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Non-additive disorder problems

for some diffusion processes

Pavel V. Gapeev* Albert N. Shiryaev**

We study the Bayesian problem of detecting a change in the drift rate of an observ-
able diffusion process with certain non-additive detection delay penalty criterions. We
express the Bayesian risk function through the current state of a multi-dimensional diffu-
sion process playing the role of a Markovian sufficient statistic. In the case of exponential
delay penalty costs, the optimal time of alarm is found as the first time at which the
weighted likelihood ratio hits a stochastic boundary depending on the current observa-
tions. The proof is based on an embedding of the initial problem into an appropriate
multi-dimensional optimal stopping problem and the analysis of the associated parabolic-
type free-boundary problem. We provide closed form estimates for the value function and
the boundary for that case, under certain nontrivial relations between the coefficients of

the observable diffusion.
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1. Introduction

The problem of quickest disorder detection for an observable diffusion process seeks to
determine a stopping time of alarm 7 which is as close as possible to the unknown time of
disorder (or change-point) 6 at which the local drift rate of the process changes from () to
p1(x). In the classical Bayesian formulation, it is assumed that the random time 6 takes the
value 0 with probability 7 and is exponentially distributed with parameter A > 0 given that
6 > 0. Shiryaev [22]-]23] proposed an optimality criterion for the time of alarm to minimize
a linear combination of the false alarm probability and the average time delay in detecting of
the disorder correctly, for sequences of i.i.d. observations. An explicit solution of the problem
of detecting a change in the constant drift rate of an observable Wiener process with the
same optimality criterion was derived in Shiryaev [25]-[26]. The appropriate optimal stopping
problem for the posterior probability of the occurrence of disorder was reduced to the associated
free-boundary problem for an ordinary differential operator (see also [27; Chapter IV, Section 4]
or [I7; Chapter VI, Section 22]). A finite time horizon version of the Wiener disorder problem
was studied in Gapeev and Peskir [9].

The idea of replacing the initial average time delay by a certain non-additive detection de-
lay penalty criterion was originally introduced by Shiryaev [24]. The resulting Bayesian risk
function was expressed through the current state of a multi-dimensional Markovian sufficient
statistic having state space components which are different from the posterior probability. Such
a process contained all the necessary information to determine the structure of the optimal time
of alarm (see also more recent works [29], [30] and [6]). In the case of exponential penalty costs
for a delay, it was observed by Poor [18] that the weighted likelihood ratio process turns out to
be a one-dimensional Markovian sufficient statistic, for sequences of i.i.d. observations. This
idea was taken further by Beibel [4], who solved the corresponding problem of detecting a
change in the drift rate of an observable Wiener process as a generalized parking problem.
Bayraktar and Dayanik [1] recognized the same property from the structure of the ordinary
differential-difference equation in the free-boundary problem associated with the Bayesian prob-
lem of detecting a change in the constant intensity rate of an observable Poisson process. Some
other formulations of the problem for the case of detecting a change in the arrival rate of a

Poisson process, leading to the appearance of essentially multi-dimensional Markovian suffi-



cient statistics, were recently studied by Bayraktar, Dayanik and Karatzas [2]-[3]. Extensive
overviews of these and other related quickest sequential change-point detection methods were
provided in Shiryaev [28] and Poor and Hadjiliadis [19] among others.

In the present paper, we derive stochastic differential equations for Markovian sufficient
statistics in the Bayesian disorder problem for observable diffusions with certain nonlinear
functions expressing the penalty costs for a delay in the detection of the change correctly. For
the case of exponential delay penalty functions, we make an embedding of the initial problem
into an extended optimal stopping problem for a three-dimensional Markov diffusion process,
having the posterior probability, weighted likelihood ratio, and the observations as its state
space components. We show that the optimal stopping time is expressed as the first time
at which the weighted likelihood ratio process hits a stochastic boundary depending on the
current state of the observation process only. We verify that the value function and the optimal
stopping boundary are characterised by means of the associated free-boundary problem for a
second order partial differential operator. The latter turns out to be of parabolic type, since
the observation process is a one-dimensional diffusion. We also derive closed form estimates for
the value function and the boundary for a special nontrivial subclass of observable diffusions.
The Bayesian sequential testing problem for such processes was recently solved in [10]. Another
related problem of transient signal detection and identification of two-sided changes in the drift
rates of observable diffusion processes was considered in Pospisil, Vecer and Hadjiliadis [20].

The paper is organized as follows. In Section 2, after formulating the Bayesian disorder
detection problem for observable diffusion processes, we obtain a finite-dimensional Markovian
sufficient statistic for the case in which the delay penalty cost function has the same form as
in [24] and [29]. In Section 3, for the disorder problem with exponential penalty costs for a
delay, we construct a three-dimensional optimal stopping problem and formulate the associated
free-boundary problem. We reduce the resulting parabolic-type partial differential operator to
the normal form which is amenable for further considerations. Applying the change-of-variable
formula with local time on surfaces obtained by Peskir [16], we verify that the solution of the
free-boundary problem, which satisfies certain additional conditions, provides the solution of
the initial optimal stopping problem. In Section 4, we derive closed form estimates for the value

function and the boundary, which are uniquely determined as solutions of ordinary differential



equations, under certain nontrivial relations between the coefficients of the observable diffusion.

The main result of the paper is stated in Theorem 3.3.

2. Preliminaries

In this section, we give the Bayesian formulation of the problem (see [27; Chapter IV,
Section 4] or [I7; Chapter VI, Section 22] for the case of Wiener processes) in which it is
assumed that one observes a sample path of the diffusion process X = (X;):>o with the drift
rate changing from po(z) to ui(x) at some random time 6 taking the value 0 with probability

7w and being exponentially distributed with parameter A > 0 under ¢ > 0.

