Tree representations of graphs

Nancy Eaton^a

aDepartment of Mathematics, University of Rhode Island, Kingston, RI 02881, USA, e-mail:eaton@math.uri.edu

Zoltán Füredi^{b,1}

bDepartment of Mathematics, University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA and Rényi Institute of Mathematics of the Hungarian Academy of Sciences, Budapest, P. O. Box 127, Hungary-1364, e-mail:z-furedi@math.uiuc.edu

Alexandr V. Kostochka^{c,2}

cDepartment of Mathematics, University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA and Institute of Mathematics, Novosibirsk 630090, Russia, e-mail:kostochk@math.uiuc.edu

Jozef Skokan^{d,3}

dDepartment of Mathematics, University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA and Instituto de Matemática e Estatística, Universidade de São Paulo, Rua do Matão 1010, 05508–900 São Paulo, Brazil, e-mail:jozef@member.ams.org

Abstract

A graph is chordal if and only if it is the intersection graph of some family of subtrees of a tree. Applying “tolerance” allows larger families of graphs to be represented by subtrees. A graph G is in the family [Δ, d, t] if there is a tree with maximum degree Δ and subtrees corresponding to the vertices of G such that each subtree has maximum degree at most d and vertices of G are adjacent if and only if the subtrees corresponding to them have at least t common vertices.

It is known that both [3, 3, 1] and [3, 3, 2] are equal to the family of chordal graphs. Furthermore, one can easily observe that every graph G belongs to [3, 3, t] for some t. Denote by t(G) the minimum t so that G ∈ [3, 3, t]. In this paper, we study t(G) and parameters

t(n) = min{t: G ∈ [3, 3, t] for every G ⊆ K_n} and t_{bip}(n) = min{t: G ∈ [3, 3, t] for every G ⊆ K_{n,n}}.

Preprint submitted to Elsevier Science 19 April 2006

In particular, our results imply that log n < t_{bip}(n) ≤ 5n^{1/3} log_2 n and log(n/2) < t(n) ≤ 20n^{1/3} log_2 n.

1 Intersection representations of graphs

One of important and interesting topics in graph theory is the representation of a graph using intersections of finite sets. Here, each vertex of a given graph is assigned a finite set, and two vertices are adjacent if and only if the corresponding sets intersect. More generally, a p-intersection representation of a graph G with vertices v_1, v_2, . . . , v_n is a collections of sets {S_1, S_2, . . . , S_n} such that v_iv_j is an edge of G if and only if |S_i ∩ S_j| ≥ p. The p-intersection number θ_p(G) of G is the smallest cardinality of ⋃_n i=1 S_i, taken over all p-intersection representations {S_1, S_2, . . . , S_n} of G.

Erdős, Goodman, and Pósa [7] proved that for all G on n vertices, the intersection number of G, θ_1(G) is at most n^2/4. For p > 1, p-intersection numbers have been studied [3,5,6,8], yet many questions remain open.

Since each graph has an intersection representation, we can impose additional restrictions on sets allowed in the intersection representation and investigate what families can be obtained. The best known example is the family of interval graphs for which we are allowed to choose only sets that are intervals on the real line or, alternatively, subpaths of a path. This is further generalized in the following definition.

Definition 1 For three positive integers Δ, d, and t, we say that a graph G has a (Δ, d, t)-representation (and write G ∈ [Δ, d, t]) if the following is true. There exists a tree T with maximum degree Δ(T ) ≤ Δ for which there are subtrees T_1, . . . , T_n such that

(a) Δ(T_i) ≤ d for every i = 1, . . . , n, (b) v_iv_j ∈ E(G) if and only if |V (T_i) ∩ V (T_j )| ≥ t for all 1 ≤ i < j ≤ n.

1 The author was supported in part by the Hungarian National Science Foundation under grant OTKA NK 62321 and by the National Science Foundation under grant DMS-0140692.

2 The author was partially supported by National Science Foundation grants DMS- 0099608 and DMS-0400498.

3 The author was partially supported by National Science Foundation grant INT-0305793, by National Security Agency grant H98230-04-1-0035, by CNPq (Proc. 479882/2004–5), and by FAPESP (Proj. Temático–ProNEx Proc. FAPESP 2003/09925–5 and Proc. FAPESP 2004/15397–4).

We will use ∞ in place of a maximum degree when no limit is given.

As mentioned above, [2, 2, 1] is the family of interval graphs, and the interval graphs have been characterized by Lekkerkerker and Boland [14]. It is not hard to show that for t ≥ 1, G ∈ [2, 2, t] if and only if G ∈ [2, 2, t + 1]. Thus, for all t ∈ N, the graphs in [2, 2, t] are the interval graphs, a proper sub-family of the chordal graphs.

A graph is called a subtree graph if it is in [∞, ∞, 1]. In the early 1970’s, it was shown that a graph is a subtree graph if and only if it is a chordal graph. This result is due separately to Buneman [2], Gavril [9], and Walter [17]. An improvement was found by McMorris and Scheinerman [15] who showed that [3, 3, 1] is the family of chordal graphs. Later, Golumbic and Jamison [11] proved that [3, 3, 1] = [3, 3, 2].

