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The Lemke—Howson algorithm is the classical method for finding one Nash equilibrium
of a bimatrix game. This paper presents a class of square bimatrix games for which this al-
gorithm takes, even in the best case, an exponential number of steps in the dintengion
the game. Using polytope theory, the games are constructed using pairs of dual cyclic poly-
topes with2d suitably labeled facets id-space. The construction is extended to non-square
games where, in addition to exponentially long Lemke—Howson computations, finding an
equilibrium by support enumeration takes on average exponential time.
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1. INTRODUCTION

THIS ARTICLE CONCERNSthe computational problem of finding one Nash equilibrium of a
bimatrix game, a two-player game in strategic form. Bimatrix games are among the most ba-
sic models in game theory. For applications of game theory, a computer program for finding
Nash equilibria simplifies the task of analyzing a game. The GAMBIT project (McKelvey,
McLennan, and Turocy (2005)) for solving games is intended as such a research tool. When

solving larger games, the running time of the computer program becomes important.

In computer science, the running time of a program is measured as a function of the size
of the input; for the problem of finding a Nash equilibrium of a bimatrix game, this is the
number of bits required to specify the payoff matrices. Problems that can be solvely-in

nomialrunning time are considered as “computationally tractable” (see Garey and Johnson
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(1979), Papadimitriou (1994%)At present, it is not known whether a Nash equilibrium of a
bimatrix game can be found in polynomial time. This has been called one of the two “most

important concrete open questions” in theoretical computer science (Papadimitriou (2001)).

A standard method for finding one Nash equilibrium of a bimatrix game is the algorithm
due to Lemke and Howson (1964), here called the LH algorithm. We present a class of
games where this algorithm takes an exponential number of steps, which shows that the
algorithm is not polynomial. The LH algorithm is a pivoting method related to the simplex
algorithm for linear programming (Dantzig (1963)). Klee and Minty (1972) constructed
linear programs for which the simplex method with a certain pivot rule takes an exponential
number of pivoting steps; similar examples have been constructed for other pivot rules (see
Klee and Kleinschmidt (1987), Todd (2001)). The LH algorithm has no choice of its pivot
rule, but a free choice, corresponding to a pure strategy of one of the players, of its first step
(the first variable “to enter the basis”). In the games constructed here, the running time of the
LH algorithm is exponential even for theestfirst choice of the algorithm. To our knowledge,
these are the first examples of this kind. Finding a Nash equilibrium in sub-exponential time

must therefore go beyond this classic pivoting approach.

When the game is zero-sum, an equilibrium is the solution to a linear program. Linear
programs can be solved in polynomial time by interior point methods (see Todd (2001)). No
interior point method is known for finding Nash equilibria. One difficulty is that the set of
Nash equilibria of a bimatrix game is generally not convex. Problems relating to that set tend
to be computationally difficult, for example the problem of deciding whether a game has a
unique Nash equilibrium (Gilboa and Zemel (1989), Conitzer and Sandholm (2003), Code-
notti andStefankovE (2005)). Finding all equilibria is therefore computationally intractable
for larger games. However, it is conceivable that one Nash equilibrium can always be found

in polynomial time.

2Polynomial-time algorithms are even more important when computing power improves, since available
computing time often determines the size of problems that are solved. As an example, consider two algorithms
which take2" and n® many steps, respectively, for an input of size The first, exponential-time algorithm
is superior to the second, polynomial-time algorithm wimeq 10. With a very slow computer where each
step takes a minute, the practical limit of solving problems may bersizelO, where both algorithms take
about 1000 steps and about 17 hours. WitB'& times faster computer where each step takes less than a
millisecond, the exponential algorithm can solve problems of size 26 in about 17 hours, but the polynomial
algorithm problems of size 400 (and it solves the problem of size 26 in 17 seconds).



Our construction uses the theory of polyhedra (see Ziegler (1995)imt@um (2003)).
This geometric view gives a good insight into the structure of Nash equilibria of two-player
games (see von Stengel (2002)). For each player, the set of his mixed strategies together
with the best response payoff to the other player is described by a polyhedron. A vertex of
each polyhedron is obtained by converting some inequalities into equations, which describe
the support of a mixed strategy and its best responses. An equilibrium is given by a “com-
plementary” vertex pair. The LH algorithm traverses “almost complementary” edges of the
polyhedra until it reaches an equilibrium.

We use a standard construction of “dual cyclic polytopes”. These are polyhedra for
which the vertex-defining inequalities are known in arbitrary dimension (Gale (1963)). This
purely combinatorial information can also be used to construct bimatrix games with many
equilibria (von Stengel (1999)).

Our work is most closely related to Morris (1994), who uses dual cyclic polytopes to
produce exponentially long “Lemke paths” on polytopes. These paths correspond to a “sym-
metric” version of the LH algorithm, which finds symmetric equilibria of a symmetric game.
The games obtained from Morris’s construction have additional non-symmetric equilibria.
The standard LH algorithm always terminates, very quickly, at such a non-symmetric equi-
librium. These games are therefore not directly useful for our purpose. After we found our
construction of long LH paths for bimatrix games, McLennan and Tourky (2005) noted an
ingenious alternative proof of exponentially long LH paths based on Morris’s construction

andimitation gamesas explained in Section 5 below.

As described so far, we construct square games that have a unique equilibrium, which is
completely mixed. The games derived from Morris (1994) by McLennan and Tourky (2005)
also have a unique, completely mixed equilibrium. The LH algorithm needs exponential
time to find it. However, the equilibrium is quickly found by a simple algorithm called
support enumeratiorfe.g., Dickhaut and Kaplan (1991), Porter, Nudelman, and Shoham
(2004), or Earany, Vempala, and Vetta (2005)). The support of a mixed strategy is the set of
pure strategies that it plays with positive probability. All pure strategies in the support of an
equilibrium strategy must have equal expected payoff. If, as here, the game is nondegenerate,

the corresponding linear equations uniquely determine the mixed strategy probabilities of the



other player. Support enumeration considers all possible supports for both players and the
solutions to the respective linear equations, and checks if these define an equilibrium. In
a square game, it is natural to test the set of all pure strategies as an equilibrium support,
which gives the equilibrium in our games. That is, our square games are not “hard to solve”
by other methods. As an additional result, we extend our construction to non-square games

whereboththe LH algorithm and, on average, support enumeration are exponential.

In Section 2, we describe a modification of the LH algorithm that finds a symmetric
equilibrium of a symmetric bimatrix game. We explain this modified and simpler LH method
because, to our knowledge, it has not been described earlier (although it is straightforward),

and because it leads naturally to the usual LH method.

Section 3 gives our construction of square games. The LH paths are defined purely
combinatorially in terms of the supports of, and best responses to, the mixed strategies that
it traces. These correspond to known binary patterns that encode the vertices of dual cyclic
polytopes. Linear recurrences for the various path lengths give rise to their exponential
growth. Ford = 2,4,6,.. ., the length of the longest path fordax d game is given by every
third Fibonacci number, which is proportional #5592, where = 1.618.. is the Golden
Ratio. Shorter path lengths are obtained by certain sums of these numbers, the shortest length
being proportional tap3d/4.

Section 4 describes how to extend the construction to non-square games, with equilibria

that are hard to find by support enumeration, as well as by the LH algorithm.

Section 5 explains how to interpret the Lemke paths of Morris (1994) as paths of the
symmetric LH algorithm described in Section 2. All ordinary LH paths for these symmetric
games are very short, and lead to non-symmetric pure-strategy equilibria. We then explain

the use of imitation games in this context, as suggested by McLennan and Tourky (2005).

In Section 6, we discuss related work on the computational complexity of linear com-
plementarity problems, which generalize the game equilibrium problem. We mention open
questions arising in that context, and give an example of a game arising from our construc-

tion.



2. GAMES, POLYTOPES AND THE LEMKE—HOWSON ALGORITHM

We use the following notation. Given a bimatrix gaf@e B) with mx n payoff matrices
A andB, a mixed strategy for player 1 is a vectoin R™ with nonnegative components that
sum to one. A mixed strategy for player 2 is such a vegtor R". All vectors are column
vectors; the row vector correspondingxds written as the transpose . The support of
a mixed strategy is the set of pure strategies that have positive probability. A best response
to y is a mixed strategy of player 1 that maximizes his expected payoffdy, and a best
response ta is a mixed strategy of player 2 that maximizes her expected payofBy. A
Nash equilibrium is a pair of mutual best responses. Best responses are characterized by the
following combinatorial condition, which we state only for a mixed strategy player 1.

LEMMA 1 (Nash (1951)): Let x andy be mixed strategies of player 1 and 2, respectively.
Thenx is a best response tpif and only if all strategies in the support afare pure best

responses tg.

A game (A, B) is symmetridf A= B", so it does not change when the players change

roles. The game of “chicken” witA=B' = (i i) Is an example. Its equilibria, in terms

of probability vectors, are the bottom left pure strategy pﬁ(ﬂ, 1)7,(1, O)T) with payoffs

4,2 to players 1 and 2, respectively, the top right pure strategy (majuo)T, (O, 1)T) with
payoffs2,4, and the mixed strategy pai(1/3,2/3)",(1/3,2/3)") with payoffs2,2. The

mixed strategy equilibrium is the only symmetric equilibrium. Its probabilities are uniquely
determined by the condition that the pure strategies in the support of the opponent’s strategy

must both be best responses (by Lemma 1) and hence have equal expected payoff.

