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On arbitrage and Markovian short rates
in fractional bond markets

Pavel V. Gapeev*

We study a bond market model and related term structure of interest
rates driven by a fractional Brownian motion with self-similarity parameter
H € (1/2,1). We present a criterion on the deterministic forward rate
volatility under which the short rate process is Markovian and construct
an admissible self-financing portfolio realizing an arbitrage opportunity.

1. Introduction

One of the interesting problems in financial mathematics is the developing of stochastic
theory of interest rates and related bond market models. The general methodology for studying
term structures of interest rates proposed by Heath, Jarrow and Morton [13] was based on the
investigation of a model with forward rates driven by a multi-dimensional Wiener process. This
model was extended by Bjork, Kabanov and Runggaldier [1], who supposed the driving process
to be a sum of a diffusion and a marked point process having finitely many jumps on finite time
intervals, introduced the notion of admissible self-financing portfolios and studied the questions
of absence of arbitrage and existence of equivalent martingale measures on bond markets.

Another question of interest is to find conditions under which the short rate process is
Markovian, since in that case the bond price gets a simpler representation. This question for
the bond market model driven by a Wiener process was studied by Carverhill [3]. It was proved
that the short rate process is Markovian within the Heath-Jarrow-Morton framework with a
deterministic volatility function if and only if this volatility factorizes into a product of two
functions only depending on the current time and maturity time, respectively. This result was
generalized by Eberlein and Raible [8] and Kiichler and Naumann [15] for models driven by
Lévy processes, and by Gapeev and Kiichler [11] for mixed jump-diffusion models.

In the recent years fractional Brownian motion was used for modelling assets on financial
markets. Originally introduced and studied by Kolmogorov [14] this process was named by
Mandelbrot and van Ness [19]. For a complete study of the properties of fractional Browinan
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motion we refer to Decreusefond and Ustiinel [6] and Samorodnitsky and Taqqu [25]. Being a
non-semimartingale fractional Brownian motion implies the existence of arbitrage opportuni-
ties in the related financial market models. Rogers [23] proposed an arbitrage strategy based
on the self-similarity of this process and the derived in [19] representation with respect to a
Wiener process on an infinite time interval. Shiryaev [26; Chapter VII, Section 2c| (see also
Dasgupta and Kallianpur [7]) presented an explicit (self-financing) portfolio realizing an arbi-
trage opportunity by means of the pathwise stochastic integration (cf. Follmer [9], Follmer,
Protter and Shiryaev [10], Lin [17] and Zahle [31]). The question of the existence of arbitrage
in models with fractional Brownian motion was also studied in Salopek [24], Norvaisa [22],
Sottinen [27] and Cheridito [4]. Valkeila [30] presented some analytical results for geometric
fractional Brownian motion and introduced the notion of average risk neutral measure for a
fractional stock market. For a complete review of results on financial market models driven by
fractional Brownian motions we refer to Sottinen and Valkeila [28]-][29].

In the present paper we consider a bond market model and a term structure of interest rates
of Heath-Jarrow-Morton type driven by a fractional Brownian motion with self-similarity pa-
rameter H € (1/2,1). We give a necessary and sufficient condition on the deterministic forward
rate volatility under which the short rate is a Markov process. The Markov property of the
short rate implies the simplification of conditional expectation in the corresponding prediction
formula for the bond price under an average risk neutral measure. Moreover, the Markovian
short rate being the same time a Gaussian process often turns out to be a semimartingale.
(For a criterion for a Gaussian process with stationary increments to be a semimartingale see
Cheridito [5].) By constructing an explicit admissible self-financing arbitrage portfolio we show
that a bond market model with the short rate being a semimartingale can admit an arbitrage
opportunity.

The paper is organized as follows. In Section 2 we formulate a fractional bond market model
with the corresponding term structure of interest rates. In Section 3 we derive a prediction
formula for the bond price under an average risk neutral measure. In Section 4 we prove a
criterion for the short rate to be Markovian in the case of deterministic forward rate volatility.
In Section 5 we construct an admissible self-financing portfolio realizing arbitrage.