2.1. (Formulation of the problem.) For a precise probabilistic formulation of the Bayesian
disorder detection problem, suppose that all the considerations take place on a probability
space (€, F, P,) where the probability measure P, has the structure:

Pr=aP’+ (1 - w)/ e P* ds (2.1)
0
for any m € [0,1]. Let 6 be a nonnegative random variable satisfying P.(# = 0) = 7 and
P.(0 >t]0>0)=e* forall t >0 and some A > 0, and let W = (W,);>0 be a standard
Wiener process started at zero under P, . It is assumed that 6§ and W are independent.
Suppose that we observe a continuous process X = (X;)¢>o solving the stochastic differential

equation:
dX; = (,uo(Xt) +1(0 <t)(u1(Xy) — ,uO(Xt))) dt + o(Xy)dW, (Xo=x) (2.2)

where p;(z), i = 0,1, and o(z) > 0 are some continuously differentiable functions on (0, c0).
For simplicity of exposition, we assume the state space of the process X to be the positive
half line (0, 00), since that is the case in the examples considered below. It thus follows from
[14; Theorem 4.6] that the equation in (2.2)) admits a unique strong solution under 6 = s, and
hence, P,(X € - |0 =s) = P*(X € -) is the distribution law of a time-homogeneous diffusion
process started at some = > 0, with diffusion coefficient o?(z) and the drift rate changing from
po(x) to py(x) at time s € [0,00]. It is assumed that the time of disorder 6 is unknown, that

is, it cannot be observed directly.



Being based upon the continuous observation of the process X, our task is to find among
the stopping times 7 of X (i.e., stopping times with respect to the natural filtration F; =
0(X5]0 < s <t) of the process X, for t > 0) an optimal time 7, at which an alarm should be
sounded as close as possible to the unobservable time #. More precisely, the problem consists

of computing the Bayesian risk function:
V.(r) = inf (pw(f <0)+ E,[F(r - 0)I(r > 9)]) (2.3)

and finding the optimal stopping time 7,, called the w-Bayes time, at which the infimum is
attained in (2.3). Here, Pr(7 < 6) is the probability of a false alarm and E[F(r—6)I(T > 0)]
is the average cost of delay in detecting of the disorder correctly (i.e. when 7 > ), where the
delay penalty costs function F'(t) satisfies the conditions F'(t) > 0 for t > 0 and F(t) = 0 for
t <0.

2.2. (Markovian sufficient statistics.) By means of the standard arguments from [24] (see
also [29]), it is shown that the expectation in (23] admits the representation:

0 <ul|F,;)
ou

EL[F(r—0)I(r > 0)] = E, | F(r) P,(0 = 0| F,) + /0 Fir —u) 2 du|  (24)

under the assumption of continuous differentiability of the conditional probability in the in-
tegrand above. Using the fact that the probability measure P?® is absolutely continuous with
respect to P, on Jy, for any s € [0,00], by means of Bayes’ formula (see, e.g. [14; Theo-

rem 7.23]), we get that:

d(P°| Ft) Yd(P ) s
P.(0< =7 — 1-— —— e ™ ¥d 2.
0 <ul|F) Wd(Pﬂ|.7-})+( 7T)/0 AP F) e s (2.5)
holds for all 0 < u <t. Moreover, we see that:
AP F) | e AP F)
P.(0>t|F) = 1—7r/ — Y e Mds=(1—m)e M =2 2.6
ORI =0 | a7 AR AT

is satisfied, where the last equality holds, since the probability measure P?® coincides with P!
on Fy, for all 0 <t¢ < s. Using the fact that, for the underlying model of (2.2)), the properties:

A(P*| F) d(Py|F) _ d(P*|F) d(P°|F) _ d(P*| F,) d(P°| F) .
d(Pr | Fy) d(P'|Fy)  d(PO|Fy) d(P'|Fy)  d(PO[F,) d(P'|F) ’
hold for 0 < s < t, we obtain from (2.5]) and (2.6) that the representation:

P.(0 <ul|F) s /“ds
mAE e = 2.
1—1II, t(1—7r+)\ o Zs (28)
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is admitted. Here, the posterior probability process I1 = (I1;);>¢ is defined by II; = P (0 < t| F)
and the process Z = (Z;)i>0 is given by:

WA(P|F) o, d(PY|F)
AP E) - AP~ R (29)

for all ¢ > 0. It thus follows from (2.8) that the conditional probability in (2.5) is continuously

Zt:

differentiable with respect to w, so that the representation of (2.4]) for the Bayesian risk function
in (2.3]) takes the form:

™

Vi(r) = inf B [(1—117) (1+F(7) z, - +A/OTF(T—U)?du>} (2.10)

— T u

for each 7 € [0,1) fixed.
Following the schema of arguments from [24] and [29], we further assume that the delay

penalty costs function is given by:

n m(k)

F(t) =YY ape®'t! (2.11)

k=1 1=1
for all t > 0, some ag;, B € R for [=1,...,m(k), k=1,...,n, and m,n € N fixed. For this

case, let us define the processes W' = (\Iff’l)tzo by:

t t—u)t Z
o A/ et | 2 2.12
! ) 7 (2.12)
for every | = 1,...,m(k) and k = 1,...,n. In this notation, we therefore conclude that the

value function in (ZI0) admits the representation:

Vi(m) = inf E, {(1 ~IL) (1 + F(7) Z, & + i %k) Chi \Ifﬁ’l)} (2.13)

k=1 I=1
with cx; = ag, (I — 1)/X, forevery I =1,...,m(k), k=1,...,n, and each 7 € [0, 1).

2.3. (Stochastic differential equations.) By means of Girsanov’s theorem for diffusion-
type processes (see [14; Theorem 7.19]), it follows that the process Z in (2.9) admits the

representation:

Z; = exp ()xt —i—/o M(X;;)z(_X/:;(Xu) dX, — %/0 /~L1(X(z;)2(—X/:;)(Xu) du) (2.14)

for all £ > 0. Then, applying It6’s formula (see, e.g. [14; Chapter IV, Theorem 4.4] or [21};

Chapter IV, Theorem 3.3]), we get that Z solves the stochastic differential equation:

pa (Xe) — po(Xy)

A% =Nt + 2,25 5

(dX; — po(Xy) dt) (2.15)
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and thus, the processes ¥*! from (2.I2) admit the representations:

Xi) — po(Xt)
0% (Xy)

(Xi) = po(Xy)
0?(Xy)

dUP = (A + (A + B) TP dt + il Wt (dX; — po(X0) di) (2.16)