In a mixed equilibrium, the probabilities are uniquely given by the pair of supports if
the corresponding sub-matrices have full rank; the support sizes are then equal. This holds
if the game imondegeneratedefined by the property that the number of pure best reponses
to any mixed strategy never exceeds the size of its support (see von Stengel (2002) for a
detailed discussion). The LH algorithm can be extended to degenerate games by standard
lexicographic perturbation techniques. All games considered here are nondegenerate.

By Lemma 1, an equilibrium is given if any pure strategy of a player is either a best

response (to the opponent’s mixed strategy) or is played with probability zero (by the player
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himself). This can be captured by polytopes (see Ziegler (199%zum (2003)) whose
facets represent pure strategies, either as best responses or having probability zero. We
explain first the simpler case of symmetric equilibria of a symmetric gamedwitd payoff

matrix C to player 1, say. We then extend this easily to nonsymmetric games. Let
(1) S={zeR%|z>0, Cz<1}

where0O and 1 denote vectors with all entries 0 and 1, respectively, and inequalities hold for
all components. We can assume tlais nonnegative and has no zero colulmnadding

a constant to all payoffs, which does not change the best response structure, so that the
polyhedronSis bounded and thus a polytope. We assume there are no redundant inequalities
in Cz< 1, which would correspond to dominated strategies. Then the game is nondegenerate
if and only if the polytopeS is simple that is, every vertex lies on exactty facets of the
polytope. A facetis obtained by making one of the inequalities defining the politogimg

that is, by converting it into an equality. The following lemma characterizes Nash equilibria

in terms of polytope vertices, as already shown by Vorob’ev (1958).

LEMMA 2: A mixed strategy paifx, y) is a symmetric Nash equilibrium of the ga@C")
if and only ifx=y=u-zandze Sin (1), z#0,u=1/5,z, andz' (1-Cz = 0, wherez

must be a vertex d by nondegeneracy.

PROOF. Letze S, z#0andu=1/5;z. Thenu > 0, andzuis a mixed strategy.
The conditionCz< 1 is equivalent tcCx < 1u. The orthogonality conditioa’ (1—Cz) =0
is equivalent tox" (1u — Cx) = 0, so that for each positive componeqtof x (of which
there is at least oneJCx); = u = max(Cx)x. Thus, by Lemma 1x is a best response to
itself, that is,(x, x) is a symmetric equilibrium. Conversely, any such equilibripgx), with
u= max(Cx)x > 0, andz= x-1/u, gives a vector with the stated properties.

The vectorzis ond facets ofS since for eachi, eitherz =0 or (C2); = 1. If zwas not a
vertex but on a higher-dimensional face®fany vertex of that face would be on additional
facets, contradicting nondegeneracy of the gam® asuld then not be a simple polytope.

Q.E.D.

In the game of chicken above,= (1/6,1/3)" gives the symmetric equilibrium. The

vectorz has to be re-scaled to become a mixed strategyhe equilibrium payoffu, nor-
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malized to 1 inCz< 1, is the scaling factor. The converse mapping frarto z defines
a projective transformation of a polyhedron representing the “upper envelope” of expected

payoffs to the polytop& (see von Stengel (2002)).

The conditions in Lemma 2 defindiaear complementarity probleti.CP) (see Cottle,
Pang, and Stone (1992)), usually stated as follows: Zisd that

(2 z>0, q+Mz>0, z'(q+Mz) =0,

here with dataM = —C, g = 1. This LCP has a trivial solutioz = 0, which is not a Nash
equilibrium. However is anartificial equilibrium, which is the starting point of what we
call thesymmetric LH algorithm

Given a nondegenerate symmetric gaf@C'), the symmetric LH algorithm finds a
nonzero vertex of the polytopeSin (1) so thatz' (1—Cz) = 0, giving a symmetric Nash
equilibrium by Lemma 2.

It is useful tolabelthe facets ofS, as done by Shapley (1974). For each pure strategy
the facets defined bg = 0 and by (C2); = 1 both get labei. Every vertex has the label
of the facets it lies on. The complementarity conditior{1 — Cz) = 0 then means that is
completely labeleghas all labels), since then either; = 0 or (Cz); = 1 (or both, but this
cannot occur sinc8is simple, so a completely labeled vertex has each label exactly once).

The LH algorithm is started from the completely labeled verex0 by choosing one
label k that is initially dropped meaning that labédt is no longer required. This is the only
free choice of the algorithm, which from then on proceeds in a unique manner. By leaving
the facet with labek, a unique edge is traversed whose endpoint is another vertex, which
lies on a new facet. The label, sgy of that facet, is said to bpicked up If this is the
missinglabel k, the algorithm terminates at a completely labeled vertex. Otheryise,
clearly duplicate and the next edge is (uniquely) chosen by leaving the facet that so far
had labelj, and the process is repeated. The LH method generates a sequéralkenoist
complementargdges and vertices (having all labels except possipWherek occurs only
at the starting point and endpoint). The resulting path cannot repeat a vertex as this would
offer a second way to proceed when that vertex is first encountered, which is not the case

(sinceSis simple). Hence, it terminates at a Nash equilibrium.



As in the simplex algorithm (Dantzig (1963)), edge traversal is implemented algebra-
ically by pivoting with variables entering and leaving a basis, the nonbasic variables rep-
resenting the current facets. The only difference is the rule for choosing the next entering
variable, which in the simplex algorithm depends on the objective function. Herepthe

plementary pivotingule chooses the nonbasic variable with duplicate label to enter the basis.

For nonsymmetric bimatrix game#a, B), or even for finding nonsymmetric equilibria of
symmetric games as in the game of “chicken” above, the LH algorithm is applied as follows,

which is its standard form. Let

0 () (09

The polytopeS of dimensiond = m+n in (1) is then thegroductP x Q of the polytopes
4 P={xeR"|x>0, B'x<1}, Q={yeR"|Ay<1 y>0}.

Any Nash equilibrium(x,y) of (A, B) is again given by' (1—Cz) = 0, which is equivalent

tox' (1—Ay) =0andy' (1-B"x) = 0. These conditions state thats a best response to

and vice versa, whereandy have to be normalized to represent mixed strategies. The only
difference to Lemma 2 is that this normalization has to be done separatelpifaty, rather
than for the entire vectar. It is easy to see that in equilibriusn= 0 if and only if y =0,

and then(0,0) is the artificial equilibrium.

The LH algorithm is applied as before, where a label corresponds either to a sirategy
player 1 or a strategy of player 2. These have to be distinct, so it is convenient to number
the n strategies of player 2 as+ 1,...,m+n, as suggested by Shapley (1974). A label
then represents a pure strategy that has probability zero or is a best response.i Avitbel
1 <i <mis a strategy of player 1 and determines the faget O of P or (Ay); = 1 of Q,
corresponding to the respectivil inequality in (4) that becomes binding. A labelvith
m+1< j <m+nis a strategy of player 2 and determines the fg&tx); = 1 of P or
yj = 0 of Q, which is the respectivgth binding inequality in (4).

The LH path using the edges &= P x Q is a subgraph of theroduct graphof the
edge graphs d? andQ. This means that edges are alternately travers€andQ, keeping
the vertex in the other polytope fixed. A duplicate label picked u@ irs dropped inQ



and vice versa. This is the standard view of the LH algorithm; for further details see von
Stengel (2002).

3. LEMKE—HOWSON ON LABELED DUAL CYCLIC POLYTOPES

We construct games by definirfgg and Q in (4) as the well-understood “dual cyclic
polytopes” (see Ziegler (1995) or Grtbaum (2003)), similar to von Stengel (1999). These
polytopes are in dimensiath and havef facets, wherel = mfor P andd = n for Q, and in
both cased = m+-n.

A standard way of obtaining ayclic polytopeP’ in dimensiond with f vertices is
to take the convex hull of points u(tj) on themoment curveu: t — (t,t2...,t9)T for
1<i < f. However, the polytopes in (4) are defined by inequalities and not as convex hulls
of points. In thedual of a polytope, its vertices are re-interpreted as normal vectors of facets.
The polytopeP’ is first translated so that it has the oridinin its interior, for example by
subtracting the arithmetic megn of the pointsp(tj) from each such point. The resulting
vectorsc; = U(tj) — i then define thelual cyclic polytope

P'={zeR%|¢'z<1 1<i<f}.

Both P andQ in (4) will be dual cyclic polytopes with a special order of their inequalities
corresponding to the facet labels. A suitable affine transformation, described in von Stengel
(1999, p. 560) or Savani and von Stengel (2004, Appendix A), givem P”, andQ in a
similar manner, so that the firat inequalities (for the pure strategies of player 1Pimave
the formx > 0, and the lash inequalities (for the pure strategies of player 2Qirarey > 0.
The lastn inequalitiesB"x < 1 in P and the firsim inequalitiesAy < 1 in Q then determine
the game(A,B). The game data is of polynomial sizeim-+ n, so the running time of an
algorithm with the game as input is polynomial if and only if it is polynomiaima- n.