1.1 Tree representations

As was observed by Jamison and Mulder [13], the family [n^2/4, n^2/4, 2] contains all graphs on n or fewer vertices. This follows from the already mentioned fact that for all G on n vertices, θ_1(G) is at most n^2/4, see [7]. Then one can construct a tree representation of G using a star with θ_1(G) leaves as the host tree. The sub-star assigned to a vertex corresponds to the center node of the star plus the leaves corresponding to its set in the intersection representation of G.

We can further improve this by taking a path P of length θ_p(G) and adding one leaf to each vertex of the path. The sub-tree assigned to a vertex is path P and the leaves corresponding to its set in the p-intersection representation of G. It is easy to see that this is a (3, 3, θ_p(G) + p)-representation of G. One may therefore ask what is the minimum t = t(G) such that G ∈ [3, 3, t].

Since t(G) = 1 for every chordal graph G, we turn our attention to the complete bipartite graph K_{n,n}, which is not chordal for n ≥ 2. We have already observed that t(K_{n,n}) ≤ θ_p(K_{n,n}) + p. Now we recall the following result of Füredi.

Proposition 2 (cf. Proposition 3.3 in [8]) If p = 2^{k+1} − 1, then θ_p(K_{p+1,p+1}) = 4p.

Since each interval [n, 2n] contains a power of 2, we obtain t(K_{n,n}) ≤ 10n. For arbitrary graphs G, the value of θ_p(G) is generally not known and, therefore, t(G) ≤ θ_p(G) + p only yields O(n^2) bounds.

In this paper we improve this further and prove the following theorem.

Theorem 3 For all n, t_{bip}(n) = min{t: G ∈ [3, 3, t] for every G ⊆ K_{n,n}} satisfies t_{bip}(n) ≤ 7(2n^{1/3} + 4)(log_2 n/3 + 2) − 6.

As a corollary we obtain an upper bound on t(G) for an arbitrary graph G.

Corollary 4 For all n, t(n) = min{t: G ∈ [3, 3, t] for every G ⊆ K_n} satis- fies t(n) ≤ 28(2n^{1/3} + 1)(log_2 n/3 + 2) − 24.

For the lower bound, we obtain the following result.

Theorem 5 t_{bip}(n) ≥ t(K_{n,n}) > log_2 n for all n. Hence, t(n) > log_2(n/2).

We remark that it is not obvious that a graph having a (Δ, d, t)-representation has also a (Δ, d, t+1)-representation. This was, indeed, conjectured by Jamison and Mulder, and it has been proved only for some special cases (t = 2, 3, 4) in [13].

Conjecture 6 For Δ, d, t ∈ N, t > 1, we have [Δ, d, t] ⊆ [Δ, d, t + 1].

In Section 5, we prove the following special case of the conjecture.

Proposition 7 For Δ, d, t ∈ N, t > 1,

[Δ, d, t] ⊆ [Δ, min(d + 1, Δ), t + 1].

We see from Proposition 7 that K_{n,n} ∈ [Δ, Δ, t] =⇒ K_{n,n} ∈ [Δ, Δ, t + 1] and in particular, K_{n,n} ∈ [3, 3, t] =⇒ K_{n,n} ∈ [3, 3, t + 1]. (1) Finally, Theorem 3 provides a partial answer to the following question raised by Mulder (see [10]).

Problem 8 For which n ≥ 3, K_{n,n} ∉ [3, 3, n − 1] and K_{n,n} ∈ [3, 3, n] ?

In view of (1), we can restate this question as finding all n for which t(K_{n,n}) = n. This is known to be true for n = 3 and n = 4 by the results and constructions of Jamison and Mulder [13]. On the other hand, Theorem 3 shows the existence of n_0 such that t(K_{n,n}) < n for n > n_0. Careful analysis (outlined in Appendix A) reveals that 4 ≤ n_0 ≤ 589.

2 The upper bound: a reduction

In this section, we show that the upper bounds in Theorem 3 and Corollary 4 follow from the same construction.

2.1 Reduction

For given positive integers n and t let K be any set of size n, T be any binary tree with root r, and let L be the set of its leaves. Suppose that for every a ∈ K there are two subtrees T_A(a) and T_B (a) of T rooted in r and satisfying the following properties:

(i) |T_A(a) ∩ T_A(a^′)| < t for all a ≠ a^′, a, a^′ ∈ K, (ii) |T_B(a) ∩ T_B (a^′)| < t for all a ≠ a^′ a, a^′ ∈ K, (iii) T_A(a) ∩ T_A(a^′) ∩ L = T_B (a) ∩ T_B (a^′) ∩ L = ∅ for all a ≠ a^′ a, a^′ ∈ K, (iv) T_A(a) ∩ T_B (a^′) ∩ L ≠ ∅ for all a, a^′ ∈ K, (v) |T_A(a) ∩ T_B (a^′)| < t for all a, a^′ ∈ K.