2. The fractional bond market model

Suppose that on some stochastic base (€2, F, (F;)icpo,r+, @) with a fixed time horizon T >
0 there exists a fractional Brownian motion Z = (Zt)te[o,T*] with self-similarity parameter
(Hurst exponent) H € (1/2,1), i.e. it is a continuous Gaussian process with E[Z;] = 0 and
E(Z,Z) = (Jt|* +|s|*" —|t—s[*")/2 for all t,s > 0, and let (F;)ieo,r+) be its natural filtration:
Fi=0{Z:;]0 < s <t}, te€[0,T*]. Note that a fractional Brownian motion with H € (1/2,1)
is a Dirichlet process (i.e. a process with sample paths of zero quadratic variation) and fails to
be a semimartingale or a Markov process (see e.g. [18; Chapter IV, Section 9]).

Let us consider a term structure of bond prices {P(t,T)|0 < ¢t < T < T*} where the
(positive) process P = (P(t,T"))co,r) satisfying the normalization condition:

P(T,T)=1 (2.1)
denotes the price of a zero coupon bond at time ¢ maturing at time 7" for each T € [0,7T"].
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Assuming that for fixed ¢ € [0, 7] the bond price P(t,T) is (Q-a.s.) continuously differentiable
in the variable T" on [0,77], let us introduce the corresponding term structure of interest rates
{f(t, T)]0<t<T <T*} where:

0
FT) = — logaP]St,T)

is the instantaneous forward rate contracted at time ¢ for maturity 7". On the other hand,
integrating equation (2.2) and using condition (2.1), we get:

(2.2)

P(t,T) = exp (— /t ' F(t, ) du) (2.3)

forall 0 <t < T < T*, and hence, we see the one-to-one correspondence between the bond
prices and the forward rates. Let us also define the short rate process r = (7(t))tco,r+] by:

r(t) = f(t,t) (2.4)

being the forward rate at time t for maturity ¢, and the associated with it money account

process B = (B()icor) by |
B(t) = exp ( /O r(s) ds) (2.5)

playing the role of numéraire in the model.
We will assume that for fixed T' € [0,7] the forward rate process f = (f(t,T))cio,1] is
given by the expression:

f(t,T)= f(0,T) +/O a(s,T) ds—l—/o o(s,T)dZ (2.6)

so that the short rate process (2.4) takes the form:

r(t) = f(0,t) + /Otoz(s,t) ds + /Otcr(s,t) dZ, (2.7)

where «(t,T) and o(t,T) are deterministic continuous functions on the triangle {(¢,7) |0 <
t <T <T*} such that the condition:

T T T
/|a(t,T)|dt+/ / ot T)o(s, T)| |t — 8|22 ds dt < o (2.8)
0 0 0

holds for all 0 < T < T™, and hence, the integrals with respect to dZ, are well-defined in the
sense of L*(Q), F, P) (see [21; Section 2] and references therein). We will also suppose that we
are allowed (by the regularity of the functions) to interchange the order of integration.

Integrating expression (2.6) and applying arguments from [1; Section 2|, we easily get that
the bond price (2.3) admits the representation:

P@,T) :%exp (- /tT /Otoz(s,u) dsdu—/tT /Ota(s,u) dZ, du) (2.9)

—P(0,T) exp (/Otr(s)ds—/Ot/sTa(s,u)duds—/Ot/STo(s,u)dudZs>.



3. The prediction formula

In order to derive the corresponding prediction formula for the bond price we will use the
fact that the process Z = (Z;);cjo,r+ admits the representations:

t t
Z, =2H(H —1/2) / / sH=12(s —w)H=3/2 ds d M, (3.1)
0 u
t

:2H(H—1/2)/ sHl/Q/ (s —u)"=3/2dM, ds
0 0

(cf. [21; Theorem 5.2]), where the process M = (M;);c(o,r+ defined by:
t
M, = o / S12H (g GV2H g (3.2)
0

is a fundamental martingale, i.e. a continuous Gaussian martingale with independent incre-
ments such that F[M;] = 0, (M), = c3t* 27 2 =T1(3/2 - H)/(2HT(3 — 2H)['(H + 1/2)),
whose natural filtration coincides with (F)scpo,r+ (see [20] and [21]).