A vertexu of a dual cyclic polytope in dimensiahwith f facets is characterized by the
bitstring u1uz - - - us of length f, with the kth bit ux indicating whetheu is on thekth facet
(ux=1) or not (ux = 0). The polytope is simple, so exactlybits arel, the otherd bits are.
Assume that; <t < --- <t when defining thekth facet of P” by the binding inequality
(U(ty) —H)z< 1. Then the vertices oP” are characterized by the bitstrings fulfilling the

9



Gale evennessondition, due to Gale (1963): A bitstring represents a vertex if and only if
any substring of the forn@1---10 has even length, s8110 01111Q etc., is allowed, but

not 010, 0111Q and so on. A maximal substring afs is called arun. We only consider
evendimensionsd, where the allowed odd runs dfs at both ends of the string can be
glued together to form an even run, which shows the cyclic symmetry of the Gale evenness
condition. LetG(d, f) be the set of these bitstrings of lengthwith d ones fulfilling Gale

evenness.

For the rest of the paper, both and n are even, anan < n. The vertices ofP and
Q are described by the sets of bitstrinG$m, m+n) and G(n,m+n), respectively. The
1's in a bitstring encode the facets that the vertex belongs to. We alsofaeeidlabels
for the complementarity condition and the LH algorithm. The facet labels are defined by
permutationd and!l’ of 1,...,m+n for P andQ, respectively. For a vertex of P, which
we identify with its bitstring inG(m,m+n), its labels are given by(k) whereu, = 1. The
kth facet of P (corresponding to th&th position in a bitstring) has labé(k) = k, sol is
simply the identity permutation. A vertexof Q is identified with a bitstring irG(n,m+n),
and its labels ar¥ (k) wherev, = 1, for 1 < k < m-+n. Thekth facet ofQ has label’ (k).
The permutation’ has the fixed point§'(1) = 1 andl’(m) = m, and otherwise exchanges

adjacent numbers, as follows:

K, k=1m,
(5) lI'(k)=<{k+(—1¥ 2<k<m-1,
k—(-1K, m+1<k<m+n.

Let I'(m,n) be a game defined in this way.

The artificial equilibriumey of I'(m,n) is a vertex pair(u,v) so thatu is labeled with
1,...,mandv with m+1,... m+n, so that we have complementarity. In terms of bitstrings,
u=1M0" (which arem ones followed byn zeros) andv = 0M1", which both fulfill Gale

evenness, and have the indicated labels uhded!’, respectively, so that
(6) e =(1"0",0M") € G(m,m+n) x G(n,m+n).

The following lemma states that in any Nash equilibriuni @i, n), player 1's strategy

has full support.

10



LEMMA 3: Consider a Nash equilibrium df (m,n), represented by a pair of bitstrings
(u,v) in G(m,m+n) x G(n,m+n). Thenu = 0"s andv = 1™ for some bitstrings andt

of lengthn.

PROOF The vertex pair(u,Vv) is completely labeled, and it is not the artificial equilib-
rium ey. Eitheruy, =1 or viy = 1. We begin with the latter case, sg, = 0. If vj,.1 =1, then
Um+2 = 0 (via complementarity, sindé(m+ 1) = m+2) soun.1 = 0 by Gale evenness, and
thusvy, 2 = 1. Continuing in that way, all’s to the right of themth bit vy, of v (which is1)
have to come in pairs. Similarly, ¥_1 = 1, thenuy_»> = 0 by complementarity, which
with uy, = 0 impliesun_1 = 0, andvy,_2 = 1. This means that th#'s to the left ofvy, come
in pairs if there is a zero to the left of them. But then the ruri'sfcontainingvy, has odd
length and must includey, ., and then it is too long. Hence, there is no zerw o the left

of v, andv = 1™ andu = O™s for some bitstrings andt of lengthn, as claimed.

In the same wawy, = 1 implies that all bits inu to the left ofuy, are 1, and, sinceu
has onlym bits equal to one, all bits to right af,, are zero, so thafu,v) = ey, which is the

artificial equilibrium and not a Nash equilibrium. Q.E.D.

COROLLARY 4: The only equilibrium of the ganie(d, d) is e; = (0919, 1909).

PROOF. Form=n=d, the verticesi andv in Lemma 3 are bitstrings containirgl’s,
so thats= 19 andt = 09, Q.E.D.

In the remainder of this section, we only consider square games wWhera=n. Then,
by Corollary 4, all LH paths, for any missing label, lead framto e;. We analyze these
paths for square games. It will then be easy to describe the LH paths for the non-square
gamed (d,2d), which are treated in Section 4.

Denote byr(d,k) the LH path with missing labék for the gamel (d,d). We regard
m(d, k) as a sequenc@®,\°) (ul,v!) --. (u-,vh) of vertex pairs irP x Q, that is, inG(d) x
G(d), whereG(d) abbreviates5(d,2d). Let L(d,k) = L be the length of that path.

As an example, Figure 1 shows4,1). The numbers at the top are the labls) and
I’(k) for k=1,...,8. The vertices of° and Q are shown as bit patterns, where for better

visual distinction of the bits a zero bit is written as a dot. The 20 steps of this path are
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FIGURE 1.—The pathri(4,1), with vertices ofP andQ as bitstrings. A dot represents a zero bit.

indicated at the side, where the odd-numbered steps change the veReand the even-
numbered steps the vertex@ Stepi changes the vertex paju'~1,v 1) to (u',V'). The
starting pointey is the vertex paigg = (u°, W) = (111100000000111). Step 1 is to drop
label 1 in P from W, so the bitug changes froml to 0. By Gale evenness, this gives the
bitstring 01111000as the new vertexit in P. In Figure 1, the bitl that is changed t®
has a little downward arrow “v” underneath it, with the new bit that changes fddm 1
indicated with that arrow above the new Hhitin the next vertex. Irul, label 5 has been
picked up, which is now duplicate and dropped from vestein Q (wherev! =\P), giving
the next vertex?> = 00011011in step 2. InP, the vertexu? is unchanged,® = ul. The new
duplicate label igt. Hence, in step 3, label 4 is droppedRngiving vertexu® = 01101100
In that manner, the path proceeds until it end&udf, v?%) = e;.

We will show that all paths can be expressed in terms of the two special padh$)
andr(d,2d). These have certain symmetries. Figure 1 illustrates the symmeirydot),

which is stated in the next lemma, fdr= 4.

LEMMA 5: LetL = L(d,1) and let(u',V) be theith vertex pair of the pathi(d,1). Then
foro<i<L, (u,v)= " u").

PROOF. The particular names of the labels do not matter, so we can re-name them for
both P andQ with the permutationt’ in (5), thekth facet inP getting label’(l (k)), which is
I”(k), and inQ labell’(I'(k)), which isl (k). But thenP andQ switch roles,g; is exchanged
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with e, label 1 stays the same, and the path backwards correspond&dtd) itself, as
claimed. Q.E.D.
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FIGURE 2.—The pathri(6,12).
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The symmetry of the patlm(d,2d) is less easy to state. Figure 2 shows this path for
d = 6. In that picture, disregard the last vertexRnand the first and last vertex {@. Then
the column labeled 2 in both P andQ has only zeros sinc#2 is the missing label. When
this column in botHP andQ is also disregarded, the bit pattern of the path shows a symmetry
in each polytope by “pointwise reflection”, where the point of reflection is in column 6
in step 18 ofP, and at the vertex that stays fixed @ during that step. The pointwise
symmetry means that in each polytope, writing each bitstring backwards, while ignoring the
bit corresponding to the missing label, gives the path in reverse direction (disregarding the
first and the last two vertex pairs). For genedathis symmetry is stated in the next lemma,
which we prove in the Appendix.

LEMMA 6: Let L = L(d,2d) and let(u',v) be theith vertex pair of the patht(d, 2d) for
0<i<L=L(d,2d). LetB(d) be the sub-patijul,v})---(u-=2,v+=2) of m(d,2d). Then
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for the vertex pairs oB(d), for 1 <i <L -2,

7 U o= ugl' (1<k<2d-1),
8 Vi o= vi'=1,
© M = vk o (2<k<2d-2),

(10) Upy = Vhy 1=0.
In (ut,v!), the duplicate label id, which is then dropped iR, and never picked up again.

The sub-pattB(d) of m(d,2d) defined in Lemma 6, and the patiid, 1), which we calll
A(d), are “building blocks” for other such paths in higher dimension, by inserting constant
bits in suitable positions. This is stated in the following central theorem. Two patrsd
M are concatenated by the following special path composition, which we denate-by.
Hereby, bothrr and 7' are paths orP x Q = G(d) x G(d). Let (u,v) be the last vertex pair
of mand let(U,V) be the first vertex pair off. Thenm+ 17’ is defined if(u,v) and (U, V)
are joined by an edge iR x Q, that is, eithe = U andv is joined toV' by an edge of, or
v=V andu is joined tou’ by an edge oP. The length of the new pattt+ 7' is the sum of

the lengths ofr and 17’ plus one; the number of itgertex pairds simply the respective sum.

THEOREM7: LetA(d) = m(d, 1) and letB(d) be as in Lemma 6. Then there are pa@{sl)
and mappingsa,B8,B8',y,y’ defined on vertex pairs, and extended to sequences of vertex
pairs, so that

(11) A(d) = B(B(d))+C(d),
(12) C(d) = a(A(d—2))+B'(B(d)),
(13) B(d) = y(A(d-2))+y'(C(d-2)).

The proof of Theorem 7 is given in the Appendix. We illustrate equation (119 feré
using Figure 3, which shows the pa#i6). Comparing Figure 2 and Figure 3, we see that
steps 1 to 33 ofA(6) look almost like steps 2 to 34 ai(6,12), which are the 33 steps of
B(6). The only difference is that iB(6), the bit inQ in column 1 is one and the bit in the
column with label 12 is zero, whereasA{6) it is the other way around. The replacement
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of these two bits is performed by the mappifigdefined in (30) in the Appendix. The path
C(d) in (11) is simply a tail segment @(d). In Figure 3,C(6) consists of steps 35 to 88 of
A(6). Step 34 ofA(6) is the edge i joining the pathy3(B(6)) andC(6), represented by
the “+” sign in (11) as defined before Theorem 7.