Then we construct a (3, 3, t)-representation of G ⊂ K_{n,n} as follows. Suppose that A∪B is the bipartition of G. Since |A| = |B| = |K| = n, we can associate every vertex in A and B with one distinct element of K. For every edge ab of G fix one leaf v(ab) in T_A(a) ∩ T_B (b) ∩ L ≠ ∅ (cf. (iv)). It follows from (iii) that v(ab) ≠ v(a^′b^′) for distinct edges ab and a^′b^′. Set L(G) = { v(ab): ab ∈ E(G) } . We obtain the host tree T^′ by appending a distinct path P_v with t vertices to every leaf v ∈ L(G). For a ∈ A (b ∈ B, respectively), we construct a subtree T^′(a) of T^′ (T^′(b) of T^′, respectively) by taking T_A(a) (T_B (b), respectively) and all paths P_v for every leaf v ∈ T_A(a) ∩ L(G) (all v ∈ T_B (b) ∩ L(G), respectively). In other words,

T^′(a) = T_A(a) ∪ { P_v : v ∈ T_A(a) ∩ L(G) } for a ∈ A (2a) and T^′(b) = T_B(b) ∪ { P_v : v ∈ T_B (b) ∩ L(G) } for b ∈ B. (2b) For a ≠ a^′ ∈ A, we have

T^′(a) ∩ T^′(a^′) = (T_A(a) ∩ T_A(a^′)) ∪ { P_v : v ∈ T_A(a) ∩ T_A(a^′) ∩ L(G) } . By (iii), { P_v : v ∈ T_A(a) ∩ T_A(a^′) ∩ L(G) } is an empty set, therefore, by (i),

|T^′(a) ∩ T^′(a^′)| = |T_A(a) ∩ T_A(a^′)| < t. (3a)

Similarly, using (ii) and (iii), we get |T^′(b) ∩ T^′(b^′)| = |T_B (b) ∩ T_B (b^′)| < t (3b) for every b ≠ b^′ ∈ B.

Suppose that a ∈ A and b ∈ B are such that ab ∉ E(G). It follows from the definition of L(G) and (iii) that no v ∈ L(G) belongs to T_A(a) ∩ T_B (b) and thus, |T^′(a) ∩ T^′(b)| = |T_A(a) ∩ T_B (b)|^{(v)}< t. (3c) By (iv), there is a leaf v = v(ab) ∈ L(G) for every a ∈ A and b ∈ B, ab ∈ E(G), such that v ∈ T_A(a) ∩ T_B (b). Consequently, T^′(a) ∩ T^′(b) ⊇ (T_A(a) ∩ T_B (b)) ∪ P_v and, therefore, |T^′(a) ∩ T^′(b)| ≥ |P_v| = t. (4) What remains is to describe the construction of subtrees T_A(a) and T_B (a) and prove that they satisfy conditions (i)–(v). This is done in Section 3.

2.2 Proof of Corollary 4

We prove that any construction satisfying (i)–(v) above can be turned into a (3, 3, 4t)-representation of an arbitrary n-vertex graph.

Let G = (V, E) be an arbitrary graph on n vertices. Without loss of generality we may assume V = K. We construct an auxiliary bipartite graph Γ with bipartition A ∪ B, A = B = V , and edge set E(Γ) = {ab: a ∈ A, b ∈ B, ab ∈ E}. Consider a (3, 3, t)-representation of Γ given by (2a) and (2b) in which we append paths P_v with 4t (not t) vertices. We set T^{′′}(v) = T^′(a) ∪ T^′(b), where a = v ∈ A and b = v ∈ B. Note that this is a tree because T^′(a) and T^′(b) share the root of T^′. We prove this is a (3, 3, 4t)-representation of G. If vv^′ ∈ E, then, similarly to (4), |T^{′′}(v) ∩ T^{′′}(v^′)| ≥ |T^′(a) ∩ T^′(b^′)| ≥ |P_v| = 4t, where a = v ∈ A, b^′ = v^′ ∈ B, and v is a leaf belonging to T_A(a) ∩ T_B (b^′).

If vv^′ ∉ E, then |T^{′′}(v) ∩ T^{′′}(v^′)| ≤ |T^′(a) ∩ T^′(a^′)| + |T^′(a) ∩ T^′(b^′)|+ |T^′(b) ∩ T^′(a^′)| + |T^′(b) ∩ T^′(b^′)|,

where a = v ∈ A, a^′ = v^′ ∈ A, b = v ∈ B, and b^′ = v^′ ∈ B. We have |T^′(a) ∩ T^′(a^′)|, |T^′(b) ∩ T^′(b^′)| < t because a and a^′ are in the same partition class and b and b^′ are in the same partition class of Γ (see (3a) and (3b)). The other two terms on the right-hand side are also bounded by t by (3c). Hence, |T^{′′}(v) ∩ T^{′′}(v^′)| < 4t.

3 Upper bound: Trees defined by PLG(2, q)

In this section we provide a construction satisfying conditions (i)–(v) in Section 2.1.

3.1 Preliminaries

Let p be a prime, q be any power of p, and F_q be the field with elements 0, 1, . . . , q − 1. We say that (a_1, a_2) ∈ F^2_q and (b_1, b_2) ∈ F^2_q are equivalent if a_1 = λb_1 and a_2 = λb_2 for some non-zero λ ∈ F_q . Then F^2_q \ {(0, 0)} splits into q + 1 classes that are represented by (0, 1), (1, 0), (1, 1), . . . , (1, q − 1) and the set X of these representatives is called the 1-dimensional projective space over F_q .

