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Many applications of Szemerédi’s Regularity Lemma for graphs are based on the
following counting result. If G is an s-partite graph with partition V(G) = U;_, Vi,
‘V¢| =m for all 4 € [s], and all pairs (V;,V}), 1 <i < j < s, are e-regular of density

d, then G contains (1 + f(e))d<é) m?® cliques K, provided e < €(d), where f(€) tends
to 0 as € tends to 0.

Guided by the regularity lemma for 3-uniform hypergraphs established earlier by
Frankl and R6dl, Nagle and R6dl proved a corresponding counting lemma. Their proof
is rather technical, mostly due to the fact that the ‘quasi-random’ hypergraph arising
after application of Frankl-Roédl’s regularity lemma is ‘sparse’ and consequently is
difficult to handle.

If the ‘quasi-random’ hypergraph is dense, then Kohayakawa, R6dl and Skokan
[J. Combin. Theory Ser. A 97, pp. 307-352] found a simpler proof of the counting
lemma. Their result applies even to k-uniform hypergraphs for arbitrary k. While
the Frankl-Rodl regularity lemma will not render the dense case, in this paper, for
k = 3, we are able, nevertheless, to reduce the harder, sparse case to the dense case.

Namely, we prove that a ‘dense substructure’ randomly chosen from the ‘sparse 6-
regular structure’ is §-regular as well. This allows to count the number of cliques (and
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other subhypergraphs) using Kohayakawa-Rodl-Skokan result and provides an alter-
native proof of the counting lemma in the sparse case. Since the counting lemma in
the dense case applies to k-uniform hypergraphs for arbitrary k, there is a possibility
that the approach of this paper can be adopted to the general case as well.

1. Introduction and the Main Result

For a graph G = (V, E) and two disjoint nonempty sets A, B C V, denote by E(A, B)
the set of edges {a,b} € F with a € A and b € B. Let d(A, B) = |E(A, B)|/|A||B| be the
density of a pair (A, B). For a given € > 0, the pair (A, B) is e-regular if

d(A, B) — d(A', B')| < ¢

holds whenever A’ C A, B’ C B, and |A’| > ¢|A|, |B’| > ¢€|B].
Szemerédi’s Regularity Lemma [9] says that all graphs can be decomposed into e-
regular, ‘random like’ pieces.

Theorem 1.1 (Szemerédi’s Regularity Lemma). For every given € > 0 and integer
t, there exist integers T = T(e, t) and N = N(e,t) such that every graph G = (V, E) with
!V’ > N wvertices admits a partition V = J;_, Vi, such that

(1) t<s<T,

(2) ||Vil = |V;|| €1 for all pairs (i,5),1 <i<j<s, and

(3) pairs (V;,V;) are e-regular for all but €(3) pairs (i,5), 1 <i<j<s.

A partition described in the above theorem is called an e-regular partition.

Szemerédi’s Regularity Lemma is one of the most powerful tools in extremal graph
theory. Many applications of Szemerédi’s Regularity Lemma are based on a ‘counting
lemma’ which states that the number of cliques K, i.e. complete subgraphs with s
vertices, in a ‘random-like’ graph is as expected. For a graph G, let Ks(G) be the set of
all s-element sets that induces a copy of K in G. The following fact is easy to prove.

Fact 1.2 (Counting Lemma). Let G be an s-partite graph with a vertex partition
V(G) =Ui_, Vi such that

(1) |Vi| =m for alli € [s], and

(2) all pairs (V;,V;), 1 <i < j <s, are e-reqular with density d.

s

Then G contains (1 + f(e))d(2)ms cliques K, provided ¢ < ¢(d), where f(e) — 0 as
€ — 0. In other words,

Ko(G)] = (1 £ f(e))dme.

A natural question arises whether the Regularity Lemma can be generalized to hyper-
graphs in a way that allows for a similar counting lemma. It turns out that this is a hard
problem. Frankl and Rédl developed such a regularity lemma for 3-uniform hypergraphs
in [4]. In a way similar to Theorem 1.1, Frankl-Rodl’s regularity lemma allows one to
count the number of cliques K @) This was done for s = 4 in [4] and later generalized
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by Nagle and Rodl [7], replacing 4 with an arbitrary integer s. The result of [7], which
extends Fact 1.2 to 3-uniform hypergraphs, replaces the concept of e-regularity with
(0,d, r)-regularity (cf. Definition 1.3). While the proof of Fact 1.2 is simple, the proof of
counting lemma given in [7] is surprisingly very technical.

Since in this paper we are interested mainly in an extension of Fact 1.2 to 3-uniform
hypergraphs, we will not state the Frankl-Rodl regularity lemma here. We need however
their concept of regularity for 3-uniform hypergraphs (cf. [4]).

Definition 1.3. Let 6§, d be positive real numbers and r be a positive integer. Let G be a

3-partite graph and H be a 3-partite 3-uniform hypergraph with the same vertex partition.

We say that H is (9, d, r)-reqular with respect to G if the following property is satisfied.
Whenever Q1, ... ,Q, are subgraphs of G such that

> 0|Ks(G)|,

U Ks(2))
j=1

then

‘H N U K5(Q;)| = (1 % 8)d . (1.1)

U’C3(Qj)

Here K35(G) stands for the number of triangles in a graph G and we refer the reader to
Section 2 for more notation used through this paper.

Remark 1.4. (6,d,r)-reqularity implies (§',d,r")-reqularity when ' <r and §' > 4.