To illustrate equation (12), note th&(6), beginning with step 35 ofA(6), starts like
1(4,1) shown in Figure 1, which i&\(4). The bitstrings inA(4) are written backwards and
extended by inserting a zero bit at the front and adding the bits 110 at the end of the bitstring
in each polytope. This is done by the mappmmgwhich is defined in (31) in the Appendix,
as are the other mappings in (12) and (13).

Let a, be the number of vertex pairs &f2n), which is one more than the lengtki2n, 1)
of that path. Lety, andc, be the number of vertex pairs 8{2n) andC(2n), respectively.
That is,

(14) a,=L(2n,1)+1, bn = L(2n,4n) — 2 (n>1).

Then the concatenation of paths in (11) implags= b, + ¢y, in (12) ¢, = an_1+ by, and
in (13) by = an—1+ Cch—1. Moreover, the pathsi(2,1) and 11(2,4) have lengthd = a; —
1= Dby + 2. This shows that the numbebs, c1,a;1,b2, ¢y, ay, ... are the Fibonacci numbers
2,3,5,8,1321,... given by

(15) fo=1, f1=2, forr = fan+ fra (I’l > 1),
that is,

(16) an = fan, bn = fan—2 (n>1).

So both the lengths oft(d,1) and of ri(d,2d) for evend = 2n = 2,4,6,... are given by

every third Fibonacci number (minus one and plus two, respectively). These are the longest
paths. They occur several times, since, as shown h¢dt1l) = L(d,d) andL(d,d+ 1) =
L(d,d+2) =L(d,2d — 1) = L(d,2d). This is due to the symmetry of the Gale evenness
condition and of the labelings. Other patitéd, k) are given as concatenations of these
paths in lower dimension. They are characterized, for all possible missing kahielshe

following theorem.
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16



THEOREM 8: The LH path lengths for any missing label are characterizeq1ay), (15),

(16), and

(@) L(d,k) =L(d,d+1—k) andL(d,d+k) =L(d,2d+1—Kk), for 1 <k < d;

(b) L(d,k) = L(d,k+1) for evenk when2 <k < d—2, and oddk whend +1 <k <2d—1,

(c) L(d,k) =L(k,1)+L(d—k,1) forevenkand2 <k <d-—2;

(d) L(d,d +Kk) = L(k,2k) +L(d —k+2,2(d —k+2)) — 4 =by»+bg/o_k/2.1 Whenk is
evenand® <k<d-2.

The proof of this theorem, which is similar to the proofs of Lemma 6 and Theorem 7, is
given in the Appendix. Examples of paths where Theorem 8 applies can be found in Savani
and von Stengel (2004). Using (b), cases (c) and (d) cover all possible missing labels.

It is easy to see that the shortest path lengths are obtained as follavis. divisible by
four, that is,d/2 is even, then the shortest path length occurs for missing #zland is
given byL(d,d/2) = 2a4,, — 2 according to Theorem 8(c). /2 is odd, then the shortest
path length occurs for missing labatl/2, whereL(d,3d/2) = L(d,3d/2+ 1) = 2by/5,1
by Theorem 8(b) and (d). Wheah/2 is even, the path when dropping lalf# /2 is only
two steps longer than when dropping lalg® since thenlL(d,3d/2) = bq /> + by 041 =
bg/2 +a4/2+ Cy/2 = 284/2. Therefore, the shortest path results essentially when dropping
label 3d/2.

The Fibonacci numbers (15) have the well-known explicit expression (see, for example,
Graham, Knuth, and Patashnik (1994))

fo=K@"+K@", @, ¢=05+05/5  K,K=0.5+0.3V5,
where @ = 1.618... is the Golden Ratio an& = 1.170.... Then f, is K¢" rounded to
the nearest integer sinéeg" is less than 0.5 and at any rate exponentially small. By The-
orem 8(d), the sequence of shortest LH path lengit®n,3n) for n=d/2=1,2,3,... is
4,10,16,42,68,178 ..., which is the sequence of Fibonacci numbers (multiplied by two)

with every third number omitted. These shortest lengths grow with the square root of the

longest lengths, which is still exponential.

COROLLARY 9: There ared x d games, for eved, where the length of each LH path is at

least proportional top34/4.
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A construction using a similar labeling to (5) is possible for atjcdbut there the path
lengths are less symmetric than those in Theorem 8 for dvélle do not need this since it
is trivial to obtain an odd-dimensional game from the next lower even dimension by adding

a strictly dominated strategy for each player.

4. NON-SQUARE GAMES AND SUPPORT ENUMERATION

So far, we have analyzed thtex d gamesl (d,d). They have a unique equilibrium
which is found by the LH algorithm after an exponential number of steps, for any missing
label. However, the equilibrium is completely mixed, and is easily founsiLipport enumer-
ation (e.g., Dickhaut and Kaplan (1991), Porter, Nudelman, and Shoham (20043ranB
Vempala, and Vetta (2005)). This simple algorithm tests the possible supports of equal size
for both players, and checks if equating the expected payoffs to the other player in his sup-
port defines mixed strategies that are best responses to each other. There is only one pair of

supports where both players ugetrategies, so this is tested quickly.

In this section, we consider the¢x 2d gamesI (d,2d). By Lemma 3, in any Nash
equilibrium of such a game, both players use mixed strategies with suppor.siZée
following lemma states that for player 2, the supports of equilibrium strategies form only an
exponentially small fraction of the possibq%d) supports of sizel. The notationS(d/2) is

chosen to be consistent with von Stengel (1999).

LEMMA 10: Let §(d/2) be the set of bitstrings of lengd containingd ones of the form
$1%. .- S Where each substring is either00, 11, or 0110 Then(u, V) is a Nash equilibrium
of the gamd™ (d, 2d) if and only ifu= 09sandv= 1% for s,t € S(d/2), wheres=s;5;... 5
andt =tits...tx, andtj is 11, 00, or 0110if and only ifs is 00, 11, or 0110, respectively,
for 1 <i < k. Asymptotically,

2414 2d 49
(17) \S(d/Z)\NOBlW, (d> ~0.56ﬁ.

PROOF Itis easy to see that the described bitstrings define Nash equilibria. The claims
follow from von Stengel (1999): As in Proposition 3.2 of that paper, one can see that these

are the only equilibria. An exact expression for the siz&@f/2) is (3.6) on p. 564, and
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p. 566 gives an asymptotic formula, denoteddiyl /2), with rounded parameters as in (17).

The expression fo(zdd) is based on Stirling’s formula. Q.E.D.

In any Nash equilibrium of the ganfgd, 2d), the strategy of player 1 has full support.
The supports of equilibrium strategies of player 2 define th&gbt2). By (17), these form
an exponentially small fractioR,

(18) F = |S((‘3d/)2)| ~ 1.44x 0.6°
d

of all supports of sizel for player 2 (the support of size for player 1 is unique). This is the

success probabilitiF of a support enumeration algorithm that tests a single random support
of sized. We can achieve such “random behavior” of any support enumeration algorithm by
randomly permuting the columns of the game, with a uniformly chosen random permutation.
This “hides” the equilibrium supports from the algorithm, so that it has to test an exponential
number of supports on average before finding an equilibrium. The algorithm may even know

the setS(d/2), calledE in the following lemma.

LEMMA 11: Consider ad x 2d game where a pair of supports defines a Nash equilibrium
if and only both supports have side and player 2's support belongs to the &&ta set of
d-sized subsets dfl,...,2d}. Randomly permute th2d pure strategies of player 2. Then

a support enumeration algorithm, even if it knoishas to test an expected number of

(%) - E|
(19) mﬂ

supports before finding an equilibrium support.

PROOF. By assumption, there is a random permutatioof {1,...,2d} so that ad-sized
subsefT of {1,...,2d} is an equilibrium support (for player 2) of the permuted game if and
only if p(T) € E. Suppose that the support enumeration algorithm tests suchTg set
thatT is notan equilibrium support. We show that this information does not eliminate any
other candidate support: For aBy E, there are exactlyd!)?> many permutationg so that
q(T) =S, and for distinct choices d these permutations are distinct. ThusTifs not an

equilibrium support, then exactlg| - (d!)?> many permutationg can be excluded from the
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possible choices fop. Divided by the total numbef2d)! of permutations, this i£|/(2dd),

which is exactly the “trivial success rate”, call&din (18) whenE = S(d/2), as claimed.

Consequently, any order of testidgsized supports is equally good on average. A stan-
dard argument (Motwani and Raghavan (1995), p. 10) then shows that the expected number
of support guesses until an equilibrium is found is given by (19), as claimed. Q.E.D.

ForE = S(d/2), the number in (19) is aboBt7 x 1.66". Support enumeration therefore
takes exponential time on average for a gdrte 2d) with randomly permuted columns. For
the LH algorithm, the permutation does not affect the possible path lengths. The following
theorem shows that these are exponentially long, since they are closely related to the paths

of the square gami(d, d), which have lengtl.(d, k) when dropping labek.