AUP = (T (A4 BT a4+ 2 Wt (dX, — po(Xy) di) (2.17)

for every [ =2,... ,m(k) and k=1,...,n.
Let us now define the likelihood ratio process ® = (®,);50 by:

~ 11, s b ds
o, = =7 A — 2.18
T t<1—7r+ /OZ) (2.18)

for all ¢ > 0. Then, using Ito’s formula again, we get that the processes ® and II solve the

stochastic differential equations:

dd, = (A(l + @)+ (“1(X2(;(5°(Xt)) 1 ftét) dt + “1(X2(;(5°(Xt) O dW, (D)= ¢)
(2.19)

with ¢ =7/(1 — ), and

Xi) — po(Xi)
o(Xt)

dIl, = A(1 — II,) dt + il I,(1 — I0L) dW, (I, = ) (2.20)

where the innovation process W = (W,);>o defined by:

W= [ oy~ [ (i o ) e 2

is a standard Wiener process under the measure P, with respect to the filtration (F;)i>0,
according to P. Lévy’s characterisation theorem (see, e.g. [I14f Theorem 4.1] or [2I; Chapter IV,
Theorem 3.6]). It therefore follows from (2.21]) that the process X admits the representation:

dX; = (po(Xy) + I (11 (Xy) — po(Xe))) dt + o(Xy) dW, (X = ). (2.22)

By means of Remark to [14; Chapter IV, Theorem 4.6] (see also [15; Chapter V, Theorem 5.2.1]),
we thus conclude that the multi-dimensional process having II, Z, Wk | = 1, ... m(k),

k=1,...,n, and X as its state space components turns out to be a unique strong solution

of the system of stochastic differential equations in (2.13), (2.I6)-(217), 220) and ([2.22).

Hence, according to [I5f Chapter VII, Theorem 7.2.4], such a process turns out to be a (time-

homogeneous strong) Markov process with respect to its natural filtration, which obviously

7



coincides with (F;);>0. We may therefore conclude that the infimum in (2.13)) is taken over all
stopping times of this multi-dimensional process which plays the role of a Markovian sufficient
statistic in the problem (see [27; Chapter II, Section 15] for a discussion of this notion).

Summarizing the facts proved above, we now formulate the following assertion.

Lemma 2.1. Suppose that p;(x), i = 0,1, and o(xz) > 0 are continuously differentiable
functions on (0,00) in (2.3). Assume that the delay penalty cost function F(t) is given by
(211). Then, in the disorder detection problem of (2.3), the Bayesian risk function admits the
representation in (2.13), where the processes 11, Z and W' | =1,... m(k), k=1,...,n,
and X given by (2.2), (212), (2.14) and (2.18), form a multi-dimensional Markovian sufficient

statistic.

Example 2.2. Assume that we have F(t) = ct® in (23]), for all ¢ > 0 and some a > 0
and ¢ > 0 fixed. In this case, we see that if o« € N, then F(t) is of the type (2.11]). Hence, by
means of the arguments above, it is shown that the Bayesian risk function in (2.13]) admits the

representation:

Vi(r) = inf B, [(1 —1I,) (1 +eZ. 7 T tel(a+1) ai:l \I’i’ﬂ (2.23)

— T
=1

where I' denotes the Euler Gamma function. Otherwise, if a > 0 but « ¢ N, then the delay
penalty costs function F'(t) cannot be expressed in the form of (2.I1]) with a finite number of

summands.

Example 2.3. Assume that we have F(t) = c¢(e® — 1) for all ¢ > 0 and some ¢, > 0
fixed (see [24; Example 4], [18], [4] and [1]). Then, it is shown by means of standard arguments
from [I] that the Bayesian risk function in (2.3]) admits the representation:

Vi(m) = inf E, {1 — I, + / (1 —1I;) cad, dt} (2.24)
T 0

where the infimum is taken over all (F;);>o-stopping times such that the integral above has a

finite expectation. Here, the weighted likelihood ratio process ® = (®;);>¢ is defined by:

Zy T t e
=2 (1 L /0 - du) (2.25)

for all £ > 0, and, according to It6’s formula and the expressions in (2.I5]) and ([2.22), solves




the stochastic differential equation:

P, = <>\ + (A +a)®, + (“l(X’g (;(SO(X”) 11, cbt) dt + “1<X‘2 (;(SO(X” Oy dW, (D = ¢)
(2.26)

with ¢ = 7/(1 — 7). In this case, the process (II, ®, X') turns out to be a three-dimensional

Markovian sufficient statistic.

Example 2.4. Assume now that we have F'(t) = ct for all £ > 0 and some ¢ > 0 fixed (see
[25], [26], [27; Chapter IV] and [I7; Chapter VI, Section 22]). Then, it is shown by means of
standard arguments from [27; Chapter IV, Section 3] that the Bayesian risk function in (2.3)

admits the representation:

T 1 e
V() = inf B, [1 — 1L, + / Il dt} = inf £, [ — + / il dt} (2.27)
T 0 T 1+, o 1+ &

where the infimums are taken over all stopping times of the processes Il or ® such that the
integrals above have finite expectations. In this case, by virtue of the one-to-one correspondence
in (ZI8), the processes (II, X) and (®, X) turn out to be equivalent two-dimensional Markovian

sufficient statistics.

3. The case of exponential delay penalty costs

In this section, we formulate and prove the main assertions of the paper related to the

disorder detection problem with the exponential delay penalty costs indicated in Example 2.3.