Definition 1.5. Let G be an s-partite graph and H be an s-partite 3-uniform hypergraph
with the same partition \J;_, Vi. We say that H is (6, d, r)-reqular with respect to G if
HIV; UV, U V] is (6,d,r)-reqular with respect to G[V; UV; U Vy] for every {i,j,k} € [s]>.

Definition 1.6. Let G be a graph and H be a 3-uniform hypergraph. We say that G
underlies H if all edges of H are triangles of G, in other words, H C K3(G).

We found it convenient to work with the following alternative (but equivalent) defini-
tion of e-regularity.

Definition 1.7. Let 0 < e,d < 1 and (V1,Va) be a disjoint pair in graph G. The pair
(V1, Vo) is called (e, d)-regular if

d(Wl, WQ) = (1 + €)d
holds for every W1 C Vi, Wa C Vo with |[W1||Wa| > €| V1|Vl

Definition 1.8. Let G = (V, E) be an s-partite graph with partition V = J;_, V;. Then
G is called (e, d)-reqular if all pairs (V;,V;), 1 <1i < j <s, are (¢, d)-regular.

Now we are ready to state the counting lemma for 3-uniform hypergraphs.
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Theorem 1.9 (Counting lemma for 3-uniform hypergraphs [7]). Lets > 3 be an
integer. For every p > 0 and ds € (0,1] there exists § > 0 such that for every ds € (0, 1]
there exist € > 0 and integers v and mq such that the following assertion holds.

If G is an s-partite graph with partition V. = |J;_, Vi, where |VZ| = m > mg for
1 <i<s, and H is an s-partite 3-uniform hypergraph with the same partition such that
(1) G is (¢,dz)-regular, and
(2) G underlies H, and H is (0,ds, )-reqular with respect to G,

then H contains (1 + ,u)dgz)dgf’)ms copies of K.

Note that due to the quantification of Theorem 1.9 (Vu Vds 36 Vda Je Ir Imgy Vm),
one must prove this theorem for every ds, and consequently for do < 6. In this case, the
underlying graph G is sparse which is the main reason why all known proofs became very
technical. Unfortunately, the situation do < § cannot be avoided after the application of
the regularity lemma from [4].

If the underlying graph G is dense, then it is relatively simple to count the number
of cliques. Recently, Kohayakawa, Rodl and Skokan [6] proved a counting theorem for
k-uniform hypergraphs, which for k£ = 3 reduces to a special case of Theorem 1.9. Specif-
ically, they showed that Theorem 1.9 is true when G is a complete s-partite graph and
r=1.

Lemma 1.10. [6] Let s > 3 be an integer. For every p > 0 and every d € (0,1], there

exist 0g > 0 and my > 0 such that the following holds. If

(1) G is a complete s-partite graph with partition V- =J;_, V;, where ’Vll =m > myg for
1<i<s, and

(2) H is an s-partite 3-uniform hypergraph with the same partition V = J_, V; and H
is (9, d, 1)-regular with respect to G, where 6 < &y,

then H contains (1 £ u)d@)mS copies of K®.

In this paper, we show how to reduce the harder, sparse case (i.e. when dy < ¢) to the
dense case (when § < d2 = 1). We prove that a ‘dense substructure’ randomly chosen
from the ‘sparse d-regular structure’ is d-regular as well. In order to state our result, we
need to describe the environment (or our ‘sparse d-regular structure’) in which we will
work.

Through the remaining part of this paper, we will work within the following setup.
Due to the quantification of Theorem 1.9:

Yu VYds 30 Vdg 3 € Ir Img Ym > my,

we may assume the following.

Setup.
(1)

1 1
E e K ; < d2,5 and § <€ d3. (1.2)
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(S2) Let h be an integer satisfying e < 1/h < 6.
(S3) Let V = J;_, Vi be a partition of V satisfying |V;| = m for i € [s]. Suppose that

(i) G is an (e, ds)-regular s-partite graph with s-partition V = J;_, Vs,
(i) H is an s-partite 3-uniform hypergraph with the same partition as G, and
(i1i) G underlies H and H is (9, ds, r)-regular with respect to G.

We also need the following definition.

Definition 1.11. For 2 < t < s, we call a t-tuple of h-subsets (L1,...,L:), where
Ly c Vi,..., Ly C V4, complete if G[L1 U ... U L] is a complete t-partite graph. For
t =1, every h-subset Ly C Vi is called complete.

The following remark estimates the number of complete s-tuples of h-subsets. Note that
it is also a generalized version of the Counting Lemma for the graph case given in Fact 1.2.

Remark 1.12. For 1 < i < s, set M; = déiil)hm. Then the number of complete
s-tuples of h-subsets (Li,...,Ls) is (¢f. Fact A.7(1))

(1277 H (A}f)

i=1

Thus the quantity [];_; (Ag) counts asymptotically the number of complete s-tuples of
h-subsets in G. Consequently, the quantification

S

M;
“For all but f(9) H < b > complete s-tuples of h-subsets, where f(§) — 0 as 6 — 07
i=1

means

“For almost all complete s-tuples of h-subsets”.

Now we present our main result.

Theorem 1.13 (Main theorem). There exists a positive function f(J) with the prop-
erty f(6) — 0 as § — 0 such that the following holds.