THEOREM12: LetM(d, k) be the length of the LH path in the garii&d, 2d) when dropping
labelk, for 1 <k < 3d. Then

(@) M(d,k) =M(d,d+1—k) andM(d,d+k) =M(d,3d+1—Kk), for1 <k <d;
(b) M(d,k) =L(d,k) for evenk and2 < k < d;
(¢) M(d,d+k) =L(d,d+Kk) forevenk and1 <k < d;

(

(d) M(d,2d +k) =L(d,1)+1 forevenk and1 < k <d.

By condition (a) of this theorem, it suffices to consider only even labé&hsconditions
(b), (c), and (d), so these cover all possible missing lakelsThe proof is given in the

Appendix.

COROLLARY 13: There ared x 2d games, for eved, where the length of each LH path is
at least proportional top®d/4 ~ 1.43%, and where a support enumeration algorithm has to

test on average abox7 x 1.669 many supports of siz# before it finds an equilibrium.

The game$ (d, 2d) with randomly permuted columns seem to be “hard to solve” for any
known general-purpose algorithm that finds a Nash equilibrium of a bimatrix game. Enumer-
ating the vertices of the polytop®&sor Q in (4) is another way of finding an equilibrium (see
von Stengel (2002) for a survey). A natural starting point for vertex enumeration is the vertex

pair (0,0) of P x Q. In both polytopes, any Nash equilibrium vertex is at lehstiges away

20



from that starting point by Lemma 3, and there are an exponential number of such vertices.
Therefore, one should expect that finding an equilibrium by vertex enumeration takes long
as well. Since there are many vertex enumeration methods, an analysis is clearly beyond the
scope of this paper. So far, the ganigsl, 2d) seem hard for angeneralalgorithm that

finds an equilibrium of a bimatrix gante.

5. SYMMETRIC GAMES AND IMITATION GAMES

Morris (1994) considers “Lemke paths” on simgledimensional polytope$ with 2d
facets. A vertexv of T is given, and thal facets incident tor have labelsl,...,d. The
remainingd facets have also labels...,d, so each label appears twice. A Lemke path
starts atv by dropping a labek and traversing the unique edge leaving the facet with label
The endpoint of that edge is a new facet which has either kahehich terminates the path,
or a duplicate label, which is then dropped by leaving the other facet with that label. The
path continues in that manner until another completely labeled vertex is found. Applied to
the polytopeSas in (1) with vertexy = 0, with facet labeldl, . .., d for the inequalitiez > O,
andl,....d for Cz< 1, we have called this the symmetric LH algorithm. Any polytdpe
with vertexv can be affinely mapped t®with v mapped td. By Lemma 2, the completely
labeled vertices (apart fro®) then correspond to the symmetric equilibria of the symmetric
bimatrix game(C,C"). However, this interpretation is not considered in Morris (1994).

Morris constructs exponentially long Lemke paths by takingTfahe dual cyclic poly-
tope in dimensiord with 2d facets, for both odd and eveah suitably labeled as follows.
In Section 3, we have identified such a polytope with theG{et 2d) of Gale evenness bit-
strings, which describe the verticesDfin terms of the facets they lie on. In the order of the
bits in those bitstrings, the facets.. ., 2d are given the labels

3Knowing the precise construction b{d,2d), with the complete structure of the polytopes, except for the
random permutation of the columns, it is possible to find an equilibriu@dis 1 very special pivoting steps;
see Savani (2004). However, these steps are not in any way suitable for finding an equilibrium of a general
bimatrix game.
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d, k=1,

d—k k ®<k<d

(20) I(k)=k, 1<k<d, l(d+k) = ) even and® <k <d,
d+2—k  koddand®2<k<d,
1, k even andk = d.

For d = 6, for example, thel2 facets, corresponding to the positions in a bitstring in
G(6,12), are labeled withl, 2,3,4,5,6,6,4,5,2,3,1. Denote the bimatrix game&<,C")
obtained from Morris's examples dyy (d). In analogy to Corollary 4, it is easy to see that
then the only completely labeled verticesfare 1909 (which is the starting poinv of a
Lemke path, our artificial equilibrium), ar@f'19, which corresponds to a completely mixed
symmetric equilibrium.

However, these bimatrix gamés, (d) have a large number of nonsymmetric equilib-
ria, in particular two pure strategy equilibria that are always found by the ordinary, non-
symmetric LH algorithm after two or three steps, &y missing label. For illustration, we
consider the gamgEy (6). Since the bimatrix gamgA, B) is (C,C"), the two polytopes
andQ in (4) are

(21) P={xeR?|x>0,Cx<1}, Q={yeR?|Cy<1 y>0},

so they are the same polytopesSis (1), except that the fird inequalitiesx > 0 in P are
labeled withl,2,....d, whereas these inequalitigs> 0 in Q are labeledl+1,d+2, ..., 2d.
The inequalities ilCx < 1 in P correspond to the pure strategies of player 2. Shcethe
dual cyclic polytope, this means that the 12 facetB cdis positions in a bitstring i6(6,12),
have labeldl, 2,3,4,5,6,12,10,11,8,9, 7, corresponding to the interpretation of the second
d labels in (20) as strategies of player 2. In other words, the laligl0,11,8,9,7 mean
that the second set af inequalities defining the dual cyclic polytope appear, respectively,
as rows6,4,5,2,3,1 of C, just as in the symmetric game. In the same w@ys the dual
cyclic polytope, with its 12 facets labeléd8,9,10,11,12,6,4,5,2,3,1. Figure 4 shows the
LH path for this game with missing labél It terminates at the pure strategy equilibrium
(d,d+ 1) where player 1 plays his last strategy (which has lahednd player 2 plays her
first strategy (which has label+ 1). It is easily shown that in the ganigy(d), every LH
path terminates either at this equilibrium or its symmetric counterdagd), if d is even.
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If d is odd, every LH path of \y(d) leads to eithe(2,2d) or (d,d + 2). For anyd, every

LH path is only two or three steps long.

® Q
step 1 2345 61210118 9 7 | 7 8 91011126 4 5 2 3 1 step
1111011 - - - - - 111111, - - - - - 1
2011111 ° -« - .. ilt1,2221 . - . . 3
111100 - - -
FIGURE 4. —An LH path for the symmetric bimatrix ganiay (6).

The symmetric equilibria of a symmetric garf@C") correspond to tharbitrary equi-
libria of another, closely related game. This is iha@tation game(C,I) (introduced in
McLennan and Tourky (2005)), which is a square game where the payoff matrix to player 2

is the identity matrix .

PROPOSITION14 (McLennan and Tourky (2005))The mixed strategy paily,y) is a Nash
equilibrium of the symmetric gam&,C") if and only if there is some strategyso that

(x,y) is a Nash equilibrium of the imitation ganf€, 1 ).

After our construction of the gamé<gd, d), described in Savani and von Stengel (2004),
McLennan and Tourky (2005) made the ingenious observation that the LH paths for imitation
games(C, 1), projected to the polytop® of player 2, give the paths of the symmetric LH
algorithm.

PROPOSITION15 (McLennan and Tourky (2005))Let (C,C'") be a nondegenerate x d
symmetric gaméC,C"). The steps of the symmetric LH algorithm applied to this game with
missing labek, for 1 <k < d, correspond exactly to the even-numbered steps of the LH path
for the imitation gaméC, 1) with missing labek, and to the odd-numbered steps of the LH

path for (C,1) with missing labed + k.

PROOF For the imitation gaméC, 1), the polytopeQ in (4) is equal to the polytop8
in (1). However, thed inequalitiesy > 0 in Q have labelsl + 1,...,2d rather thani,...,d
in S. The polytopeP is thed-cube {x € RY| x>0, x< 1}. Hence, any edge d? drops

some label and picks up labetl +i, or vice versa, for somee {1,...,d}. Any step of
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the symmetric LH algorithm is an edge 8f and thereby represents an edg&ofit is easy
to see that it corresponds to an even- or odd-numbered step of the LH pat, for as
claimed. Q.E.D.

Consequently, also noted by McLennan and Tourky (2005), the gdm€s ) = My (d)
give rise to exponentially long LH paths for the imitation gang€gl). It follows from the
results by Morris (1994) that the longest such path has length proportiotaite/2)9/? ~
1.55%, and the shortest path length proportional(fo+ v/2)%/4 ~ 1.25%. For our square
gamed (d,d), these numbers axg®/? ~ 2.06" and, by Corollary 9¢3¥/4 ~ 1.439, respec-
tively. (For imitation games, the polytogeis thed-cube, so no LH path can have more than
29 steps.) Thus, the gamé&¢d,d) have longer LH paths. More significantly, however, they
can be extended to the non-square game@s2d) described in the previous section, which
are also hard to solve by support enumeration. In contrast, the imitation g&yigsfor
v (d), which are necessarily square, are easy to solve by support enumeration.

6. CONCLUSIONS AND OPEN QUESTIONS

The LH algorithm finds one solution to an LCP (2) derived from a bimatrix game. The
closely related algorithm by Lemke (1965) solves more general LCPs. Murty (1978) and
Fathi (1979) give LCPs where Lemke’s algorithm takes exponentially many steps, but these

are not derived from games.

A linear program (LP) can be formulated as an LCP, which captures the complementary
slackness conditions that characterize a pair of optimal solutions to the primal and dual LP.
Applied to such an LCP, Lemke’s algorithm corresponds to the self-dual parametric simplex
algorithm for solving LPs (Dantzig (1963, p. 245)). A special case of this is a paramet-
ric simplex algorithm where the right-hand side is parameterized, which Murty (1980) has
shown to be exponential. Another special case is the parametric-objective simplex algorithm,
which Goldfarb (1983; 1994) has shown to be exponential.