3.1. For the Bayesian disorder detection problem of (2.24), let us consider the following

extended optimal stopping problem:
Vi(m, ¢, x) = 1inf Er 4, {1 — 1L + / (1 —1I;) cad, dt (3.1)
T 0

where Py 4, is a measure of the diffusion process (II, ®, X') started at some (7, ¢, x) € [0,1] X
[0,00) x (0,00) and solving the three-dimensional system of equations in (2.20), (2.26) and
222). The infimum in (B30 is therefore taken over all stopping times of (II, ®, X) such that
the integral there has a finite expectation. By means of the results of general theory of optimal

stopping (see, e.g. [27; Chapter III] or [I7;, Chapter I, Section 2.1]), it follows from the structure



of the reward functional in (3.]) that the optimal stopping time is given by:
Ty — mf{t Z 0 ‘ ‘/*(Ht, (I)t,Xt) =1- Ht} (32)

whenever the integral above has a finite expectation, so that the continuation region has the

form:

C,={(m, ¢,x) € [0,1] x [0,00) x (0,00) | Vi(m,d,2) < 1 —7}. (3.3)

3.2. In order to specify the structure of the stopping time in ([3.2)), let us fix some (7, ¢, z)
from the continuation region C, in (B.3]) and denote by 7. = 7.(7, ¢, z) the optimal stopping
time in the problem of (B.I]). Then, by means of the general optimal stopping theory for Markov
processes (see, e.g. [27; Chapter III] or [I7; Chapter I, Section 2.2]), we conclude that:

Vi, dy2) — (1 —7) = By {1 ST+ /OT*(1 _1L,) cad, dt} (-7 <0 (3.4)

holds. Hence, taking any ¢’ such that ¢ < ¢ and using the explicit expression for the process
¢ through its starting point ¢ = 7 /(1 —n) in (225), we obtain from (B1I) that the inequalities:

Vim,¢',x) = (1 —7) < Er g2 {1 — 1L, + /T*(l — IL;) cad, dt} —(1—=m) (3.5)
0

S E7T7¢7SC |i]- - HT* + / (]. — Ht) CO(@t dt:| — (1 — 7T)
0

are satisfied. Thus, by virtue of the inequality in (3.4]), we see that (w,¢',z) € C,. Taking
into account the multiplicative structure of the integrand in (B.1]), we can therefore extend the
approach used in [18], [4] and [I], and further assume that there exists a function g.(z) such
that 0 < g.(z) < 1 for x > 0, and the continuation region in ([3.3]) for the optimal stopping
problem of (3] takes the form:

Cy ={(m ¢,x) € [0,1] x [0,00) x (0,00) [ ¢ < gs()} (3.6)
and thus, the corresponding stopping region is the closure of the set:
D* = {<7T7¢7 LE‘) S [07 1] X [07 OO) X (07 OO) | ¢ > g*(I)} (37)

3.3. In order to describe some properties of the boundary g.(z) in (3:06)-(B.7), we follow the

arguments from [9 Subsection 2.5] and use It6’s formula to get:

t
1—Ht:1—7r—)\/(1—Hs)ds+Nt (3.8)
0
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where the process N = (N;);>¢ defined by:

_ (X)) = po(X) . %
Ny = /0 (%) (1 — IIy) dW (3.9)

is a continuous local martingale under P,. Then, assuming that the process (N at)i>o is a
uniformly integrable martingale (as it turns out to be under the assumptions of Lemma 3.2
below) and applying Doob’s optional sampling theorem (see, e.g. [14; Theorem 3.6] or [21;
Chapter II, Theorem 3.2]), we get from the expression in (B.8) that:

Eﬂ—,d)’x |:1 - HT* + / (1 - Ht) COK(I)t dt| =1—7 + Eﬂ—,d)’x/ (1 — Ht) (COéq)t - >\) dt (310)
0 0

holds for all (7, ¢, x) € [0,1] x [0, 00) x (0,00). Taking into account the structure of the reward
in the right-hand side of ([BI0), it is seen from (BI) that it is never optimal to stop when
®;, < \/(ca) for any ¢ > 0. This shows that all points (7, ¢, x) with ¢ < A/(ca) belong to the
continuation region C, in (3.3]) and (B.4G), so that 0 < A/(car) < g.(x) holds for all = > 0.

3.4. By means of standard arguments based on the application of It6’s formula, it is shown
that the infinitesimal operator Ly e x) of the process (II, ®, X) from (220), (2.26) and (222)

has the structure:

Larex) = A1 —m) % + <)\ + (A +a)d+ (W) 7T§Z5> % (3.11)
0

+ (po(@) + (ua () = po(@)) @) 5=+ (a (2) = prola) (”(1 - 07?8:5 ¢ azax)

1 () — po(z)\” ik 0 0 1 0
t3 <—a(:c) ) (7?2(1 — 7r)2w +2r(l—7)¢ 9700 + ¢ 8752) +3 o*(x) 2

for all (7, ¢,z) € [0,1] x [0,00) X (0,00).

In order to find analytic expressions for the unknown value function Vi (m, ¢, z) from (B4)
and the boundary g.(x) from (B.0)-(3.7), we use the results of the general theory of optimal
stopping problems for continuous time Markov processes (see, e.g. [1I], [27; Chapter III,

Section 8] and [I7; Chapter IV, Section 8]) to formulate the associated free-boundary problem:

(Lirox)V)(m ¢,2) = —(1 —7) cag for (m,¢,2) € C (3.12)
V(r, ¢, )| smg(e)— = L =7 (instantancous stopping) (3.13)
Vir,¢,2)=1—n for (m é,2)€ D (3.14)
Vim,¢,x)<1—x for (m,¢,3)€C (3.15)

11



where C' and D are defined as C, and D, in (3.6) and (B.7) with g(z) instead of g.(x), and
the instantaneous stopping condition in ([B.13)) is satisfied for all = € [0,1] and x > 0.

Note that the superharmonic characterisation of the value function (see [7], [27; Chapter 11,
Section 8] and [I7; Chapter IV, Section 9]) implies that Vi(m, ¢, z) from (31 is the largest
function satisfying (3.12)-(3.15) with the boundary g.(z).

Remark 3.1. Observe that, since the system in (3.12)-(3.15]) admits multiple solutions, we
need to find some additional conditions which would specify the appropriate solution providing
the value function and the optimal stopping boundary for the initial problem of (8.I]). In order
to derive such conditions, we shall reduce the operator in (3.I1]) to the normal form. We also
note that the fact that the stochastic differential equations for the posterior probability, the
weighted likelihood ratio and the observation process in (220), (2:26) and (2.22), respectively,
are driven by the same (one-dimensional) innovation Wiener process yields the property that

the infinitesimal operator in (B.I1]) turns out to be of parabolic type.