S

M;
For all but at most f(0) H < b ) complete s-tuples of h-subsets (L1, Lo, ... ,Ly), the
i=1
induced subhypergraph H|Ui_, L;] is (f(9), ds, 1)-reqular with respect to G[U5_, L;].

s Mz
Consequently, all but at most f(d) H < L > complete s-tuples (L1, Lo, ..., Ls) of h-
i=1
subsets satisfy assumptions of Lemma 1.10, and thus enable to count the number of
cliques K§3) in H[U{_; L;]. The following result is a direct consequence of Theorem 1.13

and Lemma 1.10.



6 Y. Peng, V. Rédl and J. Skokan

Corollary 1.14. There exists a positive function f(8) with the property f(6) — 0 as
6 — 0 such that the following holds.

S

M;
For all but at most f(0) H < h,> complete s-tuples of h-subsets (L1, Lo, ... ,Ly), the

i=1

s

hypergraph H|Ui_, L;] contains (1 + f(5))dg3)hs copies of K®.

Applying Corollary 1.14 and a double counting argument, we can easily enumerate the
number of cliques K. ®) in H. This gives an alternative proof of Theorem 1.9. Details are
given in Section 3.

2. Notation

[W]F denotes all k element subsets of a set W.

V(G) is the vertex set of a graph or a hypergraph G.

E(G) is the edge set of a graph or a hypergraph G.

G[W] stands for the subhypergraph of G induced on a set W.

G(x) denotes the neighborhood of a vertex x in a graph G.

G(W) = Nyew G(2) is called the joint neighborhood of a set W in a graph G.
G(z1,...,xx) is an abbreviated form of G({z1,... ,z}).

Kj is a clique of size j in a graph.

K3(G) denotes the set of all triangles in a graph G.

K ;3) is a clique of size j in a 3-uniform hypergraph.

K;(H) denotes the set of all cliques of size j in a 3-uniform hypergraph H.

Ké?a is a complete 3-partite 3-uniform hypergraph whose every partite set contains
precisely two vertices.

H(z) ={e\{z}:e € E(H), x € e} is the link of a vertex z in a 3-uniform hypergraph H.
H(W) = N,ew H(z) is called the joint link of a set W' in a 3-uniform hypergraph .
H(x1,...,zr) is an abbreviated form of H({z1,... ,x}).

H(f) ={e\ f:e€ E(H), f C e} is the link of a 2-subset f € [V(H)]? in a 3-uniform
hypergraph H.

H(F) = Njer H(f) is the link of a family F C [V(H)]? in a 3-uniform hypergraph H.

For three numbers a, b and § > 0, b = a £ 0 means that b € (a — 0,a + 9).
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3. Proof of Theorem 1.9

At this point, we prove Theorem 1.9 by applying Corollary 1.14 and a double counting
argument. We will frequently use some easy facts regarding e-regularity of graphs. These
facts are summarized in the Appendix A as Facts A.1-A.10.

Denote by Cp,; the set of all complete t-tuples of h-sets in G, that is

Ch,t(G) = {complete(Ly, ... ,L;) € [Vi]" x ... x [Vi]"}.

Definition 3.1. We say that an s-tuple (ai,... ,as) € Vi X -+ x Vy is complete if the
induced subgraph Gl{a1,... ,as}] of G is a complete graph.

Now we shall outline the proof of Theorem 1.9. We first apply Corollary 1.14 to estimate
A=Y " |K(H[L1U... UL,
c

where ). stands for the summation over all s-tuples (L1, ... , Ly) € Cp,s(G). This is done
in Claim 3.2. Then, for a fixed complete s-tuple (ay,...,as)EV] X -+ x Vg, we estimate
the number of s-tuples (L1, ..., Ls) € Cp s(G) such that (a1,...,as) € L1 x --- x L (cf.
Claim 3.3). Since this quantity is essentially the same (say, equal to B) for almost all

(a1,...,a5)€V] X -+ x Vg, we can conclude that the number of copies of Kg?’) is about
A/B.
Claim 3.2.

2(s

S KA HL U U L)) = (14 (@) d D hemts sy,
C
where h(0) is a positive function with the property h(d) — 0 as 6 — 0.

Proof of Claim 3.2. Corollary 1.14, Remark 1.12, and 1/m < ¢ < 1/h < § imply
that

YK (HIL L. U L)
C

> (1= f00dfe < (=) 11 (dg:hm) -f @ﬁl (dgflz)hm»

i=1

el

> (1= h(@)d" d e me e, (3.0)

where f(0) is the function from Corollary 1.14 and h(d) is a positive function with the
property that h(5) — 0 as 6 — 0. Corollary 1.14 and Fact A.7(3) also imply that

Z]/CS(H[Ll U...ULy))|
C

. s (i—1)h s (i—1)h
< (L+ FENd R x (14 /27 11 <d2 h m) +h* x f(8) (d2 h m)
i=1 =1

< (14 h(@)d" dS pmbs e (3.2)
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since € € § < ds. L]

Let (a1,...,as) € V1 x -+ x V5 be a complete s-tuple. Now we estimate the number
of s-tuples (L1,...,Ls) € Cps(G) for which (ai,... ,as) € L1 X -+ x L.

