s, > 0,
1=1,2.

Observe that the value in (2.5) can be decomposed as:

Vi, = E[C(S7,52) (T < 11 A7) |G (2.6)

2
+ ZE[C(S%,S%) I(r5-; <T < 1) |G
i—1

2
+ ZE[C(S%,S%) I(r3_s <7, <T) |G
i=1



for all 0 <t < T, where I(-) denotes the indicator function. It follows from the expression in

(2.4) that the value process in (2.6) admits the representation:

V, = E[Cy(T, X7, X2) (T <1 AT2) | G| (2.7)

2
+ ZE[CLl(T? Tgfi,X%,X%_i) [(Tgfi < T < 7'1') ‘ Qt]

121
+ Y E[Cou(T, 75,70, Xip, X§7') I (73 < 7 < T) | G))
i=1

for any 0 < t < T. Here, according to the expression in (2.4), for each 7" > 0 and the
starting values s;, x;, i = 1,2, we have Cy(T,y,z) = C(D{(T,y), D(T,z)), where we de-
fine D{(T,z) = si(z/z;) el with a; = 0;/0; and Big = 0:0;/2 — om;/0; — 02/2 — S0,
i = 1,2. We also have Cy;(T,v,y,2) = C(D{T,v,y), D} "(T,v,2)), where we define
DYT,v,x) = sg(x/zg)eloTHres—iT=0) with ~,; = §p9 — dps, i,/ = 1,2. Moreover, we
have Co,(T,v,u,y,2) = C(Di(T,v,u,y), Di "(T,v,u,z)), where we define D§(T,v,u,x) =
so(w /) ¥eeBeoT+res—i(T=v)+7es(T—u) " p =1 2,

Furthermore, we shall also determine the rational prices of the European contingent claims
under the assumption that the information available from the market is generated by one of the
firm values only. This corresponds to a situation where small investors trading in the market
cannot observe the values (or related indices) of other firms. In that case, the rational price

processes V/ = (V;j)ggtST, j =1,2, of the claims are given by:
V7 = E[Co(T, X5, X2) (T <1y AT2) | G] (2.8)

2
+ 3 BlC1 (T, 73, X, X3 (73 < T < 73) | G

i=1
2 .
+ ) EBlCoi(T, 73—, 70, Xip, X3 ) I3 < 73 < T) | G
i=1
for any 0 <t < T. Here, G} = o(X7|0 <u <t), t >0, is the natural filtration of the process

X7, for every j = 1,2.

2.3 The minimum process and some distribution laws

Let us introduce the running minimum process M* = (M});>( associated with the process X"
and defined by:
M} = min X! Am; (2.9)

0<u<t
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for any z; > m; > 0 fixed and ¢ = 1,2. It is known (see, e.g. [12; Chapter III, Section 3],
[7; Appendix E| or [2; Part II, Section 2|) that the transition density g; of the Markov process
(X', M") defined by:

Py, m, (X} € dx, M} € dm) = g;(x;, my; t, z,m) dz dm (2.10)

admits the representation:

gi('xiu mg; ta z, m) =

2 20,2 2
for all t > 0 and x > m with x; > m; > m > 0, and equals zero otherwise. Here, Py, ,,,
denotes the probability under the assumption that (X% M?) starts at (z;,m;), and we set
pi = n;/0; — 0;/2. Although the expression for g; in (2.11) does not depend on m; explicitly,
we shall keep this notation in order to further use the (strong) Markov property of the couple
(X, M?), for every i =1,2.

It is also known that the density h; of the hitting time 7; in (2.2) defined by:

admits the representation:

forall ¢t >0 and x; > m; > b; > 0.

3 The case of full information

In this section, we compute the three conditional expectations of the expression in (2.7).

3.1 The first term

Let us begin by computing the first term in (2.7). For this, applying the Markov property of
the process (X1, M, X2 M?), we get:

Emlym17$27m2 [CO(T7 X71“7 X%) I(T <7 A 7_2) | gt] (31)
=1(t <71 AT2) Bzl my woms|Co(T, Xilp, X%) I(T <71 A7) |G
= I(t <7 A7) Exaap x2.002[Co(T, X, X7,) I(T" < 71 A 13)]



where we set 7" =T —t and 7] = 7,(X}) = 7;(2;) — t, for each 0 <t < T. Here, Ey, my 20ms
denotes the expectation under the assumption that the process (X!, M, X2 M?) starts at
(z1,m1, 9, my) with x; > m; > b; > 0, for every i = 1,2. Then, using the fact that the event