3.5. In order to find the normal form of the operator in (B.11]) and formulate the associated
optimal stopping and free-boundary problem, we use the one-to-one correspondence transfor-
mation of processes proposed by A.N. Kolmogorov in [12]. For this, let us define the process

Y = (Yy)iz0 by:

oo ®, — X (w) = po(w) w
Y, = log &, / S (3.16)

for all t > 0, and any z > 0 fixed. Then, taking into account the assumption that the functions

wi(x), i =0,1, and o(z) are continuously differentiable on (0, c0), by means of 1t6’s formula,

])dt Yo=1y)

(3.17)

we get that the process Y admits the representation:

o (X,) [u%om (X)) | 0 (ul(x) - m(m))

o (X, o o?(x)

A
Y, = | — —
dt <q)t+)\—|—oz 9

with

y =log ¢ — /1‘ Ml(wa)2zw'l;0(w> dw (3.18)

for any z > 0 fixed. It is seen from the equation in (3.17)) that the process Y started at y € R

is of bounded variation. We further assume that:

either po(z) < pa(x) or po(x) > pi(z) holds for all = > 0. (3.19)

12



In this case, it follows from the relation in (B.1€]) that there exists a one-to-one correspondence
between the processes (I, ®, X) and (II, ®,Y"). Hence, for any z > 0 fixed, the value function
Vi(m, ¢, x) from (B)) is equal to the one of the optimal stopping problem:

U*(7r, o, y) = inf Ewg,y {1 —II, + / (1 — Ht) ca®d, dt (3.20)
T 0

where the supremum is taken over all stopping times with respect to the natural filtration of
(I1, ®,Y"), which clearly coincides with (F;);>o. Here, E,,, denotes the expectation under
the assumption that the three-dimensional Markov process (II, ®,Y) from (2.I8), ([2.25) and
(BI6) starts at some (m, ¢,y) € [0,1] x (0,00) x R. It thus follows from (B.6)-(B.1) that there
exists a function h,(y) such that 0 < h,(y) < 1 for y € R, and the optimal stopping time in
the problem of (3:20) has the structure:

o= inf{t > 0] &, > h(Y;)} (3.21)

whenever the integral above has a finite expectation.

3.6. Standard arguments then show that the infinitesimal operator L ey of the process

(I, ®,Y) from ([2.20), (2:26) and ([B.I7) has the structure:

Lirey) = A1 —7) % + (A + A+ a)d+ (“1@@’58(;’/;0)(;@’ y))) mb) 8% (3.22)

1 N1($(¢7y)) - M0($(¢7y)) 2 71_2 . 28—2 S 82 ) 82
+2( o(z(o,y)) ) ( (1 )87T2+2 (1 )¢87T8¢+¢ 8(;52)
0

. (A o*(x(9.9)) [u?(fv(¢,y)) — pd(e(6,y) | O (m(w) - uo(x))
for all (7, ¢,y) € [0, 1] x (0,00) x R. Here, by virtue of the assumption in (8I9]), the expression

for z(¢,y) = x(¢,y; z) is uniquely determined by the relation in (3.I8), for any z > 0.

We are now ready to formulate the associated free-boundary problem for the unknown value

function U,(m, ¢,y) = U.(7, ¢, y; 2) from (3.20) and the boundary h.(y) = h.(y; z) from (B21)):

(LiareyU)(m,0,y) = —(1 = 7) cag for ¢ < h(y) (3.23)
U, 69| yopy =17 (3.24)
Um, ¢,y)=1—7 for ¢ > h(y) (3.25)
Ur,d,y) <1—x for ¢ < h(y) (3.26)
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where the instantaneous stopping condition in (3.24) is satisfied for all 7 € (0,1) and y € R.

Moreover, we assume that the following conditions hold:

g—gm 6,9)
oU

)

and the one-sided derivative:

=0 (smooth fit) (3.27)
$=h(y)—

(7, @, y)‘ is finite (3.28)

¢p=0+

ou

a—y(ﬂ', b,Y) exists (3.29)

¢=h(y)—

for all 7 € (0,1), y € R, and any z > 0 fixed.

We further search for solutions of the parabolic-type free-boundary problem in (3.23))-(3.26)
satisfying the conditions in (B:27)-([329) and such that the resulting boundaries are continuous
and of bounded variation. Since such free-boundary problems cannot, in general, be solved
explicitly, the existence and uniqueness of classical as well as viscosity solutions of the related
variational inequalities and their connection with the optimal stopping problems have been

extensively studied in the literature (see, e.g. [8], [5], [I3] or [15]).

3.7. We continue with the following verification assertion related to the free-boundary
problem in (3.23)-(3.29).

Lemma 3.2. Suppose that p;(x), i = 0,1, and o(x) > 0 are continuously differentiable
functions on (0,00) in (Z2). Assume that the function U(w, ¢, y; hi(y)) = (1—7)H (¢, y; hi(y))

and the continuous boundary of bounded variation h.(y) form a unique solution of the free-

boundary problem in [3.23)-(3.28) satisfying the conditions of (3.27)-(329). Then, the value
function of the optimal stopping problem in (320) takes the form:

1—m)H(p,y; ho(y)), if 0< D
Vsl 6.y) = (L=mH(d,y;hi(y)), if 0< ¢ < hi(y) (3.30)

and h.(y) provides the optimal stopping boundary for (3.21) whenever the corresponding integral
integral has a finite expectation, for all (m,¢,y) € [0,1] x (0,00) x R.
Proof. Let us denote by U(m,¢,y) the right-hand side of the expression in (3.30). Hence,

applying the change-of-variable formula with local time on surfaces from [16] to U(w, ¢,y) and
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h.(y), and taking into account the smooth-fit condition in ([3.27), we obtain:
t
U(IL, @, Y;) = Ulr, 6,y) + / (LaroyyU) (L, @, Y2) I(®, # ha (Vo) ds + M, (3.31)
0

where the process M = (M;);>o defined by:

t _ __
M, = a—U(HS, d,,Ys) P (Xs) — po(Xs) I,(1 — IL,) dW, (3.32)
g Orm o(Xs)
tou 1 (Xs) — pio(Xs) T
+ . %(qu)s’y;) O'(Xs) O, dW

is a continuous local martingale under Py 4, with respect to (F;)i>o.