Claim 3.3. All but at most €'/3m?® complete s-tuples (a1, ... ,as) € Vi x ---x V; satisfy
|{(L1, ,LS) S Ch}s(g) : (al,... 7CL5) €L x---x LSH
2 s
= (142G s -1y, (3.3)
Proof of Claim 3.3. Let (a1,...,as) € V4 x -+ x V5 be a complete s-tuple. We

need to estimate the number of complete s-tuples (Bj,... , By) of (h — 1)-subsets B; C
Vi,...,Bs C Vy such that

Bi € [6({ar, .. ,a}\ {a:P]" "

for every i € [s].
By Fact A.3 and € < dy < 1, for each i € [s], all but at most 2(s — 1)e'/2m*~1 <

e'/4m*=1 (s — 1)-element sets {a1,... ,as} \ {a;} satisfy
9o, - sash\ {ah)] = (L& /%) a3~ m. (3.4)
Since the right hand side of (3.4) is at least e'/*m, by Fact A.1, all but at most s x m x
e'/Ams=1 < €/8m® s-tuples (ai,. .. ,a,) satisfy that the graph
g[ U G({ar,... a3\ {a;})] is (¢'/2, ds)-regular. (3.5)
i=1

Consequently, by Fact A.7(1), we have

{(L1,...,Ls) €Chs(G) : (a1,... ,a5) € Ly x -+ x Ly }|
s g a(h=1)(i-1) 1/4y5=1 51
B 1/25+2 dy (L) "ds™'m
—(1te )H< o

_ (1 + 61/25+3)dé}ﬁfl)(;)Tns(h—l)/((h _ 1)|)s
U

Now we use double counting and Claims 3.2 and 3.3 to finish the proof.

Proof of Theorem 1.9. In Claim 3.2, we proved that the summation of the number
of cliques in H[L; U ... U Lg] over all complete s-tuples of h-subsets (Li,...,Ls) is
2(s s
(1m0 ' Dl pembs e,
In Claim 3.3, we proved that for all but at most €'/%m?® complete s-tuples (a1, ... ,as) €
V1 x - - - X Vs, the number of complete s-tuples of h-subsets (L, ... , L) such that a; € L;

2 4\(s
is (14 727 al" D) 00 s 1y,

1/8
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Combining these two claims and the fact that € < 6, do, d3, we obtain

(1+ ho) ' D dlS) psmbs s

‘KS(H)‘ < (h2—1)(5) + El/Sms
(1—€e/2")d, Ymsh=1) /((h — 1))s
< (1+2m(6)dP dme,
and
h? > 3 s s s s( m %
() (1 —h(6)) dy ( )dg  psm J(h)® = eY/8ms (")
( N (1+ 61/25+3)déh2_1)(;)ms(h—l)/((h —1)s
> (1= 20(8))d P me,

This completes the proof. ]

4. Proof of Theorem 1.13

It follows from Section 3 that the main task is to prove Theorem 1.13. In order to do
so, we apply an equivalent condition for (J,d,1)-regularity of 3-uniform hypergraphs
when the underlying graph is complete. The corresponding equivalence was proved by
Y. Kohayakawa, V. Rédl and J. Skokan in [6]. Before stating this result, we introduce a
definition.

Definition 4.1. Let Hy be a 3-partite 3-uniform hypergraph with partition U = Uy U
Us UUs. We define the density den(Ho) of Ho by

[Hol

d S .|
en(ho) = GG

where |Ho| s the number of edges in Hy. We also denote by com(Hy) the number of
copies of Ké?Q)Q in Ho.
Now we are ready to state the result from [6].

Lemma 4.2. Let Gy be a complete 3-partite graph and Hy be a 3-partite 3-uniform
hypergraph with the same partition U = Uy U Uy U Us, where |Ui| =nforl <i<3. If
den(Ho) = d, then the following properties are equivalent:

(1) Ho is (6,d,1)-regular,

(2) com(Hy) = (14 8")d®nb/8.

The equivalence of properties (1) and (2) is understood in the following sense. For two
properties P = P(§) and P’ = P’(§’), “P = P’ means that for every ¢’ > 0 there is
a § > 0 so that any 3-uniform hypergraph Hy satisfying P(§) must also satisfy P’(¢’),
provided n > My(d").

By Lemma 4.2, to prove Theorem 1.13, it is sufficient to show the following theorem.
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Theorem 4.3. There exists a positive function f(5§) with the property f(6) — 0 as
& — 0 such that the following statement holds.

For all but at most f(é)H (]\}/L[Z) s-tuples (L1,La,...,Ls) € Cps(G), the induced
i=1
subhypergraph H[Ui_, L;] satisfies these two properties:
(P1) den(H[L; UL; U L)) = (1+£ f(8))ds for every {i,j, k} € [s], and
(P2) com(H[L; U L;ULyg])= (1% f(8))d5h6/8 for every {i, j, k} € [s]>.

In order to prove this theorem, for t = 3,4,...,s, we will introduce statements
Den,(ppp) regarding the ‘density’ of subhypergraphs of H and statements Comy(ppp)
regarding the number of copies of K. é 5.9 in subhypergraphs of ‘H. These statements will
be proved by induction on ¢. Deny (ppp) and Comy(ppp) will then imply conditions (P)
and (P3) of Theorem 4.3.

We start with some definitions. Set

dg(pfl)

M, m,
Mf o= (1),
My = (1=,

Definition 4.4. For 1 <t < s, we call a complete t-tuple (cf. Definition 3.1) of h-
subsets (L1,..., L) good if

My, <|G(L1U---UL,)NV;| < M,

1 (4.1)

foreveryl <p<tandp+1<i<s.

Remark 4.5.  All but ¢!/2"" H;Zl (Aip) complete t-tuples of h-subsets (Ly, ..., L) are
good (cf. Fact A.7(2)).