{7; >t} can be represented in the form {M; > b;}, we have:

By s [Co(T' s X, X2) I(T' < 7] A 75)] (3.2)
= By iy wgma [Co(T', X, X2,) I(M7s > by, M3, > by)]

where 7/ = 7;(x;), for every ¢ = 1,2. Hence, we obtain from (3.1) and (3.2) that:

Ey mawams [Co(T, lew X:2F) I(T <1 AT2)| G (3.3)
2

=It<m /\7'2)/ / / Co(T —t, 2}, 25) Hgg(Xf,Mf;T—t,x’g,m’g) dxy, dmy,
b Jor Jbe Jbs e

where the functions g;, i = 1,2, are given in (2.11) above.

3.2 The second term

Let us continue with computing the second term in (2.7). For this, applying the Markov
property of the process (X1, M, X2 M?), we get:

By oy on s |[Cri(Ty 3y Xon, X3 (13 < T < 73) | GY] (3.4)
= Eopymyonma [C1i (T 134, X, XY I3 <t < T < 1) | Gi]

+ Evymyams [Cri(T, T3, X5, Xg’f") It<m <T<m)|G]
= I(73-s <t <7) Exian x2 02 [C?,i(T/7X%/7X%'_i) I(T" < 1))

+1(t <71 AT2) Exion x2 2 [Cll,i<T/7 Ty io Xpo, X3 ) I3 < T' < 7))

for all 0 < t < T. Here, for each 7" = T —t > 0 and the starting values s;, z;, we
have CF,(T",y, 2) = C(D{(T = ,0,y), D (T = t,0,2)) and C{,(T",v,y,z) = C(D{(T —t,v -
t,y), DT —t,v —t,2)), where the functions D(T,v, ), i,{ = 1,2, are defined above.

We then continue with computing every term in (3.4) separately. Firstly, we see that:
E$17m17$27m2 [Cg,i(Tla Xé’” X%71> I(T/ < Tz/)] = E$17m1,$27m2 [Cg,i(Tlv Xé”? X%71> I(Mé‘/ > bl)] (35)

for z; > m; > b; > 0 and b3_; Aw3_; > mz_; > 0. Then, using the independence of (X*, M?)



and (X37¢ M37%), we have:

By iy s [C1i(T T3y X, X3 (13 <t < T < 1) | Gi] (3.6)

bz —;
=I(m3; <t<m / / / CLi(T —t, 2, ;) H o(XF, M T —t, 2, m)) day dm),

where the functions g;, i = 1,2, are given in (2.11) above.

Now, applying the strong Markov property of (X!, M* X2 M?), we have:

E$17m1,12,m2 [Cl,i(Tlv Téfm X%’? X%Tl) ](Téfi < T < Tzl)] (37>
= Ex1,m1,w2,m2 [0171'(T,7 T:g—iv X%’v X%'_Z> I(M%’ > bi7 T?i—z‘ < T/)]

= E931,m17w2,m2 [Cl,i<T/7 T?/ﬁiv Xj-?’,_i? Mié_zﬁ X‘,S-éizzv Mféii) I<T?I>7i < Tl)]

= By my wa,mo [61,1‘('-7,7 Taiy Xoo ML b bs_) (13- < T)]

3

for x; > m; > b; >0, 1 = 1,2, where the functions 6171-, 1 = 1,2, are defined by:
Cra(T' v, 24,y 31, M3—5) = By m s [CLi (T 0, Xy X370V I(Mi_, > b)) (3.8)

for x; > m; > b; >0, bg_; Axz_; > m3_; >0 and any 0 < v < T fixed. Thus, using the
independence of 73_; and (X*, M"), we obtain from (3.7) that:

By oy onma |Cri(Ty T3, X X3V It <13 < T < 1) | G (3.9)
T—t
t < T1 N\ Ty / / / Clz —t ,U,0 17 g,bgfi, bgfi) hgfi(Xfii;U)

X gl<XtZ? Mtla v, .Z'Z, m; ) dv dl‘; dm;

where, by virtue of the independence of (X% M") and (X3, M3~ it follows from (3.8) that:

—t,u, 2, mi, . my ;) (3.10)

11
bs—; 3—1
/ / / / Cllz —t,v, zvm?) Z)ng(%mZ;T—t v zeamé)dxléld Z
=i

and the functions g¢; and h;, ¢ = 1,2, are given in (2.11) and (2.13) above.