It follows from the equation in (3.:23]) and the conditions of (B.25)-(3.26]) that the inequality
(LiroyU)(m, ¢,y) > —(1 — m)cap holds for any (m,¢,y) € [0,1] x (0,00) x R such that
¢ # h(y), as well as U(m, ¢,y) < 1 — m is satisfied for all (m,¢,y) € [0,1] x (0,00) x R.
Recall the assumption that the boundary h.(y) is continuous and of bounded variation and the
fact that the process Y from (B.1) is of bounded variation too. We thus conclude from the
assumption of continuous differentiability of the functions p;(x), i = 0,1, and o(z) that the
time spent by the process ® at the boundary h,(Y) is of Lebesgue measure zero, so that the
indicator which appears in (3.31]) can be ignored. Hence, the expression in (3.31]) yields that

the inequalities:
0
> U(I1,,®,,Y;) +/ (1 =1L;) ca®y dt > U(m, ¢, y) + M,
0

hold for any stopping time 7 of the process (II, ®,Y) started at (7, ¢,y) € [0,1] x (0,00) x R.
Let (7,)neny be an arbitrary localizing sequence of stopping times for the processes M.
Taking the expectations with respect to the probability measure P 4, in ([8:33), by means of

Doob’s optional sampling theorem, we get that the inequalities:
TN\Tn
Eﬂ7¢7y |:]_ — HT/\Tn + / (]_ — Ht) CO(@t dt:| (334)
0

TNATn
2 E7T7¢7y [U(HTATny ®7'/\7'7L, YT/\Tn) + /0 (1 — Ht) Ca@t dt:|

> U(ﬂ-> ¢> y) + Eﬂ,(j),y [MT/\Tn} = U(’]T, ¢a y)
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hold for all (7, ¢,y) € [0,1] x (0,00) x R. Hence, letting n go to infinity and using Fatou’s

lemma, we obtain:
Loy {1 — I + / (1 —1I;) cad, dt} (3.35)
0
> Eroy {U(HT, N +/ (1 —1I,) cad, dt} >U(m,¢,y)
0

for any stopping time 7 and all (7, ¢,y) € [0,1] x (0,00) x R. By virtue of the structure of the
stopping time in (3.21]), it is readily seen that the inequalities in (3:35]) hold with 7, instead of
7 when ¢ > h,(y).

It remains to show that the equalities are attained in (B.38) when 7, replaces 7, for
(m,¢,y) € [0,1] x (0,00) x R such that 0 < ¢ < h.(y). By virtue of the fact that the func-
tion U(m, ¢,y) and the bounded boundary h,(y) satisfy the conditions in (3.:23) and (3.24)), it
follows from the expression in (3.31]) and the structure of the stopping time in (3.21]) that the

equalities:
T« \Tn
U(HT*/\TTL7 ®T*/\Tn7 K'*ATn> + / (1 - Ht) COK(I)t dt = U(7T, ¢7 y) + MT*/\Tn (336)
0

hold for all (m,¢,y) € [0,1] x (0,00) x R and any localizing sequence (7,)n,en of M. Hence,
taking into account the assumption that the integral in (3:20]) taken up to the optimal stopping
time 7, has a finite expectation and using the fact that 0 < U(w, ¢,y) < 1 holds, we conclude
from the expression in (3.30) that the process (M, at)i>0 is a uniformly integrable martingale.
Therefore, taking the expectations in (3.30) and letting n go to infinity, we apply the Lebesgue

dominated convergence theorem to obtain the equalities:
Er sy [1 — I, +/ (1 —1I;) cad, dt} (3.37)
0

=Eroy [U(HT*,QDT*,YT*) —i—/ (1 =11 cad, dt} =U(m, ¢,y)
0

for all (7, ¢,y) € [0,1] x (0,00) x R, which together with the inequalities in (B.35]) directly

imply the desired assertion. [

3.8. We are now in a position to formulate the main assertion of the paper, which follows
from a straightforward combination of Lemma 3.2 above and the standard change-of-variable

arguments. More precisely, after obtaining the solution U, (7w, ¢,y) = (1 — 7)H.($,y; z) with
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h«(y) = h«(y; z) of the free-boundary problem in (3:23))-(3.26), which satisfies the conditions
in (327)-B29), we put y = y(m,2;2) and z = x, in order to get the solution of the initial
Bayesian disorder problem with exponential penalty costs for a detection delay stated in (2:24]).

Theorem 3.3. Suppose that the assumptions of Lemma 3.2 as well as the property in (3.19)
hold. Then, in the disorder detection problem of (2.24) and (31]) for the observation process
X from (22), the Bayesian risk function takes the form V.(w,¢,x) = Ud(m, ¢, y(o,x)) =
(1 —7m)H,. (), y(¢, x;x);x) and the optimal stopping time has the form:

T. = inf{t > 0| P, > g.(Xy)} (3.38)

whenever the corresponding integral has a finite expectation, where the boundary 0 < A/(ca) <
g«(x) is uniquely determined by the equation g(z) = h.(y(g(x),x)) = h.(y(g(z), z;x);x), for
each x > 0 fized. Here, the function U.(m, ¢,y) = (1 — 71)H.(¢,y;2) and the continuous
boundary of bounded variation h.(y) = h.(y;z) form a unique solution of the free-boundary
problem in (3.23)-(3.29), and the expression for y(¢,x) = y(¢, x; z) is explicitly determined by
the relation in (3.18), for all (7, ¢,y) € [0,1] x (0,00) x R and any z > 0 fized.

Remark 3.4. Observe that the optimal stopping time in the problem of ([BI]) does not
depend on the dynamics of the process II, so that the two-dimensional process (®, X) turns
out to be a sufficient statistic. This fact is recognized as a consequence of the structure of the
partial differential equation in (BI1))-(B12]). However, the process (®,X) is not Markovian
itself under the probability measure P, and, in order to solve the optimal stopping problem of

(B10), we need to add the component II to be able to operate with a Markov process (II, ®, X).