Let t, 3 <t < s, be given and let (Lq,...,L;) be a good t-tuple of h-subsets. For
a triple (Lp,, Lpys Lpy), 1 < p1 < pa < ps < t, we define the following edge-extension
property EEP(p1,p2,p3) and Cy-extension property CAEP;(p1, ps,p3) regarding the
density of subhypergraphs of ‘H and the number of copies of K2(32)2 in subhypergraphs of
'H, respectively.

EEP,(p1,p2,ps): All but at most §Y/4° 2 edges e = {x,y} in G[Lp, U Lp,] satisfy

’H(e) AL, | = (1+45)dsh.

Observe that a triple (Lp,, Lp,, Lp, ), where 1 < p; < p2 < p3 < t, having property
EEP,(p1, p2, p3) implies that the induced subhypergraph H[L,, U L,, U L,.] has density

about dz. The second property regards the number of copies of Ké 2) 5 in the hypergraph
H[Lpl U Lpz U Lps}
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CA4EP;(p1, p2, p3): All but at most 61/4H5h4/4 four-cycles Cy in G[Lp, U L,,] satisfy

‘H(cu) N Ly | = (1+6Y%)dih,

Here, we view Cy as a set of four 2-subsets. Notice that a four-cycle Cy in G[L,, U L,,]
together with any two vertices in H(C4)NL,, form a K§32)2 in H[Lp, ULy, UL,,]. Thus the
property C4EP(p1, ps2, p3) implies that the induced subhypergraph H[L,, U L,, U L,,]
has the ‘right’ number of copies of K§32)2

Now we are ready to state Den,(ppp) and Com,(ppp).

t
¢ M,
Deny(ppp): All but at most suat H < hp> good t-tuples of h-subsets (L1, ..., L)
p=1
satisfy the following condition:
(*) all triples (Lp,, Lp,, Lpy), 1 < p1 < p2 < p3 < t, have the edge-extension property
EEP;(p1,p2,p3)-

t
¢ M,
Comy(ppp): All but at most sy H ( hp> good t-tuples of h-subsets (Ly, ..., L)
p=1
satisfy the following condition:
(*) all triples (Lp,,Lp,, Lp,), 1 < p1 < pa < p3 < t, have the Cy-extension property
C4EP,(p1,p2,D3)-

We note that Den, (ppp) and Fact A.7(2) imply that for almost all complete s-tuples of
h-subsets (L1, ... , Ls), all triple systems H[L,, ULp, UL,,], where 1 < p; < ps < p3 <,
have density (1 + §’)ds, where ¢’ — 0 as 6 — 0. Therefore Den,(ppp) and Fact A.7(2)
imply property (P1) of Theorem 4.3. Similarly, property (P3) of Theorem 4.3 follows
from Comy,(ppp) and Fact A.7(2).

Hence, our goal is to prove Deng(ppp) and Comy,(ppp). The proofs of these two state-
ments are very similar. In this paper, we present only the proof of Comy;(ppp). It can be
easily modified to prove Den,(ppp). Details of proving Deng(ppp) are given in [8] and
we omit them here.

We will prove Comy(ppp) for 3 <t < s by induction on ¢. Our induction scheme is
quite complex and we need several other auxiliary statements defined in the following
section.

5. Induction scheme

While proving Comy;1(ppp), our assumption will reflect the situation when a ‘typi-
cal’ good t-tuple of h-subsets (L1, La,..., L) is chosen. Recall that Q(U;;:1 L,) is the

neighborhood of the set U;Zl L, in the graph G. Clearly, g(U;:l L,) CVig1U---UV,.
We will consider the graph Q[Uzzl L,uU Q(ULZ1 L,)] and the hypergraph H[U;:1 L,u
Q(UZ:1 L,)]. Forevery t +1 < f < s, set

Wi =G(LiU...UL) NV
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Note that
— t
My < WP < M.

We regard sets Li,Ls...,L; as the “past” and sets Wt(i)l,Wt(j_)Q e s(t) as the “fu-

ture”. There are four possible types of triple systems in the hypergraph 'H[U;:1 L,u

Uj‘:t+1 W;t)]:

“frf” type: H[W}?UW}?UW}?L where t+1 < f1 < fo < f3 < s, that is, hypergraphs
induced on the union of three sets from the future.

“pff” type: H[L, U W(f) U Wg)}, where 1 <p<tandt+1< f; < fo < s, that is,
hypergraphs induced on the union of three sets one of which is from the past and two
are from the future.

“ppf” type: H[L,, U L,, U W;t)]7 where 1 < p; <py <tandt+1< f <s, that is,
hypergraphs induced on the union of three sets two of which are from the past and
one is from the future.

“ppp” type: H[Lp, U Ly, U L,,], where 1 < p; < p < ps < t, that is, hypergraphs
induced on the union of three sets from the past.

For the ‘f f f’ type triple systems, we are interested in their regularity. For the remain-
ing three types of triple systems, we are interested in the number of copies of K2(:,32),2 in
them. To deal with this situation we are going to use assertion Com;(ppp) together with
assertions Reg,(fff), Com:(pff), Com:(ppf) formulated below.

For 2 < p < t, we set

mn=r

3h —
{M if 243h < §1/2x4" "ds,
r, = )

§1/2x4aP—1 g,

Tp—1 otherwise.

Now we formulate Reg,(fff).
t

t—1 M,
Reg,(fff): All but €'/24*4 H ( hp> good t-tuples of h-subsets (L1,...,L:) satisfy
p=1
the following conditions.