C



3.3 The third term

Let us complete with computing the third term in (2.7). For this, applying the Markov property
of the process (X', M, X2 M?), we get:

By |Coi(Ty T3, iy X, XY [ (13 < 17 < T) | Gy (3.11)
= By iy gz [Coi (T T3, 7oy Xop, X YV I (13 < 70 < 1) | G4

+ By g [Coi(Ty T3y Ty Xowy, X3 ) (13 <t <7, < T)| G

+ By oy onma |Coi (T, T3y 7, X X3V It <13 <7 <T)|Gi]
= I(m3-; <7 <) Ex1 g x2,02 [Cgi(T/’ X, X377)]

+ (13- <t <) Expoan x2ae2[Co (T 1), Xy, X371 I(r] < T7)]

+1(t <71 AT2) Exioan x2 2 [CQZ(T’ Tain T X, X ) I (5 < 7] < T7)]

for all 0 <t <T'. Here, for each 7" =T —t > 0 and the starting values s;, x; fixed, we have
CO(T",y,z) = C(D4(T — t,0,0,y), Ds (T —,0,0,2)), C3,(T",u,y,2) = C(DYT —t,0,u —
t,y), D5 (T —t,0,u—t,2)) and C3,(T",v,u,y,z) = C(DY(T —t,v—t,u—t,y), Dy (T —t,v—
t,u —t,2)), where the functions Di(T,v,u,z), i = 1,2, are defined above.

We now continue with computing every term in (3.11) separately. Firstly, using the inde-

pendence of the processes (X, M%) and (X3~ M3~), we obtain:

Ey ma e m2[02 Z(T T3— Z,TZ,X%,X?’ Z) [(7'3 i < T < t) ‘ gt} (3-12)
bS i
=I(r3_; <1 <t) / / / / CY,(T —t, 2,2 _,) H o( X, M T —t, 2, m)) day dm),

where the functions g¢;, i = 1,2, are given in (2.11) above.

Secondly, applying the strong Markov property of (X', M* X2 M?), we have:

By s eims [Co i (T 7], X, X ) I(7] < T")] (3.13)
= Ezl,ml,ﬂczﬁm [0271' (T/7 Tz ) XZ M’Ti'-/’ X7?—’717 Mffil) I(Tz/ < T/)]

= Ezl,ml,xz,mg [62,1' (TI7 Ti, bia bi7 Xf;i7 Miil) ](TZ S T/)]
for x; > m; > b; > 0 and bs_; Ax3_; > ms_; > 0, where the functions 6272-, t = 1,2, are defined

by:
62,2' (T/a U, Ty My T34, m3*i) = Ex1,m1,w2,m2 [C21,z (TI7 U, XZ ! —u X%’i—zu)] (314)



for by Nx; > m; >0,1=1,2, and any 0 < u < T’ fixed. Thus, using the independence of
and (X3 M3™"), we obtain from (3.13) that:

E$17m1,$2,m2 [CQ,i(T7 Tis X%, ng“_z) 1(7_3—1' S t < T; S T) | gt] (315)
T—t poo  pb3—i _ )
= 1(7'3_1' S t < Tl)/ / / OQ’Z'(T_ t,u,bi,bi,wg_i,mg_i) hl(th,U)
0 o Jo
X ga—i( X770 MYy mly ) dudzly_ dmis_
where, by virtue of the independence of (X*, M%) and (X3, M3~ it follows from (3.14) that:

Coi(T — t,u, ', ml, ay_,,ml_,) (3.16)

’L
b3 i 3—1
/ / / / 0212 —t,u, Z,:L“3 z)Hgf(xlbm/E;T_t u xz7m€)d‘rgd Z
=1

and the functions g¢; and h;, ¢ = 1,2, are given in (2.11) and (2.13) above.
Finally, we see that:

Eﬂchmhxz,mz [Cg,i(Tlv T?/)—z‘v Tz‘,7 X’ff’a Xj?:'_l) I(Té—z’ < 7‘2-/ S T,)] (3'17)
= E$17m17$27m2 [CZQ,i(Tla T?’)*i’ Til7 X%’? X%Tl) [(M%_ > bi7 Ti/ < T/)]
= E$17m17x27m2 [52,1'(TI> T?’)*i’ Xl M;:J Xi;i.? Mféiz) I(le—?’)_ > biv Ti/ < TI)]

- Ezl,ml,zg,mg [52,1'(T,7 T3—4, Xqi—3_i7 M’Z:3_i7 b3—i) b3—i) I(M;L—:s_l > biy T; S T/)]

for x; > m; > b; > 0, 1 = 1,2, where the functions 52,1-, i = 1,2, are defined by:

Coa(T' v, 21, mi, w35, m3_;) (3.18)
= Ezimiaz.mo [02 l(T U7Tz7 XZ Mﬁ(,Xf,_i, Mf{_z) ](7}‘, <7 — U)]

E1m1$2m2[CQZ(T v leb’wblaX?) ' M3 Z)I(TiST/—U)]

for ; > m; > b; >0, b3_; ANxs_; > mz_; >0 and any 0 < v < T” fixed, where the functions
627% 1= 1,2, are defined by:

UQ,i(T,7 Uy Uy Ty My T34, m3—i) = Ezymawa,ms [022,7;<T,7 v, U, X%uua X’%’_ju)] (3-19)

for b Nx; > m; > 0, i = 1,2, and any 0 < u < T’" — v fixed. Hence, using again the

10



independence of 73_; and (X', M*), we obtain from (3.17) that:
Eay imiwoms | Coi (T, T3, 70, X, X371 It < 13 <7, < T) | G (3.20)
I(t <71 AT) /T t/ / Coi(T —t, 0,2, m!, by_i, bs—s) ha_i (X2 0)
x gi( X}, M}y v, x5, m)) dv dx, dm),
where, by virtue of the independence of 7; and (X3¢ M3~ it follows from (3.18) that:
—t,v, @), my, xh  my ) (3.21)

021
T—t—v bd z_
/ / / Coi(T —t,v,u, by, by, sy, my ) hy(x); w)

X g3_i(xy_;,my s u,xy omy ) dudxly_, dmy_

—1 %

the functions 627“ t = 1,2, admit the representation:

Coi(T —t,v,u, 2}, ml, aly_;,mhy_,) (3.22)
b3—; 3~
/ / / —t,v u,xz,x?:fi)Hgg(IQ,mz;T—t u, ), my) dzy dm
=i

and the functions g; and h;, i = 1,2, are given in (2.11) and (2.13).

Therefore, summarizing the facts proved above, we are now ready to formulate the following

assertion.

Proposition 3.1. The rational price of the European contingent claim in (2.7) under full
information is given by the sum of the terms in (3.3), (5.6), (3.9), (3.12), (3.15) and (3.20).

4 The case of partial information

In this section, we describe the computation of conditional expectations in (2.8).

Let us proceed by computing the terms in (2.8). For this, let H(t,z;,m;, x3_;,ms_;) be a

nonnegative continuous function, for any j = 1,2 fixed. Then, using the independence of 7;

11



and (X379 M377), we see that:
Ex1,m1,$2,m2 [H(ta th7 Mtja Xt3_j’ Mtg_j) [(t <Tj N T3—j) | gg] (41)
= [(t < Tj) E$17m1,w2,m2 [H(tv thv Mtjv thij7 Mtgij) [<Mtgij > b3*j) ’ gg]

00 00
= I(t < Tj) / H(t7 Xgu Mtj) xé-j) mg-j) g3—j (:E3—j7 m3—yj; t xé-j? mg-j) d‘rg—j dmg—j
b3_;

b3,j

and

Eu’vhmhwz,mz [H(tv th7 Mtjv th_j7 Mtg_j> [(7_3—]' <t< Tj) | g?_j] (42)
- I(T?) —Jj < t 1,M1,%2, m2[H(t7XgﬂMtij37jaMtgij) I(Mt] > bj) ‘ gfij]

I(m3—; <) / / H(t,x%,m}, X2 M ])g](xj,mj,t,x],m)dx;dmg

for all 0 <t < T, where the functions g;, j = 1,2, are given in (2.11) above.

Now, taking into account Markovian structure of the process (X', M*!, X? M?), we obtain:
Em,mhwz,mz [H(tv Xg? Mtjv Xf_j7 Mt3_j) [<T3*j <t< Tj) ’ gg] (43)
0o rby; . 4
= [(t < Tj)/ / H(t,Xg,Mtj,ngj,mgfj) hgfj(ngj;'l})
0 Jo

. / / / /
X g3—j(bs—j,bg—jit —v, 23 ;,ms ;) dvdrs ;dmy_;

and
vy ez [H (6, X7, M7, X777 MP ) Iy < 75 < )| 6] (4:4)
7 < t) / / bsttXtJ,Mg,x?) sz ) hs_j(z3_450)
X g3_j(bs_j,bs_j; 75 — v, w55, my ;) dvdas jdmy
as well as

By sy [H (6, X7, M X279 M) Iy < 1y < )| G (4.5)

nggt/ //Ht,x],m X7 M) (g5 u)

x gj(by, bj; t — w, %, m’) du da’; dm)
for 0 <t < T, and the functions g; and h;, j = 1,2, are given in (2.11) and (2.13) above.
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Summarizing the facts proved above, let us formulate the following assertion.