Equilibria of zero-sum games are the solutions to an LP. The results by Murty (1980)
and Goldfarb (1983; 1994) suggest that Lemke’s algorithm can be exponential even when
solving a zero-sum game. However, these results do not extend to the LH algorithm. First,

the examples by Murty and Goldfarb define a single path of Lemke’s algorithm, which is not
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an LH path. Second, even if they could be modified to define an LH path, the LP defines a
cube like in the construction by Klee and Minty (1972). The endpoints of the exponentially
long path on the cube are joined by a single edge. Hence, even if one could make the LH

algorithm mimick that path, another LH path would be very short.

The LCP description of an LP is a useful tool for analyzingekpectedunning time of
the simplex algorithm. For various models of random input data, that expected running time
is polynomial, in contrast to the worst-case exponential behavior (see Todd (2001, p. 422)
for a survey). Smale (1983) and Adler and Megiddo (1985) give a probabilistic analysis for
the self-dual parametric simplex algorithm, using its description as a special case of Lemke’s
algorithm.

This raises the following questions in the context of games. First, what is the expected
running time of the LH algorithm? Megiddo (1986) analyzes Lemke’s algorithm for random
general LCPs (not derived from games), and shows that its expected running time is expo-
nential for the standard version of Lemke’s algorithm, and quadratic for a modified version.
Barany, Vempala, and Vetta (2005) show that with high probability, random games have
equilibria with small support, so that an equilibrium is quickly found by support enumera-
tion. Although this result does not concern the LH algorithm, it suggests that random games
are not “hard to solve”.

Secondly, is there a randomized variant of Lemke’s algorithm that solves our games
quickly on average? This possibility is suggested by a certain parameter that can be freely
chosen in Lemke’s algorithm, called the “covering vector”. Megiddo’s (1986) quadratic
expected running time for random LCPs applies to Lemke’s algorithm with a special covering
vector. Von Stengel, van den Elzen, and Talman (2002) use a covering vector derived from
a starting pair of mixed strategies to solve two-player games with Lemke’s algorithm, and
give a game-theoretic interpretation of the resulting path. The starting pair can be chosen
randomly. More general random choices of the covering vector are also possible. This
method is currently being studied using a new unified view of LH and Lemke’s algorithm
(see Savani (2005)).

A different open problem is how to generate “numerically stable” game matrices with

our construction. We use cyclic polytopes, using points on the moment curve, which give
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rise to notoriously ill-conditioned matrices. As a consequence, numerical problems arise
when the pivoting steps are implemented using floating-point arithmetic. It would be good
to have “hard instances” of games without this additional complication. These numerical
problems may possibly be avoided by using points on the so-called trigonometric moment
curve (see Ziegler (1995, p. 75f) or @aum (2003, p. 67)). An open question is the

required numerical accuracy of these points.

We conclude with & x 6 game(A, B) that is an example df (6,6), using dual cyclic

polytopes derived from the trigonometric moment curve:

[ 180 72-333 297-153 270] [ 72 36 17 -3 —36 —153]
-30 17 -33 42 -3 20 ~180 —-81-30 20 90 270
-81 36-126 126 —36 90 297 126 42-33 -126-333

A= 90 -36 126-126 36 —81| 5= ~333-126-33 42 126 297
20 -3 42 -33 17 —30 270 90 20-30 —81-180
| 270-153 297-333 72-180| | -153 -36 -3 17 36 72

Here, the LH algorithm finds the unique completely mixed equilibrium in 88 steps when
dropping labell, which gives the longest path, and 16 steps when dropping alvehich
gives the shortest path. Using the same matithe bimatrix gamegA’, B) with

-81 36-126 126 —36 90|
—-180 72-333 297-153 270
20 -3 42 -33 17 -30
-30 17 -33 42 -3 20
270 -153 297-333 72-180
90 -36 126-126 36 81|

has 75 equilibria. Itis the smallest known example of a nondegengsategame with more
than2d — 1 equilibria, refuting a conjecture by Quint and Shubik (1997). As shown by von
Stengel (1999), such games can be constructed with dual cyclic polytopes, using a different
labeling of the second polytope, which is similar to the permutdtiam (5). Note thatd’ is
obtained fromA by permuting rows. The construction Af B, andA’ is explained in detail

in Appendix A of Savani and von Stengel (2004).
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APPENDIX

In this Appendix, we prove Lemma 6 and Theorems 7, 8, and 12. We also state several

auxiliarly definitions and lemmas used in those proofs.

Suppose that the bitstrings= x1x2...Xoq andy = y1Y...Yyoq are two vertices o6(d).
Then they are connected by an edge if and only if they differ only by a substring of the form
1P0 in x and01P in y or vice versa, for some evgn> 2. That is, there are two positions
and | so that

{XXi+1-.-Xj, Yi¥it1...Yj} = {1P0, 01P}.

(If j <, this uses the cyclic symmetry of the Gale evenness bitstrings, t@kingl as1,
like in step 1 inQ in Figure 2.) We say that the edgeosseshe positions +1,..., | — 1.
For example, the vertices andy of P joined by step 3 in Figure 1 ar@11110000and
0110110Q wherei =4, | = 6, xaXsXg = 110, y4ys¥s = 011 and the remaining positions of
x andy are the same. This edge crosses only position 5. Recall that edges of LH paths are
edges of the product polytogex Q, joining (u,v) to (U, v) or (u,v) to (u,v'). We say that
such an edge crosses a positioifi this holds for the respective edge joinimgo U in P or
vtoV in Q.

To emphasize the dimensiah we write
ef = (1%%,071%),  &f = (0719 2%").
LEMMA 16: No edge ofri(d, 1) crosses positiod or 2d.

PROOF. The first edge oft(d, 1) joinsed to (01909-1,0919) and does not cross position
1 or 2d. The same holds for the last edge joinif@'19,01909-1) to €. In any other edge,
the bit in positionl is zero in both polytopes, so the edge cannot cross positioor the

cyclically adjacent positiod. Q.E.D.

The next lemma concerns the first and last vertex pair of the subBgdihof r1(d,2d)

defined in Lemma 6.
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LEMMA 17: LetL = L(d,2d) and let(u',V') be theith vertex pair of the pathi(d,2d) for
0<i<L=L(d,2d). Then

(22) (ut v = (194 107-119-201),
(23) (U2v-2) = (091190,29-20%).

PROOF. See Figure 2 for an illustration of the cade= 6. After step 1 ofri(d,2d), the
vertex pair(ut,v!) as in (22) is reached. The last vertex pairmfl, 2d) is (u-,v*) = €.
This is reached in steb— 1 by picking up labeld in P. Hence, the previous vertex pair is
(U1 1) = (09-1190,190%), where labeld is duplicate. The vertex paju-—2,v+2) is
therefore as in (23). Q.E.D.

The next lemma states conditions similar to (7) and (9) in Lemma 6, except that they
concern labels rather than positions of bits. For the poly@péhese conditions therefore

do not describe the point-symmetry visible in Figure 2.

LEMMA 18: LetL = L(d,2d) and let(u',V') be theith vertex pair of the pathi(d,2d) for
0<i<L=L(d,2d). Letr be the permutation ofl,...,2d} defined by (k) = 2d —k for
1<k<2d-1andr(2d) =2d. Then for2 <i <L —2, stepi of r7(d,2d) corresponds to
stepL —i as follows: If labelk is duplicate in the vertex paiu'—1,v~1), and hence dropped
in stepi to get(u',v'), then labelr (k) is duplicate in(u-—',v-—'), and hence picked up when

reaching that vertex pair fronu-—1~',vt=1-1) in stepL —i. Furthermore, forl <i < L —2,

(24) U = u (L<k<2d),
(25) Vigy = vIL,(;%,;)') 1<k<2d)

PrRoOOF. The proof will be by induction on. The permutatiom serves as a relabeling
to state (and prove) the symmetry of the path. It writes the labels,2d — 1 backwards,
and keeps the missing lab2d fixed. For a vertexu of P, labels and positions are the same.
Thenr, seen as a reversal of the bitstrings and cyclic shift by one position, preserves the Gale
evenness condition. The induction is therefore easyPfoEquations (22) and (23) clearly
imply (24) fori = 1.
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For a vertexv of Q, equation (25) has to be read as follows: the bit of verein
positionl’(k), which has labek (becausé’ is its own inverse), is equal to the bit of vertex
vt—1-Tin positionl’(r (k)), which has labet (k).

The set{2,3,...,2d — 2} is mapped to itself under bothand!’. Both bijections maul

to itself, and it is easy to see that
(26) I'(r(k) =r("(k))  (2<k<2d-2).
Consequently, for the more restrictive cas€ k < 2d — 2, equation (25) is equivalent to

(27) Vigg = Vi (2<k<2d-2,1<i<L-2).

1-i
1" (k))
Equation (27) implies that can be applied to thpositionsof the bitstringv belonging to
the set{l’(2),...,1'(2d — 2)}, which is equal to{2,...,2d — 2}. If r could be applied to all
positions ofv, thenr would be directly “compatible” with both the labels and the adjacency
of vertices inQ. However, fork € {1,2d — 1,2d}, equation (26) does not hold, which
complicates our proof. We have
I'(1) = 1, I'(r(1)) = 2d, r('(1)) = 2d —

(28) l'(2d—1) = 2d, l'(r(2d—1)) = 1, r('(2d—1)) = 2d,

I’'(2d) = 2d — 1, I'(r(2d)) = 2d — 1, r('(2d)) = 1

1,

As Figure 2 shows, the positioris 2d — 1, and2d — 2 in Q are constant. Indeed, we will

show

(29) Vi=1 Vg ;=0 Vy=1 (1<i<L-2).