(1) The induced subgraph G[G(L, U---U Ly)] is (¢'/2, dy)-regular.
(2) The induced subhypergraph H[G(Ly U---U Ly)] is (614", ds, r;)-regular with respect to
GIG(L1 U---U Ly
Before stating Com;(pf f) we need one related definition. For a given ¢, 1 <t < s—2,
and a triple (L, W}f), Wg)), where 1 <p <tandt+1< f; < fo <s, we define the
following Cj-extension property.
CA4EP,(p, f1, f2): All but at most 5%/

4t+5

d3Mp, 1 /4 four-cycles Cy in Q[W;f)UW};)] satisfy
|H(Ca) N Ly| = (14 8Y4)dih. (5.1)
Note that a triple (Ly, W}f), Wg)) possessing property C4EP;(p, f1, f2) implies that

the induced subhypergraph H[LPUW(I) UW;;)] has the ‘right’ number of copies of K2(32)2
Now we are ready to state Comy(pf f).
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t
t M
Comy(pff): All but at most 6*/* o H ( hp) good t-tuples of h-subsets (Ly,..., L)
p=1
satisfy the following condition:

(*) all triples (LP,W;?,W;;)), where 1 < p < tandt+1 < f1 < fo < s, posses
C4EP(p, f1, f2).

Similarly, we introduce assertion Comy(ppf). First, for a given ¢, 2 <t < s — 1, and a
triple (Ly,, Lpg,W;t)), where 1 <p; <py <tandt+1< f <s, we define the following
Cy-extension property.

CAEP,(p1, ps, f): All but at most 5/4" h* M2, /4 four-cycles Cy in Q[LPZUW;t)] satisfy

[H(C4) N Ly, | = (1 £ 6Y%)d3h. (5.2)

Observe that a triple (Ly, , Ly,, W}t)) having property C4EP;(p1, p2, f) implies that the

induced subhypergraph H[L,, U L,, U W}t)] has the ‘right’ number of copies of K§32)2
Then, we state Comy(ppf) as follows.

t
t M
Comy(ppf): All but at most 5/* o | I ( hp) good t-tuples of h-subsets (Li,..., L)
p=1
satisfy the following condition:

(*) all triples (L, , Lp,, W}t)), where 1 <p; < ps <t andt+ 1< f<s, posses property
C‘4EPt(p17p27 f)

In sections to come, we are going to prove the following statements.

(i) Statement Reg;(fff) is true.

(ii) Implication Reg,(fff) = Reg;,(fff) is true for every t € [s — 4].

(11i) Statement Com;(pff) is true.

(iv) Implication Reg,(fff) A Comy(pff) = Comyi1(pff) is true for every ¢ € [s — 3].
(v) Implication Com; (pff) = Comy(ppf) is true.

(vi) Implication Comy(pf f) A Comy(ppf) = Comy,rq(ppf) is true for every ¢ € [s — 2]\

{1}.
(vii) Implication Comy(ppf) = Coms(ppp) is true.
(viii) Implication Comy(ppf) A Comy(ppp) = Comy1(ppp) is true for every ¢ € [s — 1] \

{1,2}.

From (i)—(viii), one may deduce by induction (see the diagram below) that Com;(ppp)
holds for every ¢, 3 <t < s.



14 Y. Peng, V. Rodl and J. Skokan

Reg,(//f), Comi(pff) —"— Coms(ppf) —

l (i, i) (vi) l (viii) l

Reg,(fff), Comy(pff) SRCON Coms(ppf) o) Comy (ppp)

l (i, iv) (vi) l (viid) l
l (i, iv) (vi) l (viid) l

Reg, 4(fff), Com, s(pff) —2> Com, »(ppf) —22Ls Com, 1 (ppp)

l (iv) (i) J, (vite) l

Com,_»(pff) ", Com._i(ppf) Com, (ppp)
Statement (%) is verified in the next section and Section 7 contains the proof of (ii).
Section 8 shows (1) and the proof of (iv) is given in Section 9. Implications (v) and (vi)
are deduced in Section 10 and implications (vii) and (viéi) in Section 11.

Comy;(ppp)

(viid)

6. Proof of Reg,(fff)

The proof is based on Claim 6.1 and Claim 6.2 which regard conditions (1) and (2) in
Reg,(fff), respectively.

Claim 6.1. G[G(L1)] is (€'/2,dy)-regular for all good h-subsets Ly C V.

Proof of Claim 6.1. Let L; C V; be a good h-subset. By (4.1) and (1 — 61/4)hd§m >
e'/*m (recall that ¢ < dg,1/h), Fact A.1 implies that g[W}j) U Wg)} is (€'/2, dy)-regular
for every f1, f2,2< fi < fa <. O

The proof of Reg;(fff) will be completed by proving the following claim.

Claim 6.2. Fiz any {f1, f2, f3}, where 2 < f1 < fo < f3 < s. Then, all but at most
2¢l/12 (7;) good h-subsets Ly C Vi are such that H[W}ll) U W}zl) U W};)] 18 (51/4,d3, r1)-
reqular with respect to Q[ngll) U Wg) U W;Jl)]

Indeed, combining Claims 6.1 and 6.2, we obtain that all but 2(*3")e!/12 (") < €!/24(")
good h-subsets L1 C V; satisfy conditions (1) and (2) in Reg,(fff).