For simplicity, we will assume that @) is an average risk neutral measure, or in other words,
the discounted bond price process (P(t,T)/B(t))icjo,r) has constant expectation under Q:

- [P(t,T)] _ P(0,T)

Bl B(0) (3:3)

for all 0 < ¢ < T (for the definition of average risk neutral measure for a fractional model of
stock market see e.g. [30] or [28]). By means of straightforward calculations it can be verified
that the formula (3.3) holds if in (2.9) we take:

t2H71

2H

a(t.T) = o(t,T) /t o (t, u) du (3.4)

forall 0 <t < T <T* (compare with the formula (25) in [13] or with (24) in [1]). Hence, from
(2.9) and (3.4) it follows that the bond price P(t,T') takes the expression:

P(t,T) = XD g [exp (— /t Tr(s) ds) )ft} (3.5)

where we set:

K(,T) :/tT/STU(s,u) /Sua(s,v) dv du 32221 ds—/ot/sTJ(s,u) dudZ,+ LIt T) (3.6)

" LU, T) = —log E [eXp (— /OT /STa(s,u) dudZs) )]—}} . (3.7)

We will call expression (3.5) the prediction formula for the bond price process (P(t,T))tcio,r
under the average risk neutral measure @ (for a prediction formula for fractional Brownian
motion see [12] and for the corresponding prediction formula for stock price see [30] or [28]).
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To compute the conditional expectation in (3.7), using the representation (3.1), we get:

t t s
/ o(s,1) dZ, — 2H(H — 1/2) / o (s, 1) 1112 / (s — w)T3/2 40, ds (3.8)
0 0 0
t t t
=2H(H — 1/2)/ / o(s,t) s 12(s —u)T=32 dsdM, = / v(u, t) dM,
0 u 0

where we set:

v(t,T) =2H(H —1/2) /T o(s,T)s"12(s — t)H=3/2 s (3.9)

for all 0 <t < T < T*, and by virtue of the assumption (2.8), we may conclude that:

/T\a(t,T)\dt+/T72(t,T) d(M), < oo (3.10)

holds for all 0 < 7" < T*. Then changing the order of integration, we obtain:

/OT /STO(S,U) dudZ, = /OT /Ou o(s,u)dZ,du (3.11)
:/T/u7(57u)dMst=/T/Tv(s,u)dudMs

and hence, the function L(t,T) takes the form:
2

L(tT) // (5, ) du dM, —-/ (/STV(s,u)du> d(M),. (3.12)

Finally, changing the order of integration, we get:

T T
/ (s — t)l/Q_H/ o(u, T) uf =12 (u — )3/ du ds (3.13)
: T ’ u
= / w12 6 (u, T) / (u— )32 (s — )27 H ds du
t ¢

and therefore, using the fact that the last inner integral in (3.13) equals I'(H —1/2)['(3/2— H)
(cf. [21; Lemma 2.2]), we obtain:
2

L T) = /Oté(s,t;T) iz, — %/tT (/ST’y(s,u) du> d(M), (3.14)

where we set:

gl/2-H d [t o (T
5(S’t;T):_2HF(H—|—1/2)F(3/2—H)%/s(v_s) / /v (v, u) du dv (3.15)

forall 0 < s<t<T.

Remark 3.1. We observe that from the arguments above it follows that in the case when
the condition (3.4) is satisfied the bond price process (P(t,T"))cj0,7] can be equivalently defined
by the expression (3.5). We also note that if the short rate (r(t))ico,r+) turns out to be an
(F:, Q) - Markov process, then from (3.5) we get that the bond price admits the following
representation:

P(t,T) = KD g [exp (— /t T?"(s) ds) )r(t)} . (3.16)



4. Markovian short rates

In order to study the question of the short rate being Markovian, let us first define the
process X = (X(1))cjo,r+ by:

X(t) = /O o(s.t) dZ. (4.1)

which, by virtue of the arguments in (3.8), takes the form:

X(t) = /0 (s 1) M, (4.2)

with (¢, T) given by (3.9) and satisfying (3.10) for all 0 < T < T*.
We continue with formulating two assertions being extensions of the corresponding results
in [3], [8] and [15] (see also [11]).

Lemma 4.1. Let (X (t))icpor+ be an (Fi, Q) - Markov process. Then for all 0 <T < .S <
T there is a measurable function G such that:

/Om(t, S)dM, =G (/OTW, T) th> (@Q — as.). (4.3)

Lemma 4.2. Let (M) be a fundamental martingale. Suppose that f(t) and g(t) are
continuous functions on (0,T), and for a measurable function G we have:

/OT ft)dM, = G (/OTg(t) th) (Q — a.s.). (4.4)

Then there is a constant ¢ € R such that f(t) =c-g(t) forall 0 <t <T.

Since the process (M;)icjo,r+ is a Gaussian martingale with independent increments and
the assumption (3.10) is satisfied for all 0 < 7" < T*, the proofs of these two assertions can be
done by means of the same arguments as in [8; Lemma 4.2] and [15; Lemma 3.1], respectively.