Remark 3.5. Note that in the disorder detection problem with the linear delay penalty
costs indicated in Example 2.4, it follows from (B.8]) that, under the assumption that the process
(Nrat)e>0 in (B9) is a uniformly integrable martingale, the equality:

1 T D 1 ™ oD, — \
EW{ = +/ Cidt]:—JrEW/ A (3.39)
1+®, Jo 1+d, 1+¢ o 1+
holds. Here, P, is a measure of the diffusion process (®, X) started at some (¢, z) € [0, 00) x

(0,00) and solving the two-dimensional system of equations in (2.19) and (222) with (2.I8).
Taking into account the structure of the reward in (2.27), it is also seen from (B.39)) that it is

never optimal to stop when CAISt < A/e for any t > 0.
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4. Conclusions

In this section, we provide closed form estimates for the value function and the stopping

boundary, for some particular cases of observable diffusions.

4.1. In order to pick up some special cases in which the free-boundary problem in (3:23)-
B29)) can admit a simpler structure, for the rest of the paper, we assume that the property:

) = 772'02(@

iz for some 1n; € R,i=0,1, suchthat ny#n and no+m=1 (4.1)

holds for all > 0. Moreover, we assume that the diffusion coefficient o(z) satisfies:
o(x) ~Agz® as x]0 and  o(z) ~ A2’ as x 7t oo (4.2)

with some Ay, A, > 0 as well as «, € R such that (1 —a)p < 0 and (1 — 8)n > 0 holds,

where we set 7 = 1/(n; —ng). Then, the process Y = (Y;)i>o takes the form:

Yt:log(I)t—%logXitzlogqﬁjt/ot((%s—l—)\jtcy)ds (4.3)
for any z > 0 fixed. It is easily seen from the structure of the expression in (4.3]) that the
one-to-one correspondence between the processes (II, @, X) and (II, ®,Y") remains true in this
case. Getting the expression for X; from (4.3 and substituting it into the equations of (2.20)
and (2.26), we obtain:

o(ze M DY)

and
o2 (ze” M DY) o(ze”™MoY)

for any z > 0 fixed. Applying [t6’s formula to the expression in (4.3) and taking into account
the representations in (2.20) and (2.22]) as well as the assumption of (4.1]), we get:

A
dy;, = (a+)\+oz> dt (Yo =vy) (4.6)
t
for all ¢ > 0. It thus follows that the infinitesimal operator L ¢,y) from (3.22) takes the form:
0 o?(ze" M) 0
Lae,y) = A1 —m) P + ()\ + A+ a)p+ m 7T¢) 8_¢ (4.7)

1 o%(ze"™om) [, 5 07 0 , 02 A 0
+§m<ﬂ (1_7T)ﬁ+27r(1_ﬁ)¢87r8¢+¢ w)"‘(g—i-)\—'—a)a—y
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for all (7, ¢,y) € [0,1] x (0,00) x R and any z > 0 fixed.

4.2. Let us now introduce a function U(,¢,y) = (1 — 7)H(¢,y) and a boundary ?L(y) as

a solution of the free-boundary problem consisting of the differential equation:

OH 1 o*(ze7™¢") ,0*H
<(A + (A +a)p) — 56 T2 e g 2 50

instead of that in ([3.23)), for each y > 0 fixed, and the conditions of (3.24))-([3.26) as well as

- AH) (p,y) = —cagp for ¢ <h(y) (4.8)

B27)-(329). The general solution of the resulting second order ordinary differential equation
in ([A8)) takes the form:

H(,y) = Coly) Ho(9,y) + Coo(y) Hoo(¢,y) — (1 + @) (4.9)

where H;(¢,y), i = 0,00, form a system of fundamental positive solutions (i.e. nontrivial
linearly independent particular solutions) of the corresponding homogeneous differential equa-
tion, and C;(y), i = 0,00, are some arbitrary continuously differentiable functions, so that
the condition in (3.29) holds. By virtue of the assumptions of (£.2) with (1 — a)n < 0 and
(1 — B)n > 0, taking into account the arguments from [10; Section 4], we can identify by
Hy(¢,y) a decreasing solution that has a singularity at zero and by H..(¢,y) an increasing
solution that has a singularity at infinity.

Observe that we should have Cy(y) = 0 in (@9), since otherwise U(m, ¢,y) = (1 —
m)H(¢p,y) — +oo as ¢ | 0, that must be excluded by virtue of the obvious fact that the
value function in ([B:20) is bounded under ¢ | 0, for any y € R fixed. Then, applying the con-
ditions of (3.24]) and ([B.27) to the function in (£9) with Cy(y) = 0, we get that the equalities:

Mo  =e @)

Cocl) Hofhs).) = 1+ B@) +1 and Coolt) Z2(003)|

hold for y € R fixed. Hence, solving the equations of ([@I0]), we get that the solution of the

system of ([A.8) with ([3.24) and [B.27)-([B.28) is given by:

H(G. ) = (14 5) + 1) 20— (14 g) (1.11)
Heo(h(y), y)
for all 0 < ¢ < h(y), where h(y) satisfies the equation:
OH. _ cHx(h(y), y)
26 Y| T A Aw) T 2
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for any y € R fixed.

Taking into account the facts proved above, let us formulate the following assertion.

Corollary 4.1. Suppose that p;(z), i = 0,1, and o(x) > 0 are continuously differentiable

functions on (0,00) in (22) such that the conditions of (313) as well as ({{-1)-(4-3) hold
with (1 —a)np <0 and (1 — )y > 0, where n = 1/(n — no). Assume that the inequalities
0< H(gb,y;/f\L(y)) = H(p,y; z;/f\L(y; 2)) <1 hold for the function in {{.11]), and the equation in
(4-12) has a unique solution. Then, using the same arguments as in the proof of Lemma 3.2

above, it is shown that the function ﬁ(ﬁ, o, y)=(1— W)f[(gb, y) with:

~ H(o, ;/}\L , if 0<Z h
6y = (9, w3 h(y)), if 0<¢ < h(y) (413)

1, if ¢>hy)

coincides with the value function of the optimal stopping problem:

U(r, b,y) (4.14)

:nﬂaWyP-nf+/<1—m>@mm—(§+a+a)%§@umﬂ@n<am»)ﬁ}
T 0 t

which corresponds to the Bayesian risk function in (2.24)). Moreover, ?L(y) = ?L(y, z) determined
by (4.19) provides a hitting boundary for the stopping time:

F=inf{t >0|®, > h(¥})} (4.15)
which turns out to be optimal in (4.14]) whenever the integral above has a finite expectation, for
any z > 0 fized.