The left two columns of (28) then show (25) also fo= 1,2d — 1,2d. Instead of (25), we
prove by induction on the stronger assertions (29) and (27). By (22) and (23), they are true
fori=1.

The lengthL of r(d, 2d) is even since the path starts@hand ends irP. Hence, ifi is
odd or even, so i —i.

As inductive hypothesis, suppose that (24), (29), (27), and therefore (25), hald for
instead ofi. By the above considerations, this implies thakifs the duplicate label of
(u-1v-1), to be dropped in stefy thenr (k) is the duplicate label ofu-—',v+~1), to be
picked up in step. —1i.
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Suppose first thatis even. Then stepfrom (u'~1,v-1) to (u',V) is in P, that is, the
duplicate label is dropped id ! to give the new vertexi, andv—1 = V. Thus, (29) and
(27) hold trivially fori. Because preserves Gale evenness, the edge conneatifigo u'
in P corresponds to the edge connectilg’ to u-—1-' as described. Hence, (24) holds

for i, which completes the induction step for even

Secondly, let be odd, where stefds in Q. Letk be the duplicate label ¢if~1,v—1). In
stepi, labelk is dropped inv 1 to give the new vertex', andu'~! = u'. Hence, (24) holds
trivially for i. If k=1, then because (29) holds for 1 by inductive hypothesis, changing
vﬁ&) to zero would givevi,(Zd) = 1 and thereby terminate the path, which is not possible.
Hencek # 1. Similarly, if k= 2d — 1, then since (25) holds by inductive hypothesis, label
r(k) is duplicate in(u-—',v+—"), wherer(k) = 1 and so labeRd would be picked up in
(u-—1=1 v+=1=1) when going along the edge @ from v/~ to V/==1~'. Sok # 2d — 1, which
shows the induction step for (29).

The duplicate labek therefore fulfills2 < k < 2d — 2 (since obviouslyk # 2d), and
so does the label that is picked up, where the positignad — 1, and 2d are not crossed
because of (29). By inductive hypothesis, (27) holds fed, andr preserves the adjacency
of positions. Hence, stepin Q corresponds to the backwards stepi in Q as claimed,

which shows that equation (27) also holdsifolrhis completes the induction.  Q.E.D.

PROOF OFLEMMA 6: The preceding proof also shows Lemma 6. Lemma 18 specifies
the statement to be proved by induction, and concerns the labels. We also used the fact
that the permutatiom preserves the adjacency of positions, as stated in the equations of
Lemma 6. We have shown these since (7) is equivalent to (24), equation (8) follows from
(29), equation (9) is equivalent to (27), and (10) holds trivially. Label 1 is never again picked
up in P since it is present iQ from step 1 onwards, by (29). Q.E.D.

PROOF OFTHEOREM 7: Overview: The mappings are given as follow$:and 3’ are
defined onG(d) x G(d), where

(30) B(u,v) = (u,0v2v3...Voq 21Vog).

The mapping3’ applies to a final segment of the the pa{fd), which is symmetric as stated

in Lemma 5. HenceB’ is determined by3, which applies to an initial segment &fd) (see
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33) below). The other mappings amey,y’: G(d —2) x G(d —2) — G(d) x G(d). Wit
(33) below). The oth [ ! d d d d ith

‘u defined as the bitstring reversed,

(31) a(u,v) = (0ull0,0v110).

With c=2d — 4,

(32) y(up...Uc,V)=(uslluy...uc00,10v01).

The mappingy’ in (13) applies to a final segment 8{d), which, as we will show, starts
after the midpoint oB(d). Thus,y’ is determined by due to the symmetry dB(d) stated

in Lemma 6.

First we show the following equation, which is equivalent to (11) and (12):

(33) A(d) =B(B(d))+a(A(d—2))+B'(B(d)).

Note that only positiond and2d — 1 in Q (corresponding to the missing label A(d)
and B(d), respectively) are changed by the mappjhgand these positions are constant
throughoutB(d) by (8) and (10). The starting poiritit, v) of B(d) is given by (22), and
in the first step oB(d) label 1 is dropped inP. The pathA(d) is also started by dropping
label 1 in P from €. Now B(u?,v}) = €, as required, and in the first stepAfd) andB(d)

the label to be dropped isin P. As (ut,v}) andeE)j differ only in positions that are constant
throughoutB(d), the pathB(d) maps toB(B(d)) and thereby represents the initial part of
A(d). Ford = 6, Figures 2 and 3 show how steps 2 to 34196, 12) map to steps 1 to 33 of
A(6) in this way. By (23), the endpoint g3 (B(d)) is

(34) B(0% 119,19 10%) = (0% *1%,019 20" 111).

The duplicate label i2d — 1, which has been picked up . So in the next step oA(d)
(which is step 34 in Figure 3), lab@d — 1 is dropped inQ and label2d — 3 is picked up,

giving the vertex pair
(35) (u*,v*) = (091190,019-2092110).

(For the pathri(d,2d), label d would be picked up instead at this stage, as in step 35 in
Figure 2.) This is the edge @f(d) which joins3(B(d)) to a(A(d —2)) in (33).
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We are now at the start @&¥(d) and want to show that this path segment starts with
a(A(d —2)) with a in (31). Indeed, the starting vertex pair©fd) is (u*,v*) = a(eg‘z).

The duplicate label i2d — 3, which is to be dropped iR in the next step (step 35 in Fig-
ure 3). The subsequent steps are represented Ayd — 2)), since in the lower-dimensional
polytope, labell is dropped, which is mapped loyto label2d — 3 of the higher-dimensional
polytope; here, we consider also as an injective map of labels, obtained in the obvious way
from (31), namelya (k) =2d —2—k for 1 < k < 2d — 4. Essentially, the subsequent steps
in A(d —2) map into higher dimension by (31) and by Lemma 16; we only need to check
complementarity of the constant positions in higher dimension. In the higher dimension,
position 1 with the missing labell is zero in both polytopes, consistent with (31). Posi-
tions2d — 1 and 2d are also complementary by (31). For positidis— 3 and2d — 2, we

have complementarity becau®e — 3 is zero, since it is obtained from the position with the
missing labell in lower dimension. This shows that the initial segmen€odl) is indeed
a(A(d—2)).

In the last step oA(d — 2), label 1 is picked up inQ (this is step 20 in Figure 1). Soin
the last step ofr (A(d — 2)), label2d — 2 is picked up inQ (this is step 54 in Figure 3). Then
we are at the vertex paiw*, u*) = a (el ~2), which is (019-209-2110,0%-1140) by (35). We
have shown that the initial part éfd) in (33) isB(B(d)) + a(A(d — 2)) and that the starting
point and endpoint obfr (A(d — 2)) are (u*,v*) and (v¥,u*), respectively. Then the rest of
the pathA(d) in (33) is obtained by Lemma 5: The next vertex pair, obtained ftehu*)
by dropping labeRd — 2 in P (step 55 in Figure 3), is

(36) (U,V)= (019209111 09-119),

which agrees with Lemma 5 and its symmetric counterpart in (34) (in Figure 3, step 34
backwards). Thus, the remainder is the pAtiB(d)) backwards but with the bitstrings for
P andQ exchanged. Using the symmetry Bfd) in Lemma 6, this part of the path can be
expressed af’(B(d)) with a suitably defined mapping’, similar to 3, which exchanges
the bitstrings fol® andQ. This shows (33).

We now show (13). The first part &(d) is indeedy(A(d —2)): Both B(d) andA(d —2)
start by dropping label in P, and the starting point d(d) is y(eg‘z). ThenB(d) proceeds

like y(A(d —2)) because of Lemma 16 and since complementarity holds for the constant
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positions in higher dimension, which is easily checked using (32). Next, by (33),

(37) Y(A(d—2))=y[B(B(d—2))+a(A(d—4))+B'(B(d-2))].

Now consider the starting poirit’’,v’) of 8/(B(d — 2)), which is (U',V') given by (36) but
with d — 2 instead ofd. (Ford =6, (U”,V’) is the start of step 14 oA(4) in Figure 1.)
Furthermore, consider the endpoint@fB(d — 2)), that is, the endpoirrlz‘ll"2 of A(d — 2).
The images of these points undeare

y(u”’ V') = y(029-409311, 09-219-20) = (01920°-31100Q 10"219-2001)

y(ef=2) = y(09-219-2 19-209-2) — (011" 319200, 1019 20" 11).

(Ford = 6, these two points are, respectively, the beginning of step 15 and the end of step 21
of 11(6,12) in Figure 2, corresponding to steps 14 and 2B@).) These two vertex pairs
y(u” v'") and y(e‘i'*z) are point-symmetric images of each other under the symme8ydjf
described in Lemma 6. This means that the endpgie} 2) of y(A(d — 2)) is already in
the second half oB(d). The central part oB(d) (steps 15 to 21 in Figure 2), given by the
last part ofy(A(d — 2)) in (37), isy[B’(B(d — 2))]. Therefore, there is a mapping so that

B(d) = y[B(B(d—2))+a(A(d—4))+B'(B(d—2))]+y'[a(A(d—4))+ B'(B(d - 2))],

because the path&(d — 4) and B(d — 2) are symmetric and therefore do not have to be

written backwards. This representationBif) is equivalent to (13), as claimed. Q.E.D.