It is a well-known fact that any non-singular 2×2 matrix A ∈ F^{2×2}_q (the group of all such matrices is denoted by GL(2, q)) acts on X as a permutation by mapping x to xA (see, e.g., [4,12]). Clearly matrices A and λA define the same permutation for λ ≠ 0 ∈ F_q , hence all these permutations are defined by

matrices 1 c b d with bc ≠ d and 0 c 1 d with c ≠ 0. (We just remark that these

matrices correspond to the projective group PLG(2, q) and that the number of these matrices is (q + 1)q(q − 1) (see [12])).

Let K be the set of all vectors (b, c, d) ∈ F^3_q such that b, c, d ≠ 0 and bc ≠ d.

By subtracting from (q + 1)q(q − 1) the number of matrices of types 0 c 1 d with c ≠ 0, 1 c b 0 with bc ≠ 0, 1 c 0 d with d ≠ 0, and 1 0 b d with b, d ≠ 0, we obtain the following.

Fact 9 K has (q − 2)(q − 1)^2 elements.

Now for each (b, c, d) ∈ K we define a mapping π_{(b,c,d)} : X → X by π_{(b,c,d)}((0, 1)) = (1, b^{−1}d), π_{(b,c,d)}((1, −b^{−1})) = (0, 1) π_{(b,c,d)}((1, λ)) = (1, (c + dλ)(1 + bλ)^{−1}) for λ ≠ −b^{−1}. (5)

Since π_{(b,c,d)} corresponds to the action of 1 c b d on X, we have immediately that π_{(b,c,d)} is a permutation of X for every (b, c, d) ∈ K. We will need the following fact observed by Deza and Frankl [4].

Fact 10 For all (b, c, d) and (b^′, c^′, d^′) ∈ K, π_{(b,c,d)}(x) = π_{(b}′_{,c}′_{,d}′_)(x) has at most 2 solutions x ∈ X.

Before we define a family of subtrees satisfying the conditions from Section 2.1, we need one more operation on X. For c, d ∈ F_q and x ∈ X we set cx + d = (1, cx + d) if x = (1, x) (1, d) if x = (0, 1). (6) Clearly, cx+d acts on X^∗ = X \{(0, 1)} in the same way as cx+d does on F_q . For each (b, c, d) ∈ K we define a mapping κ_{(b,c,d)} : X × X → X by κ_{(b,c,d)}(x, y) = dy + b if x = (1, 0) or π_{(b,c,d)}(x) = (1, 0), dy + c otherwise. (7) The following fact follows from (5) and (7).

Fact 11 For all (b, c, d) and (b^′, c^′, d) ∈ K, if π_{(b,c,d)}(x) = π_{(b}′_{,c}′_{,d)}(x) and κ_{(b,c,d)}(x, y) = κ_{(b}′_{,c}′_{,d)}(x, y) for some x, y ∈ X, then b = b^′ and c = c^′.

3.2 Construction

For a vertex v and integer ℓ, we denote by T_ℓ(v) the full binary tree of height ℓ rooted at v and by T̃_ℓ(v) the tree constructed as follows: the root v is adjacent to two vertices v_1 and v_2 and we append the tree T_ℓ(v_1) at v_1. In other words, T̃_ℓ(v) = {vv_1} ∪ {vv_2} ∪ T_ℓ(v_1). We call the edge vv_2 the “special branch”. We also set T̃^−_ℓ (v) = {vv_1} ∪ T_{ℓ−1}(v_1). (We obtain T̃^−_ℓ (v) from T̃_ℓ(v) by removing all its leaves.)

Note that T_ℓ(v) has 2^{ℓ+1} − 1 vertices and 2^ℓ leaves, T̃_ℓ(v) has 2^{ℓ+1} + 1 vertices and 2^ℓ + 1 leaves, and and T̃^−_ℓ (v) has 2^ℓ vertices.

We now describe the host tree T with root r. Let h be a positive integer, q = 2^h, and t = 7(2^h + 1)(h + 1) − 6. In T̃_h(r) = {rr_1} ∪ {rr_2} ∪ T_h(r_1) we label the leaf r_2 by (0, 1) and the leaves of T_h(r_1) by vectors (x) ∈ X^∗ = X \{(0, 1)}.

For i = 1, . . . , 5, and for each (x_1, x_2, . . . , x_i) ∈ X^i, we label the leaf in the special branch of T̃_h ( (x_1, x_2, . . . , x_i) ) by (x_1, x_2, . . . , x_i, (0, 1)) and the other q leaves by ( x_1, x_2, . . . , x_i, (1, 0) ) , . . . , ( x_1, x_2, . . . , x_i, (1, q − 1) ) . Now we let T be the tree formed by the union of T̃_h(r) and all trees T̃_h ( (x_1, x_2, . . . , x_i) ) for i = 1, . . . , 5 and (x_1, x_2, . . . , x_i) ∈ X^i.

Note that T has maximum degree 3. For two vertices u and v in T , we denote by P (u, v) the vertex set of a unique path from u to v and we also set P^−(u, v) = P (u, v) \ {v}. Recall now that K is the set of all vectors (b, c, d) ∈ F^3_q such that b, c, d ≠ 0, and bc ≠ d. For each (b, c, d) ∈ K we shall define subtrees T_A(b, c, d) and T_B (b, c, d) of T and prove that they satisfy conditions (i)–(v) from Section 2.1.