Proposition 4.1. The rational price of the European contingent claim in (2.8) under partial
information is given by the sum of the terms in (4.1), (4.2), (4.3), (4-4) and (4.5), where the
function H is given appropriately, by the corresponding values in (3.3), (3.6), (3.9), (3.12),
(8.15) or (3.20), respectively.

5 Some examples

In this section, we derive explicit expressions for rational prices of the European exchange

(Margrabe) options, in the considered model with random dividends, under full information.

In order to give an illustrating example, let us provide computations for the first term in the
expression in (2.7), for the payoff function C(s1,$2) = (s1 — s9)", s; > 0, i = 1,2. The other
terms in (2.7) can be computed similarly. It is easily seen from the structure or the processes
S and X' in (2.3) and (2.1) that, in that case, for each T' > 0 and the starting values s;, z;,
i =1,2, we have Cyo(T,y, 2) = (D)T,y) — D3(T, 2))*, where Di(T,x) = s;(x/z;)% 0T and
a; = 0;/0; and Bio = 0:0;/2 — om;/0; — 07/2 — b;0, i = 1,2, as above. It thus follows from
(3.1) that:

E:v17m1,w2,m2[(D(1)(T> X%) - D(2)<T7 XYQ“))+ I(T <7 A 7_2) | gt] (51)
= 1(t <71 AT2) By iy aamo (D (T, X3) — DT, X)) I(T < 71 A1) | Gy
= I(t<TAT) EthyMtl,th’Mtz[(Dé (T', X12) — DT, Xa.) " I(T' < 7] A7)

for all 0 <t <T'. Hence, we have from (3.2) that:

E$17m17x27m2 [(Dé(T/a XJI“’) - D(z)(Tla Xiz“’))+ ](T/ < T{ A Té)] (52)
= By oy onma (Do (T, X0) — DT, X3.)) (M7, > by, M7, > by, D(T', X1.) > Da(T', X2,)]

for x; >m; >b; >0, 1=1,2.
Let us now observe that, following the line of the arguments from [12; Theorem A.6.1], it is
shown that there exists a probability measure p being locally equivalent to P on the filtration

(Gi)i>0 and such that its density process is given by:

2

dP’ = exp (O‘i Wi — % t> (5.3)

dP

Gt
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for all ¢ > 0 and every i = 1,2. Then, by Girsanov’s theorem (see, e.g. [8; Theorem 6.3]),
we may conclude that the process W' = (ﬁ//ti)tzo, defined by W; = W} — o;t, is a standard
Brownian motion under the measure P°. Note that, since the processes W%, i = 1,2, are
assumed to be independent, the process W3~% remains a standard Brownian motion under ﬁ,

for every i = 1,2. Hence, it is seen from (2.1) that the process X' has the expression:

2

A b .
X{ = x; exp ((m + 0;6; — EZ> t+0; W;) (5.4)

for every ¢ = 1,2. We also note that, using the explicit expression in (2.1), we obtain from

(5.3) that: N
dP
dP lg,

— e(Biot+dio)t (ﬁ)al (5.5)

T

for all ¢ > 0.
Taking into account the structure of the processes X and S® in (2.1) and (2.3), we therefore

conclude from (5.1)-(5.2) and (5.5) that the expression in (3.3) takes the form:
Exl,m1,I2,m2[(Dé(Ta Xf%“) - DS(T7 X%))+ [(T <7 A 7_2) ‘ gt] = [(t <7 A 7_2) (56)
X (Stl 6_51’0(T_t) ﬁ)lfl M17Xt2,Mt2<M71“—t > b17 Mi%—t > b27 Dé(T —t, XTI“—t) > D(Z)(T —t, X%—t))
— 52 g7020(T—1) P§1 anxzae(Mi_y > by, M7y > by, Do(T — , X7._,) > Di(T — t,X%_t)))
where

X1 M X2 MQ(Mjl“ t > b1>M72“ ¢ > b2> ( —1 Xilf t) > DQ(T_t XCZF t)) (5-7)

2
N / / / / I(Do(T = t,y) > D(T — t,25) H GuXE MET —t, 2, m)) doy dm),
b1 b1 b2 b =)

with the functions gj, ¢ = 1,2, defined as g; in (2.11) above with p! = 7;/6; + o; — 6;/2 and
Py . =m3_;/03_; —03_;/2 in place of p;, for every i =1,2.
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