Proof of Claim 6.2. We prove this claim by contradiction. Fix any f1, fa, f3, where
2 < f1 < fo < f3 < s. Suppose that there exist 61/12(7:) good h-subsets L' C 1}
satisfying condition:
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(*) There exist subgraphs Q... , QL of G[G(L") N (V, U Vy, U V)] such that

U Ks(Q0)| > 6"4|KCs(GIG(LY) N (Vy, UV, UV, (6.1)
t=1
but,
’H N U K3(Qh)| > (14 6Y%)ds U K3(Q)|. (6.2)
t=1 t=1

We will derive a contradiction by applying the fact that H is (9, ds, r)-regular with
respect to G. We distinguish two cases.

Case 1. Suppose that 2d3"/6'/2ds > 1. Then we consider a good h-subset L C V; for
which (*) holds. In other words, there exist ry subgraphs Qy,...,Q,, of G[G(L)N (Vy, U
Vi, UVy,)] such that

) Ka(Q0)| = 674 |Ka(G16(L) 1 (v, UV, UV D] (6.3)
but
’Hm D/cg,(gt) > (1+8Y4)dy Ozcg(gt). (6.4)

In order to apply the (6, ds,r)-regularity of H (note that 71 = r in this case), we are
going to prove that

O Ks(Qt)

t=1

Due to (4.1), the (e}/2,dy)-regularity of G[G(L) N (V}, UV}, U Vy,)], Fact A.9, and
2d§h/(51/2d3 > 1, we have

> 0|K3(G[Vy, UVE, U V). (6.5)

Ks(GIG(L) N (V}, UV, U vfg)])‘ > (1— ) (1= 2¢/2)dd (dhm (1 — €/4)")?

Y

1
L5125 (1= 1) g3 (6.6)

Combining the above inequality with (6.3) and (1.2), we obtain

LJ Ks(Qt)

t=1

> 6 x (L4 ¢€)® + 4e/d3)d3m?.

Fact A.9 implies that
’K?)(g[vfl U sz U st])’ < ((1 + 6)3 + 4€/d§)dgm37

and, therefore,

O’CS(Qt)

t=1

> 5|’C3(g[vfl UV, U st])"
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Since H is (6, ds, r)-regular with respect to G and r; = r in this case, we have
< (1+0)ds

’H N U K3(Qy) . (6.7)

U’CS(Qt)

This is a contradiction to (6.4) since § < 1.

Case 2. Suppose that 2d3"/6'/2d3 < 1. Observe that in this case inequality (6.6) and
consequently inequality (6.5) cannot be guaranteed. To overcome this problem, we will
use the existence of subgraphs Qf,..., Q. (cf. (*)) for a family of r” = r/ry h-subsets
L satisfying condition (*) and prove an inequality similar to (6.5) (cf. inequality (6.9)
below). Then we apply the (0, ds, r)-regularity of H.

We define an auxiliary graph D with V(D) = [V4]" and

E(D) = {{L,L'}: |G(LUL)NV}| # (1 £ €/*)d3"m for some f € {2,...,s}}.

By Fact A.6, all but at most e'/* (7}’:)2 pairs (L, L"), where L and L’ are h-subsets of V7,
satisfy

GLUL)NVy| = (1£/*)d5"m

for every 2 < f < s. Consequently, | E(D)| < /4 (7;)2

We are going to apply Fact A.10 to the graph D with parameters n = (7;), o =€/t
c=e/12 and t = (1/dy)*". Set W = {L : L satisfies condition (*)} and observe that
|W| > en by the assumption.

Using Fact A.10, we obtain the existence of 7/ = p(1/ds)3" < t subsets L € W, where
p=06%2ds/2 , such that for 2< f < sand 1 <i<j <71,

IG(L'U L)) N V| = (1 £ ") dZm. (6.8)

Note that r > 1 since 2d3" /6'/%d5 < 1.
In order to apply the (6, ds, r)-regularity of H (note that r1 x "/ = r), we are going to
prove that

> (5|]C3(Q[Vfl @] Vf2 U Vf3])|. (6.9)

U U Ks(2))
i=1t=1

We apply the Inclusion-Exclusion Principle and obtain

U U ka2 S

1=1t=1 1<i<j<r

"
r

=5

i=1

U Ks(@i) n | Ks(@h)]
t=1 t=1 (6.10)

U Ks(Qh)

t=1

Now we estimate both sums on the right-hand side of (6.10). Due to (4.1), the (e*/2, dy)-
regularity of G[G(L") N (V, UV, U Vy,)], and Fact A.9, we have

‘/cg(g[g(y‘) AV, UV, U vfs)])’ > (1= V2 (1= 2e/2) @3 (1 = /) i)’

3h+4 :
> (1- 61/4) * d3h3m3,
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We apply this to (6.1) and obtain

U/cg(Qi)

t=1

1"
s

D

=1

> ! x S (1 — ) g3, (6.11)

Furthermore, by (6.8), the (¢'/2, dy)-regularity of G[G(L' U L7)], and Fact A.9, we have

’I‘

nUks

< ((1+ €V/2)3 4+ 462 d3)d3((1 + €V/4)dBom),

and, consequently,

>

1<i<g<r”

UKﬂ%OU&QJ

t=1

1
(r2> X 2dSH3m3 = (+)2dSh 3
(6.12)

Combining (6.11), (6.12,) and (6.10) yields

U UK

i=11t=1

3h+4 :
> 61/4(1 . 61/4) + dthrgm?’ _ (r”)2dgh+3m3

Since " = pu(1/dp)?", p = 6'/%ds/2, and (1.2), we get

U

> 1u(1/ds)" 51/4(1 _ 61/4)3h+4dgh+3m3 — 2 (1)dy) PR S+

H'CE

> 6((1+€)® + 4e/d3)dsm?®
The last inequality follows from e¢ <« 1/h,ds,d and § < 1. Fact A.9 implies that
|K3(G[Vy, UV, UVE])| < d3m3((1+ €)® + 4e/d3), therefore,

1"
r

U U k(i)

i=1t=1

> 8|K3(G[Vy, U Vy, UVE]).