We define T_A(b, c, d) as the union over all x_1, x_2, x_3 ∈ X of • T̃_h(r), • P ( (x_1), (x_1, π_{(b,c,d)}(x_1)) ) ∪ T̃_h ( (x_1, π_{(b,c,d)}(x_1)) ) , • P ( (x_1, π_{(b,c,d)}(x_1), x_2), (x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2) ) , • T̃_h ( (x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2)) ) , and • P ( (x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2), x_3), (x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2), x_3, (1, d)) ) . We define T_B (b, c, d) as the union over all y_1, y_2, y_3 ∈ X of • P ( r, (1, d) ) ∪ T̃_h ( (1, d) ) , • P ( ((1, d), y_1), ((1, d), y_1, π_{(b,c,d)}(y_1)) ) , • T̃_h ( ((1, d), y_1, π_{(b,c,d)}(y_1)) ) , • P ( ((1, d), y_1, π_{(b,c,d)}(y_1), y_2), ((1, d), y_1, π_{(b,c,d)}(y_1), y_2, κ_{(b,c,d)}(y_1, y_2)) ) , • T̃_h ( ((1, d), y_1, π_{(b,c,d)}(y_1), y_2, κ_{(b,c,d)}(y_1, y_2)) ) .

We prove that the trees above satisfy conditions (i)–(v) in the next section.

3.3 Proofs

From the above definition we conclude that the leaves of T_A(b, c, d) are of the form ( x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2), x_3, (1, d) ) and the leaves of T_B (b, c, d) are of the form ( (1, d), y_1, π_{(b,c,d)}(y_1), y_2, κ_{(b,c,d)}(y_1, y_2), y_3 ) . If T_A(b, c, d) and T_A(b^′, c^′, d^′) (or T_B (b, c, d) and T_B (b^′, c^′, d^′)) have the same leaf, then, by comparing coordinates, we obtain that d = d^′, π_{(b,c,d)}(x_1) = π_{(b}′_{,c}′_{,d)}(x_1) has a solution x_1 ∈ X, and κ_{(b,c,d)}(x_1, x_2) = κ_{(b}′_{,c}′_{,d)}(x_1, x_2) for some x_2 ∈ X. By Fact 11 we have b = b^′ and c = c^′. Thus (b, c, d) = (b^′, c^′, d^′) and (iii) holds.

To prove (iv), we need to find x_1, x_2, x_3, y_1, y_2, y_3 ∈ X so that ( x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2), x_3, (1, d) ) = ( (1, d^′), y_1, π_{(b}′_{,c}′_{,d}′_)(y_1), y_2, κ_{(b}′_{,c}′_{,d}′_)(y_1, y_2), y_3 ) . We see that this is satisfied for x_1 = (1, d^′), y_1 = π_{(b,c,d)}(x_1), x_2 = π_{(b}′_{,c}′_{,d}′_)(y_1), y_2 = κ_{(b,c,d)}(x_1, x_2), x_3 = κ_{(b}′_{,c}′_{,d}′_)(y_1, y_2), and y_3 = (1, d).

The definition of T_A(b, c, d) and T_B (b^′, c^′, d^′) implies that their intersection consists of the union of paths (this is because T_B (b^′, c^′, d^′) has paths at places where T_A(b, c, d) has trees an vice-versa). From this we deduce that T_A(b, c, d) ∩ T_B (b^′, c^′, d^′) = P ( r, (x_1, π_{(b,c,d)}(x_1), x_2, κ_{(b,c,d)}(x_1, x_2), x_3, (1, d)) ) , where x_1 = (1, d^′), y_1 = π_{(b,c,d)}(x_1), x_2 = π_{(b}′_{,c}′_{,d}′_)(y_1), y_2 = κ_{(b,c,d)}(x_1, x_2), and x_3 = κ_{(b}′_{,c}′_{,d}′_)(y_1, y_2). Hence | | |T_A(b, c, d) ∩ T_B (b^′, c^′, d^′) | | | = 6h + 7 < t and (v) holds.

Consider the intersection of T_A(b, c, d) and T_A(b^′, c^′, d^′). To maximize this intersection (and reach beyond level 2h) we must have π_{(b,c,d)}(x_1) = π_{(b}′_{,c}′_{,d}′_)(x_1) for some x_1 ∈ X. Let u_1 and u_2 be (at most 2) solutions (cf. Fact 10) of this equation.

We distinguish two cases. If d = d^′, then κ_{(b,c,d)}(x_1, x_2) = κ_{(b}′_{,c}′_{,d)}(x_1, x_2) cannot have any solution for x_1 ∈ {u_1, u_2} because by Fact 11 we would have

(b, c, d) = (b^′, c^′, d). This implies that T_A(b, c, d) ∩ T_A(b^′, c^′, d^′) is contained in T̃^−_h ( r ) ∪ ⋃ x_1∈X P^− ( (x_1), (x_1, π_{(b,c,d)}(x_1)) )

∪ T̃^−_h ( (x, π_{(b,c,d)}(x)) ) ∪ T̃^−_h ( (x^′, π_{(b,c,d)}(x^′)) ) ∪ ⋃ x_2∈X P^− ( (u_1, π_{(b,c,d)}(u_1), x_2), (u_1, π_{(b,c,d)}(u_1), x_2, κ_{(b,c,d)}(u_1, x_2)) )