Remark 4.2. Under the assumptions of Corollary 4.1, let us now define the function
U, ¢,y) by: A
U(m,0,y) = Er gy [1 — 11 +/ (1 —1IL;) cad, dt (4.16)
0
where the stopping time 7 is given by (4.I5]). It follows by virtue of the strong Markov property
of the process (II, ®,Y") that the value in (4.1I6]) takes the form:

U h if 0 h
(. 6.y) = (7, 0,95 h(y)), i Sci< (y) (4.17)
1 -, it ¢ >h(y)
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where the function U(m, ¢, y,ﬁ(y)) =(1—m)H (o, y;ﬁ(y)) satisfies the partial differential equa-
tion in (B.23)) for ¢ < ?L(y) Moreover, since a particular stopping time is used in (Z.I16]),
while the infimum in ([B:20) is taken over all stopping times such that the integral there has
a finite expectation, the value U(m,¢,y) provides an upper estimate for U,(m, ¢,y), for any
(m,é,y) € (0,1) x (0,00) x R. Let us set h(y) = sup{¢ > 0| H(¢,y; h(y)) < 1} for any y € R
fixed. Hence, standard comparison arguments imply that h(y) V A/(ca) < h.(y), where ﬁ(y)

is assumed to be a unique solution of the equation in ([@I2]), for each y € R.

4.3. Let us finally consider the case of linear delay penalty costs indicated in Example 2.4.

In this case, following the schema of arguments above, we obtain the corresponding equation:

8U o?(ze M N ¢* oU ¢* 0*°U co
(1+¢) (2 e—2 2) —+_—2 (¢ y):_

0¢ n2z2e 2w \ 14+ ¢ 0p 2 0¢ 1+¢

for any h(y) and each y € R fixed. The general solution of the resulting first order linear

for ¢ < h(y) (4.18)

ordinary differential equation for ¢ +— (90U /0¢)(¢,y) takes the form:

(cb, y) = W) exp ( /(Zj " A0t ) 2 du) (4.19)

(1 + ¢) u2 0'2(2’6_77yu77)
1 IN2 222y, 20 ¢ A1 IN2 22— 2mY )20
_/ cu(l+4u) 2n*z2e *My exp(—/ (1+v) 2?22 * My dv)du
0 U

(14+¢)2 o?(ze~mun) 02 o2 (ze—myn)

cb

where C(y) is an arbitrary continuously differentiable function, for each y € R and any z,w > 0
fixed. By virtue of the assumptions of (£.2]) with (1—a)n <0 and (1—8)n > 0, we see that the
term in the first line of (4.19) above tends to infinity as ¢ | 0, so that (OU/0¢)(¢,y) — Foo
as C(y) # 0, for any y € R fixed. We should thus choose C(y) = 0 that is equivalent to
the property in (B:28)). Hence, integrating the equation in (£I9]), we therefore obtain that the

solution of the system of (£.I8) with (3:24) and (3:27)-(3.28) is given by:
R(y) —2ny,,2n w 2,2 ,—2ny,,2n
/ / cul—l—u ) 2n%2 u exp _/ A1+ v) 2n2z2e * My ao) duduw
(14 w)? 0’2(26 ) u v? o?(ze=mum)
for all 0 < ¢ < h(y), where h(y) satisfies the equation:

h(y) 2 2.2 ,-2ny,,2n h(y) A1 2 2.2 ,-2ny,2n
/ cu(l+ u) areec v exp (—/ (1+v) 2y°z"e” ™o dv | du=1 (4.21)
0 u

o?(ze~mun) v? o?(ze~muym)

for each y € R and any z > 0 fixed.
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Summarising the facts proved above, let us formulate the following assertion.

Corollary 4.3. Suppose that pu;(x), i = 0,1, and o(x) > 0 are continuously differentiable
functions on (0,00) in (2.2) such that the conditions of (3.13) as well as ({{.1)-{4-3) hold
with (1 —a)np < 0 and (1 — B)n > 0, where n = 1/(m — no). Assume that the inequalities
0 < U(d,y; h(y)) = U, y; 2 h(y: 2)) < 1/(1 + ¢) hold for the function in [-20), and the
equation in ({-21) has a unique solution. Then, using the same arguments as in the proof of
Lemma 3.2 above, it is shown that the function:

N Ulp,y; h(y)), if 0<b<h
D6,y = (&, y;h(y)), if ¢ < h(y) (4.22)

1/(1+¢),  if $>h(y)

coincides with the value function of the optimal stopping problem:

Iy . 1 T C(/I;t A 8& ~ ~ ~
U(6,y) = inf B, [m + /0 (1 i (a + A) By (@) 1@ < h(m))) dt] (4.23)

which corresponds to the Bayesian risk function in (2.27). Moreover, E(y) = h(y; z) determined
by (4-21) provides a hitting boundary for the stopping time:

F=inf{t > 0|®, > h(Y;)} (4.24)

which turns out to be optimal in ([{.23) whenever the integral above has a finite expectation,
for any z > 0 fized. Here, E,, denotes the expectation under the assumption that the two-

dimensional Markov process (®,Y) from (ZI8) and (318) with ®, instead of ®; starts at some
(¢,y) € (0,00) x R.

Example 4.4. Suppose that we have o(x) = z in (@), for all x > 0, and some n; € R,
i = 0,1, where the restriction 79 + 17 = 1 is omitted. In this case, the process X in (Z2) is
a geometric Brownian motion under 6 = ¢, for every ¢ = 0,1. It is easily seen that the initial
problem of (3.]) is then equivalent to the Bayesian disorder problem for the observable Wiener
process log X with the changing drift rate from 7y — 1/2 to n; — 1/2. The latter problem
was reduced to (B.1)) and solved as an optimal stopping problem for a one-dimensional Markov

process I in [25] (see also [26], [27; Chapter IV, Section 4] or [I7; Chapter VI, Section 22]).

Remark 4.5. We finally note that the associated variational formulation of the problem

can be considered following the structure of arguments similar to the one used in [9] (see also
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[I7; Chapter VI, Section 22]). Those arguments are based on the embedding of the latter

problem into the associated Bayesian one, and then the specifying of the appropriate stopping

time for the admissible probability of the false alarm given.
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