For any path#A andB on G(d) x G(d), considered as sequences of vertex pairsAkt
denote the path joined to the pattB, where the endpoint A is equal to the starting point
of B. The length (number of edges) 8B is the sum of the lengths & andB. The next
lemma uses this concatenation of paths.

LEMMA 19: Letk be even an@ < k< d-—2. Then

(38) m(d,k) = a(AK)) B(A(d—K))

with a : G(k) x G(k) — G(d) x G(d) =P x Q,

(39) a(u,v) = (U140 Mupc- - Uy, Vi Va0t K19 vy v ),
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and B : G(d —k) x G(d —k) — G(d) x G(d),
(40) B(u,v) = (0u1k, 1%v0¥).

Furthermore, no edge of the pati(d, k) crosses positio2d — k or 2d — k+ 1.

PROOF. The starting point oft(d, k) is €3. As required,a (€5) = €d. In the first step of
r(d, k), labelk is dropped inP. Positionl of the lower dimensional polytopes, given by the
bits u; andv; in (39), is mapped by to positionk in bothP andQ in the higher dimension.
In P, positionk has labelk, which is missing inr(d,k). This missing label in the higher
dimensional polytop® corresponds to the missing laldein the lower dimension. The last
position 2k in the lower dimension, with bitsp andvy, is mapped to positio@d — k+ 1
in the higher dimension. By Lemma 16, no edge of the pg#t) crosses the positiortsand
2k in the lower dimension, so inserting the substrid§s<09—k or 09-k19-k petween these
bits as done in (39) gives edgesRrand Q, respectively. Furthermore, no edgemfA(K))

crosses positiofd — k or position2d — k+ 1.

The mappingx preserves the cyclic adjacency of labels. The fif&t 1) steps ofrr(d, k)
are given bya (A(K)) if the positionsk+ 1 up to2d — k of the higher dimensional polytopes
are complementary. Complementarity of positidnis2,...,2d — k is immediate. Positions
k andk+1in P andQ, respectively, correspond to the missing labef 71(d, k) and are thus
both zero throughout. Finally, the bit in positiéra+ 1 in P, with labelk+ 1, is 1 according
to (39). That bit is complementary to the bit in positikbim Q, which has labek+ 1, since
this bit corresponds to the missing label in the lower dimensional polytope and is therefore

zero throughout.

After L(k,1) many steps, the vertex pain(€X) is reached, where
a(é](-) — (okldfkodfklk’ 1k0d7kldfk0k) — B(egfk)

This is also the starting point @(A(d —k)), as required. In a similar way as before, one
can see that this is the second partfl, k), which ends in3(el %) = . Lemma 16 for
the lower-dimensional polytope and equation (40) imply that no ed@géAfd —k)) crosses
position2d — k or 2d — k+ 1. Q.E.D.
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LEMMA 20: Letk be even an@ < k < d. Then

(41) m(d,d+k) = el + y(B(k)) 6(B(d—k+2)) + €,

wherey: G(k) x G(k) — G(d) x G(d) =P x Q,

(42) y(u,v) = (U219 KUy U0 K v 09 Kyy - v 197K,

andd: G(d—k+2) xG(d—k+2) — G(d) xG(d) =P xQ,
3(U,V) = (Vd_kr2+ - Vad—2 202150V -+ Vg i1,

k-2 k-1
Ud—k+2- " - Uzd—2k+2 1T “Ung—2k+30° "U1 - - Ug k1)

No edge ofr(d,d + k) crosses positiond +k or d+k+1in P.

PROOF. According to (41),m1(d,d + k) is the concatenation of two paths in dimensions
k andd — k+ 2. These do not sum td, unlike in (38). This works because in the vertex
pair d(u,v), the vertex inP is obtained fromv by ignoring the bitsvy, Voq_2k+3, Which
are constant througho&(d — k+ 2) by Lemma 6, and addingk — 1 constant bits, and the

vertex inQ is obtained fronmu by ignoring the bituyy_ 2«14 and adding?k — 3 constant bits.

It can be verified that botlr and d preserve the adjacency of the labels used by the LH
path, and complementarity. The patiid,d + k) starts as follows: In step 1, labdH-k is
dropped fromed in Q. The new vertex pair i$1909, 109-11k-2019-k+1) ' which is equal
to y(u',v}) for the first vertex paifu®,v!) of B(k) as in (22) (withk instead ofn). Then
the path continues as described in (42) because, by Lemma 6, it first drop$ lalf] and
never picks it up again, and because the bitandvyy in (42) stay constant according to (8).
The last vertex pair of(B(k)) is, by (23) and (42), equal to

y(ok—llko 1k—10k1) — (Old—kok—zlkod—k+1 1dj—k1k—20k1d—k+l)'

This is equal tad(19-*+209-k+2 1d—k+119-k01), which is & applied to the first vertex pair
of B(d —k+2), using (22) withd — k+ 2 instead ofd. The duplicate label id +k—1, and
is to be dropped iQ. The corresponding bit is in positiah— k in Q, and is the image of
the bitu; underd. As stated at the end of Lemma 6, this bitis indeed changed to zero in
the first step oB(d —k—2). The last vertex pair 0d(B(d —k+2)) is

5(Od—k+11d—k+20 1d—k+lod—k+21) _ (Od—llk01d—k 1d0d)
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with duplicate labeld. This label has just been picked up@ and the corresponding bit
in positiond is the image of bituyg_2k.3 underd. When labeld is then dropped irP,
the endpoine‘f is reached, which terminates the patfd, d + k). This completes the proof
of (41). Q.E.D.

PROOF OFTHEOREM 8: For (a), lety be defined byy(k) =d —k+1andy(d+k) =
2d—k+1for k=1,...,d. Thisis a cyclic shift byd followed by a reversal of positions,
which leaves the seB(d) invariant, and map§ to itself. Furthermorey commutes
with the labelingd andl’ of P andQ. Consequently, when the positions of the bitstrings
representing the vertex pairs on the patfu, k) are permuted byy, one obtains the path
ni(d,d — k+ 1), which has therefore the same lengthveid, k).

To show (b), leR <k <d—2. Asin Lemma 5, the relabelinig in (5) applied to bottP
andQ shows thatrr(d, k) corresponds to the patin(d, k+ 1) backwards, so these paths have
the same length.

Claim (c) follows from (38) in Lemma 19.

According to (41) in Lemma 20, the length afd,d + k) is the sum of the lengths of
B(k) and of B(d — k+ 2) plus two (for the first edge froneg and last edge t@‘lj), which
shows (d). Q.E.D.

PROOF OFTHEOREM 12: Claim (@) is proved in the same way as Theorem 8(a), with
the permutationp of {1,...,3d} defined byy(k) =d+1—kfor1<k<dandy(d+k)=
3d+1-kforl<k<2d.

For (b), (c), (d), lek be even an@ < k < d. We consider the mappings{,n :PxQ=
G(d,2d) x G(d,2d) — G(d,3d) x G(2d,3d) defined by

(43) e(u,v) = (ug---Uxg k0% ky1---Uzd, Vi -Vod—k1%Vod ki1 Vad),
(44) Z(u,v) = (uz---Ug k0%g ki1 Upd, V-V k1Va ki1 - Vog),

(45) n(u,v) = (U0% 1vp- - vpq1* 2y 19K+,

Let p(d, j) be the LH path for the gamig(d, 2d) with missing labelj, foranyj=1,...,3d.
We show thaip(d, k) = £(m1(d, k)). Both paths start by dropping the same lakelf k < d,
then by Lemma 19, no edge of the pattid,k) crosses positior2d — k or 2k — k + 1.
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This holds also whetk = d, since by Theorem 8(ayz(d,d) corresponds tar(d,1), and
Lemma 16 implies thatr(d,d) does not cross positiordsandd + 1. Therefore, it is possi-
ble to insert between positior®sl — k and 2k — k+ 1 the bitstring0? in P, and1% in Q, as
in (43), which impliesp(d, k) = e(m(d,k)), as claimed. This proves (b).

Next, we show thap(d,d +k) = {(m(d,d +k)). By Lemma 20, no edge oi(d,d + k)
crosses positiod + k or d+k+1 in P, so it is possible to insert the bitstrird§ between
these positions, as done in (44). To obtain complementaftis inserted between positions
d+kandd+k+1in Q. These positions ifQ are crossed by some edges of the path
r(d,d+ k), but because a contiguous stringlds is inserted, those steps ofd,d + k) are
mapped by to the respective steps pfd,d + k) as well. This shows the claim, giving (c).

Finally, we showp(d,2d + k) = (190%,09129) + n(7(d,1)). Dropping label2d + k,
the first step ofp(d, 2d -+ k) reaches the vertex paii90?d, 109-1191k-2019-*+1) 'which is
equal ton (eg). In this vertex pair, the duplicate labeldswhich is dropped irP in the next
step 2 ofp(d,2d + k). Beginning with this stepp(d,2d + k) is equal ton (r(d,1)) (from
step 1 onwards), for the following reasons: the vertex pairs are almost complementary; by
Lemma 16, the bitstrin§® can be inserted at the end win (45), and1*~2 can be inserted
betweenvyq andvy; finally, 19-%+2 can be cyclically inserted between positionsandv,,
which does not affect the steps in the second polytope. This proves (d). Q.E.D.
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