∪ ⋃ x_2∈X P^− ( (u_2, π_{(b,c,d)}(u_2), x_2), (u_2, π_{(b,c,d)}(u_2), x_2, κ_{(b,c,d)}(u^′_2, x_2)) ) . (8)

If d ≠ d^′, then κ_{(b,c,d)}(x_1, x_2) = κ_{(b}′_{,c}′_{,d)}(x_1, x_2) has at most two solutions for a fixed x_1 (cf. (7) and (6)). Denote by u_{11}, u_{12} the solutions for x_1 = u_1 and by u_{21}, u_{22} the solutions for x_1 = u_2. This implies that T_A(b, c, d) ∩ T_A(b^′, c^′, d^′) is contained in (8) enlarged with ⋃ x_2∈{u_{11},u_{12}} T̃^−_h ( (u_1, π_{(b,c,d)}(u_1), x_2, κ_{(b,c,d)}(u_1, x_2)) )

∪ ⋃ x_2∈{u_{21},u_{22}} T̃^−_h ( (u_2, π_{(b,c,d)}(u_2), x_2, κ_{(b,c,d)}(u_2, x_2)) )

∪ ⋃ x_2∈{u_{11},u_{12}} ⋃ x_3∈X P^− ( (u_1, π_{(b,c,d)}(u_1), x_2, κ_{(b,c,d)}(u_1, x_2)), x_3),

(u_1, π_{(b,c,d)}(u_1), x_2, κ_{(b,c,d)}(u_1, x_2)), x_3, (1, d)) ) ∪ ⋃ x_2∈{u_{21},u_{22}} ⋃ x_3∈X P^− ( (u_2, π_{(b,c,d)}(u_2), x_2, κ_{(b,c,d)}(u_2, x_2)), x_3),

(u_2, π_{(b,c,d)}(u_2), x_2, κ_{(b,c,d)}(u_2, x_2)), x_3, (1, d)) ) .

Clearly, the second case yields a larger intersection whose size is bounded by

2^h + (2^h + 1) · h + 2 · 2^h + 2 · (2^h + 1) · h + 4 · 2^h + 4 · (2^h + 1) · h < t.

Hence (i) holds.

Now we look at how T_B (b, c, d) and T_B (b^′, c^′, d^′) intersect. Clearly, d = d^′ holds and π_{(b,c,d)}(y_1) = π_{(b}′_{,c}′_{,d)}(y_1) has a solution in order to maximize this intersection. Let v_1 and v_2 be (possibly two) solutions of this equation. By Fact 11, κ_{(b,c,d)}(y_1, y_2) = κ_{(b}′_{,c}′_{,d)}(y_1, y_2) cannot have any solution y_2 for y_1 ∈ {v_1, v_2} because otherwise we would have (b, c, d) = (b^′, c^′, d). This implies that T_B(b, c, d) ∩ T_B (b^′, c^′, d^′) is given by P^− ( r, (1, d) ) ∪ T̃^−_h ( (1, d) ) ∪ ⋃ y_1∈X P^− ( ((1, d), y_1), ((1, d), y_1, π_{(b,c,d)}(y_1)) )

∪ T̃_h ( ((1, d), y, π_{(b,c,d)}(y)) ) ∪ T̃_h ( ((1, d), y^′, π_{(b,c,d)}(y^′)) ) ∪ ⋃ y_2∈X P^− ( ((1, d), y, π_{(b,c,d)}(y), y_2), ((1, d), y, π_{(b,c,d)}(y), y_2, κ_{(b,c,d)}(y, y_2)) )

∪ ⋃ y_2∈X P^− ( ((1, d), y^′, π_{(b,c,d)}(y^′), y_2), ((1, d), y^′, π_{(b,c,d)}(y^′), y_2, κ_{(b,c,d)}(y^′, y_2)) ) . A moment’s thought shows that the above intersection is smaller than the one in the previous case and thus that (ii) holds.

For any n satisfying n ≤ (q − 2)(q − 1)^2 = ( 2^h − 2 )( 2^h − 1

)_2

, the above construction and Section 2.1 yield a (3, 3, t)-representation of any G ⊂ K_{n,n}, where t = 7(2^h + 1)(h + 1) − 6.

Given n, we find an upper bound on h using the fact that ( 2^{h−1} − 2 )( 2^{h−1} − 1

)_2 < n because, otherwise, we could use t = 7(2^{h−1} + 1)((h − 1) + 1) − 6. Thus, we have n > ( 2^{h−1} − 2

)_3

from which we deduce that 2^h < 2n^{1/3} + 4. A short calculation shows that

t_{bip}(n) ≤ t = 7(2^h + 1)(h + 1) − 6 ≤ 7(2n^{1/3} + 4) ( log_2 n 3 + 2 ) − 6.

4 Lower bound

In this section, we prove Theorem 5. For any (3, 3, t)-representation of K_{n,n}, let T be the host tree, and A_1, . . . , A_n, respectively B_1, . . . , B_n, denote the vertex sets of subtrees corresponding to vertices in each partite set of K_{n,n}. Thus we know that |A_i ∩ A_j | < t, |B_i ∩ B_j | < t for all 1 ≤ i < j ≤ n, and |A_i ∩ B_j | ≥ t for all 1 ≤ i, j ≤ n.