Now we formulate and prove the criterion for the short rate to be Markovian. Actually, we
extend the results of [3], [8], [15] and [11] to the case where the forward rate is driven by a
fractional Brownian motion.

Theorem 4.3. Suppose that t — o(t,T) is a continuous function not identically zero for
all T € (0,T*]. Then the short rate process (r(t))icp,r+ is Markovian if and only if there exist
continuous functions n(t) and ((T) > 0 for 0 <t < T < T* such that o(t,T) admits the
representation:

$1/2—H

d " 1/2-H
o(t,T)= “SHT(H + 1/2T(3/2 — ) E/t (s — )2 p(s)ds - {(T). (4.5)

Proof. (i) Let us first assume that (r(t)).cpo,r+) is a Markov process. Then by virtue of
(2.7) so is the process (X ())co,r+], and Lemma 4.1 shows that for each 0 <7 < S < T there
is a measurable function G such that (4.3) holds.




Let us fix some T € (0,7*]. Then applying Lemma 4.2 to the functions ¢ — ~(¢,7*) and
t — ~(t,T), we get that there exists a function (7', 7*), not depending on ¢, such that:

V(6 TY) = &(T,T7) -~(t,T) (4.6)

for all 0 <t < T < T*. Since for each T € (0,7*] the function ¢ — o(¢,T") is not identically
zero, so is the function t — ~(¢,T'), and thus, there exists some ¢ € (0,7) such that (¢, T) # 0.
Hence, the expression (4.6) implies that (¢, 7*) # 0, so that {(T,7*) # 0 for all T € (¢t,T%].
(Otherwise, if ~v(t,7*) = 0, then &(7,7*) = 0, and from (4.6) it follows that the function
t — ~(t,T*) is identically zero, which is a contradiction.) Since these arguments can be
realized for each T € (0,7*], we may conclude that (T, 7%) # 0 for all T' € (0,7™].

Thus, setting n(t) = v(¢t,7%) and ((T) = 1/&(T,T*), we get the decomposition:

Y&, T) =n(t) - ¢(T) (4.7)

and hence, combining (3.9) with (4.7), we obtain that the expression:
T
2H(H — 1/2)/ o(s,T) s 12(s = t)1=3/2ds = n(t) - C(T) (4.8)
t

holds for all 0 <t < T < T*. We also observe that in this case without loss of generality we
may assume that ¢(7") > 0 for all T' € (0, 7*]. The continuity of the functions n(t), t € (0,7,
and ((T), T € (0,T7%], directly follows from the continuity of ~(¢t,7), 0 < t < T < T*.
Therefore, using the formula (3.13), from (4.8) by means of the same arguments as in Section 3
above we obtain that o(t,7") is given by (4.5).

(ii) In order to prove the inverse assertion let us now assume that the function o(¢,T)
satisfies (4.8) with some 7(t) and {(T") > 0 and set:

tH*l/Q

t
t) = 1-2H (4 _ \H-3/2 ds. n
A 2H(H — 1/2)I'2(H — 1/2)T'2(3/2 — H)/o § (t—s) n(s)ds (4.9)
Then changing the order of integration, we get:
t s
/ (t— 5)1/2_H/ w2 (s — )32 p(u) duds (4.10)
0 0

t t
= / u' 2" n(u) / (t — )2 H (s — )32 ds du
0 u

and thus, using the fact that the last inner integral in (4.10) equals I'(H —1/2)I'(3/2 — H), by
means of straightforward calculations we obtain:

d t
n(t) = 2HT(H +1/2)T(3/2 — H) t*#~! E/ sV2H(E — )21 B(s) ds. (4.11)
0
Substituting the expression (4.11) for 7n(t) into (4.5), we get that o(t,T) takes the form:
o(t,T) = w(t, T; 5()) - C(T) (412)
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where we set:

T s
k(t,T; () = —t/* 1 %/ ds s (s — t)V/2-H d%/o duu?> H(s — )Y 1 B(u). (4.13)
t

It therefore follows that the process (4.1) admits the representation:

X(t) =) /Otﬁ(s,t;ﬁ(-)) dz, (4.14)

from where, by virtue of [16; Lemma 4], we obtain that the process (X (t)/((t))icpo,r+ is a
Gaussian martingale (with independent increments). Hence, we may conclude that (X (t))scpo,r+]
is Markovian and so is the process (7())co,r+. O

Remark 4.4. Observe that if in (4.12) - (4.13) we have [(t) = [ = const for all 0 < t <
T < T*, then by means of [16; Example 1] (see also [21]) we get that the volatility o(¢,T)
takes the form:

I'(3/2 — H)I'(2H + 1) sin(nH) J1/2-H

SHT(H + 1/2) (T —t)'* - ((T). (4.15)

o(t, T)=p

5. Portfolios and arbitrage

Following the arguments in [1], [2] and [26; Chapter VII, Section 5] we now introduce
the notions of admissible self-financing portfolios for the bond market model introduced in
Section 2. For this, let us introduce the discounted bond price process P = (P(t,T))icpo.]
defined by P(t,T) = P(t,T)/B(t) for all 0 <t < T <T*. We will consider only the so-called
Markovian type portfolios, i.e. depending only on the current prices of bonds.

A pair ™ = (g¢, hi(dT))sepo,r+) Will be called a portfolio on the fractional bond market when
for each Borel set A C [t, 7] fixed g, = g,(P(t,-)) and hy(A) = h(P(t,-), A) are C'-functions
of P(t,-), and for each P(t,-) fixed the function h,(dT) = h,(P(t,-),dT) is a signed (finite)
Borel measure on [¢t,7*]. Here g; denotes the number of units held in the money account B,
and h;(dT") denotes the number of bonds P(t,-) with maturities in the interval [T,7T + dT
held in the portfolio 7 at time .

A portfolio m = (g4, hi(dT'))tejo,r+) is said to be feasible if the conditions:

/OT* (!gt! + /tT* la(t, T)] \ht(dT)]) dt < oo (5.1)

and T* T* T* T*
/ / / |a(t,T)|\ht(dT)]/ l0(s5,9)| |he(dS)| [t — s 2dsdt < 00 (5.2)
0 0 t s

hold (for the integration of measure-valued processes cf. [1] and [2]). We will say that a feasible
portfolio m = (g¢, he(dT))scjo,r+) is admissible if its value process V = (V;)iejo,r+) defined by:

VimaB@+ [ 0Ty han 53
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satisfies the condition:

Vi/B(t) =z —a (5.4)

for some a > 0 and all 0 < ¢ < T*. A feasible portfolio ™ = (g¢, h¢(dT))sejo,r+) is said to be
self-financing if the value process V' admits the representation:

T*
Vi Vo + /gsdB // dP(s, T) h(dT) (5.5)

where the integral with respect to dP(s,T) is well-defined in the pathwise sense (see e.g. [9],
[10], [17] and [31]). We will say that an (admissible self-financing) portfolio realizes arbitrage
on the time interval [0, 7] if for its value process V' the following conditions are satisfied:

Vo=0, P[Vp>0=1 and P[Vp >0]>0. (5.6)

On the given fractional bond market we now construct an arbitrage portfolio having the same
structure as the related arbitrage strategy on the fractional stock market in [26; Chapter VII,
Section 2c|. For this, let us take a portfolio 7" = (g;, hi(dT’))icpo,r+) such that:

g, = —[P(t, T*) — P(0, T")]|[P(t,T*) + P(0,T*)] (5.7)
and
h,(dT) = 2[P(t,T) — P(0,T)] 17+ (dT) (5.8)

where dp+)(dT’) denotes the Dirac measure in the point 7. Hence, the corresponding value
process V' = (V/)ie0,r+) started at V{j = 0 is given by:

T*
1
V=V dB)+ [ POTINET) = GlPT) = PO.TIBOR  (59)
t
and by means of the classical change-of-variable formula, using the fact that the sample paths of
the process (P(t,T)):cj0,r] have zero quadratic variation, we obtain that the process V' admits
the representation:

dV) = — Bz—(t)[P(t, T*) — P(0, T*)B(t))* dB(t) (5.10)
+ %[P(t, T*) — P(0, T*)B(t)|[dP(t, T*) — P(0,T*) dB(t)).

Therefore, from (5.10) it is easily seen that the portfolio 7" = (g;, h(dT"))icpo,r+ is self-financing,
and from (5.9) we conclude that it is admissible and realizes arbitrage in the sense of (5.6).

Remark 5.1. We observe that inserting the expression (4.5) for o(¢,7) into (2.7), by
means of the arguments in the part (ii) of the proof of Theorem 4.3 we may conclude that the
short rate process (r(t))ico,r+) is a semimartingale. The same time, the forward rate process
(f(t,T))tejo,r) and the bond price process (P(t,T)):co,r) are not semimartingales, and the
arguments above show that the bond market model admits an arbitrage opportunity.
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