Claim 12 Either |A_i ∩ A_j | ≥ 1 for all 1 ≤ i < j ≤ n or |B_i ∩ B_j | ≥ 1 for all 1 ≤ i < j ≤ n.

PROOF. Suppose that A_i ∩A_j = ∅ for some 1 ≤ i < j ≤ n. Let P be vertices of the unique shortest path (in T ) between A_i and A_j , that is |P | > 0. Since every B_k must contain a vertex from both A_i and A_j and T [B_k] is a tree, B_k must also contain P for all k = 1, . . . , n. □

Due to symmetry, we may assume that |A_i ∩ A_j | ≥ 1 for all 1 ≤ i < j ≤ n. Recall that any family of subtrees of a tree has the Helly property, i.e., if the members of the family are pairwise intersecting, then there is a vertex common to the whole family (cf. Chapter 1 in [1]). Thus we have

Claim 13 | | | | | n⋂ j=1 A_j | | | | | ≥ 1.

Now we prove that every B_i has a nonempty intersection with^n ⋂ j=1 A_j.

Claim 14 For every i ∈ [n] there is a vertex v_i ∈ B_i ∩^n ⋂ j=1 A_j .

PROOF. Suppose B_i ∩^n ⋂ j=1 A_j = ∅ and let v_i be the closest point of B_i

to A =^n ⋂ j=1 A_j in T . Note that since every two points in T are connected by a

unique path and v_i is the closest point of B_i to A =^n ⋂ j=1 A_j , each path between

B_i and A must contain v_i.

Thus, as every A_j has non-empty intersections with B_i and A and T [A_j] is a tree, we obtain v_i ∈ A_j , ∀j, hence v_i ∈ A and B_i ∩ A ≠ ∅. □

Observe that since |A_i ∩ A_j| < t for every i < j, we have | | | | n⋂ j=1 A_j | | | | < t. In view

of the previous claim, there must be a vertex v ∈^n ⋂ j=1 A_j such that | | | { i: v ∈ B_i }| | ≥ n/t.

Set I = {i : v ∈ B_i} and imagine T as a rooted tree with root v. Let i ∈ I and j ∈ [n]. Each intersection A_j ∩ B_i, j ∈ [n], contains a subtree with t vertices rooted in v (because |A_j ∩ B_i| ≥ t). No two intersections A_j ∩ B_i and A_j′ ∩ B_i′ can be the same since |A_j ∩ A_j′ | < t and |B_i ∩ B_i′ | < t for all i ≠ i^′, j ≠ j^′. Therefore, n × n t ≤ # subtrees of T of size t rooted at V . (9)

It is a well-known fact (cf. [16], page 220) that the number of rooted subtrees of size t of a binary tree is given by the Catalan number C_t = (_{2t} t ) /(t+1). Since we allow the root v to have three neighbors (denoted by v_1, v_2, v_3), we must adjust the counting: if we remove the edge vv_3, any subtree of size k rooted in v splits into two trees - one rooted in v of size k (where k ∈ {1, . . . , t}) and the other rooted in v_3 of size t − k. Notice that the new trees are rooted subtrees of the binary tree, and, therefore, we get

# subtrees of T of size t rooted at v ≤ t∑ k=1 C_kC_{t−k} < C_{t+1}. (10)

The last inequality follows from the fact that ∑_t k=0 C_kC_{t−k} = C_{t+1}.

Combining (9) and (10) yields

n^2 t ≤ C_{t+1} = 1 t + 2 ( 2t + 2 t + 1 ) . Since (_{2m} m ) ≤ 2^{2m}/ √ 2m, we obtain

n^2 ≤ t t + 2 × 2^{2t+2} √ 2t + 2

< 2^{2t}.

Hence, t > log_2 n. □

5 Monotonicity of tree representations

Here we prove Proposition 7.

PROOF. Suppose G ∈ [Δ, d, t] with vertices {v_1, v_2, . . . , v_n}. Let H be the host tree in a (Δ, d, t)-representation of S and v_i → S_i for every i ∈ [n].

Let v be any leaf of H. We construct a (Δ, min{Δ, d+1}, t+1)-representation, {S^′_i : i ∈ n}, of G, from the subtrees {S_i : i ∈ n} and host tree H.

The (Δ, min{Δ, d + 1}, t + 1)-representation will have host tree H^′ which is H with an additional vertex v^′ and edge vv^′. Notice that H^′ has the same maximum degree as H. Consider v^′ to be the root of H^′.

Given any subtree S of H, we can consider it to be a subtree of H^′. Let r(S) be the vertex in the smallest level, ℓ(r(S)), of H^′. Then for every subtree S of H, r(S) has a unique parent in H^′. We call this parent p(S). Notice that if S and T are two subtrees of H then

S ∩ T ≠ ∅ if and only if r(S) ∈ V (T ) or r(T ) ∈ V (S). (11)

For each i ∈ [n], set S^′_i = S_i + p(S_i). Observe that the maximum degree of S^′_i is min{Δ, d + 1}. We claim that |S_i ∩ S_j| ≤ |S^′_i ∩ S^′_j | ≤ |S_i ∩ S_j| + 1 (12) for all i ≠ j.

The first inequality in (12) is obvious.

Suppose for some i ≠ j, |S^′_i ∩ S^′_j | ≥ |S_i ∩ S_j | + 2. It is clear that p(S_i) ≠ p(S_j ), since if p(S_i) = p(S_j ) then |S^′_i ∩ S^′_j | = |S_i ∩ S_j | + 1. Since we gained 2 vertices, it must be true that p(S_i) ∈ V (S_j ), and p(S_j ) ∈ V (S_i). But p(S_i) ∈ V (S_j ) implies ℓ(r(S_j)) < ℓ(r(S_i)) and p(S_j ) ∈ V (S_i) implies ℓ(r(S_i)) < ℓ(r(S_j)). We have reached a contradiction. Therefore, (12) holds.

By (12), if |S_i ∩ S_j | ≤ t − 1 then |S^′_i ∩ S^′_j | ≤ t.

If |S_i ∩ S_j| = t, then by (11) either r(S_i) ∈ V (S_j) or r(S_j ) ∈ V (S_i). If r(S_i) = r(S_j), then p(S_i) = p(S_j ) and we have |S^′_i ∩ S^′_j| = t + 1. Otherwise, without loss of generality, assume that r(S_i) ∈ V (S_j) and ℓ(r(S_j)) < ℓ(r(S_i)). Then p(S_i) ∈ V (S_j ) and thus, |S^′_i ∩ S^′_j | ≥ t + 1. □

A Appendix: In search of the smallest n such that t(K_{n,n}) < n

Careful analysis of the proof of Theorem 3 reveals that our construction gives t(K_{n,n}) < n for n > n_0 = 589.

We recall that Theorem 3 yields a (3, 3, t)-representation of K_{n,n} for (2^{h−1} − 1)(2^{h−1} − 2)^2 < n ≤ (2^h − 1)(2^h − 2)^2 and t = t(K_{n,n}) = 7(2^h + 1)(h + 1) − 6. It is an easy exercise to verify that t ≤ (2^{h−1} − 1)(2^{h−1} − 2)^2 for h ≥ 5, from which t(K_{n,n}) < n for n > 3150 follows.

For h = 4, we get a (3, 3, 589)-representation of K_{n,n} for every 590 ≤ n ≤ 3150. Hence we can set n_0 = 589.

References

[1] C. Berge. Hypergraphs, volume 45 of North-Holland Mathematical Library.

North-Holland Publishing Co., Amsterdam, 1989. Combinatorics of finite sets,

Translated from the French.

[2] P. Buneman. A characterisation of rigid circuit graphs. Discrete Math., 9:205– 212, 1974.

[3] M. S. Chung and D. B. West. The p-intersection number of a complete bipartite graph and orthogonal double coverings of a clique. Combinatorica, 14(4):453– 461, 1994.

[4] M. Deza and P. Frankl. On the maximum number of permutations with given maximal or minimal distance. J. Combinatorial Theory Ser. A, 22(3):352–360, 1977.

[5] N. Eaton. Intersection representation of complete unbalanced bipartite graphs.

J. Combinatorial Theory Ser. B, 71(2):123–129, 1997.

[6] N. Eaton, R. J. Gould, and V. Rödl. On p-intersection representations. J. Graph Theory, 21(4):377–392, 1996.

[7] P. Erdős, A. W. Goodman, and L. Pósa. The representation of a graph by set intersections. Canad. J. Math., 18:106–112, 1966.

[8] Z. Füredi. Intersection representations of the complete bipartite graph. In The mathematics of Paul Erdős, II, volume 14 of Algorithms Combin., pages 86–92. Springer, Berlin, 1997.

[9] F. Gavril. The intersection graphs of subtrees in trees are exactly the chordal graphs. J. Combinatorial Theory Ser. B, 16:47–56, 1974.

[10] M. C. Golumbic. Future directions on tolerance graphs. In Proceedings of the Thirtieth Southeastern International Conference on Combinatorics, Graph Theory, and Computing (Boca Raton, FL, 1999), volume 139 of Congr. Numer., pages 213–220, 1999.

[11] M. C. Golumbic and R. E. Jamison. Edge and vertex intersection of paths in a tree. Discrete Math., 55(2):151–159, 1985.

[12] J. W. P. Hirschfeld. Projective geometries over finite fields. Oxford Mathematical Monographs. The Clarendon Press Oxford University Press, New York, second edition, 1998.

[13] R. E. Jamison and H. M. Mulder. Constant tolerance representations of graphs in trees. In Proceedings of the Thirty-first Southeastern International Conference on Combinatorics, Graph Theory and Computing (Boca Raton, FL, 2000), volume 143 of Congr. Numer., pages 175–192, 2000.

[14] C. G. Lekkerkerker and J. Ch. Boland. Representation of a finite graph by a set of intervals on the real line. Fund. Math., 51:45–64, 1962/1963.

[15] F. R. McMorris and E. R. Scheinerman. Connectivity threshold for random chordal graphs. Graphs Combin., 7(2):177–181, 1991.

[16] R. P. Stanley. Enumerative combinatorics. Vol. 2, volume 62 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1999. With a foreword by Gian-Carlo Rota and appendix 1 by Sergey Fomin.

[17] J. R. Walter. Representations of chordal graphs as subtrees of a tree. J. Graph Theory, 2(3):265–267, 1978.