Since H is (9, d3, r)-regular with respect to G, we have

‘HQUUIQ Q)

"
T

1+5d3UUIC3 Qi) 1+5d32 U’C3 Q)|
i=1t=1 i=1t=1 i=11t=1 (6.13)
It also follows from (6.11), (6.12), e < 1/h, and § < 1, that
Yicicier | Uit Ks(@) NUL Ks(QD)|
< §61/4d3. (6.14)
Yim Uil Ks(Q))

Now we will obtain a lower bound on |H N U:;l UrL; K3(Q})| and derive a contradiction
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o0 (6.13). Applying (6.2) and the Inclusion-Exclusion Principle, we get

‘Hﬂ U U k@)= 15665 ko)
i=1t=1 =1 "t=1
— Z HﬂUKth QUK3Q]
1<i<j<r! t=1
Since |H N UL, Ks(Q)) N UL, Ks(Q])| < |Urk, K3(Q)) nUrk, Ks(Q))], by applying

(6.14), we have

U’Cs (Q))

t=1

‘HmUU/cg, Q1)

i=11=1

(g

i=1

This contradicts (6.13) because § < 1.
Similarly, we can prove that at most €'/2("}') good h-subsets Ly C V; satisfy (6.1) and

’

U Ks(Q0)

t=1

’H N U K3(Qt) < (1 — (51/4)613

t=1

Therefore, we proved that for any fixed 2 < f1 < fo < f3 < s, all but 2¢*/12 (") good
h-subsets L; C Vj are such that H[G(L1) N (Vy, UV, UV, is (614, d3, 71 )-regular with
respect to G[G(L1) N (Vy, UV}, UVy,)]. This completes the proof. L]

7. Proof of Reg,(fff) = Reg, . (fff)

Before proving implication (ii), we introduce one additional definition.

Definition 7.1. For a good t-tuple of h-subsets (L1,...,L;), we say that an h-subset
Lipq C Wt(j_)l is good for (L1,..., L) (sometimes we simply say Liyq is good) if

M

t+1
e <IWEY <M

t+2
for every f,t+2 < f <s.

Remark 7.2. A (t+1)-tuple of h-subsets (L1, ... , Lyy1) is good if and only if (L1, ... , L)
is good and L¢yq is good for (Ly,... ,Lt).

The proof of implication (ii) is a consequence of the following lemma.

Lemma 7.3. If(L1,...,L:) is a good t-tuple ofh subsets satisfying conditions (1) and

(2) in Reg,(fff), then all but at most 61/24><2(MZ+1) good h-subsets Ly C Wt(+)1 are
such that (L1, ..., Lyy1) satisfies conditions (1) and (2) in Reg,  (fff).

Sketch of the proof. Since a good I-tuple of h-subsets (L1, ... , L;) satisfies conditions
(1) and (2) in Reg,(fff), we know that the (s —t)-partite graph G[G(L1 U LaU---U Ly)]
is (€'/2, dy)-regular and the (s — t)-partite 3-uniform hypergraph H[G(L; U Ly U---U L;)]
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is (51/4t,d3,7“t)—regu1ar. This enables us to select Ly in a similar situation as for L;.
Replacing € by €/2, § by 51/4t_1, m by M;1(1 £ /%) and r by 7, we can prove
Lemma 7.3 in the same way as we proved Reg,(fff). ]

Now we prove implication Reg,(fff) = Reg,,(fff) by applying Lemma 7.3.

Proof. Let (Ly,...,Lt11) be a good (t 4 1)-tuple of h-subsets which does not satisfy
conditions (1) and (2) in Reg,,(fff). We distinguish two cases.

Case 1. (Ly, ..., L) satisfies conditions (1) and (2) in Reg,(fff), but L4y is such
that (Ly,..., Li41) violates either condition (1) or (2) in Reg;(fff). By Lemma 7.3,

M .
there are at most 61/24X2( ZH) choices for such L.

t
¢ M,
From Fact A.7(3) we know that there are at most (1 + 2¢1/2 +1) H < hp> good t-
p=1
tuples (Lq,...,L:). Consequently, the number of (¢ + 1)-tuples (Lq,...,Li11) as de-
scribed above is at most

t t+1
1+2 1/2’+1 H < > 1/24x2(Mh > < 2 1/24%2 H ( ) (7.1)

since € < 1.

Case 2. (L1, ..., L) violates either condition (1) or (2) in Reg,(fff). By Reg,(fff),
¢

t— M
there are at most ¢1/24X4" I | < hp> such good t-tuples. For each such (Lq,..., L),
p=1

M+
there are at most ( it:_l) choices for L;y1. Therefore, the number of (¢ + 1)-tuples
(L1,...,Ltgq) in this case is at most
¢ + tl +
1/24x4t 71 M, Mt+1 1/24x4t71 Mp
c U(h>x<h)< r:[ ). (7.2)

Combining (7.2) and (7.1), we obtain that all but at most

t+1 t+1
(61/24x4f*1 +261/24><2) H (%ﬁ;) < 61/24x4t H (Aip)

p=1 p=1
good (¢ + 1)-tuples of h-subsets (Ly,...,L:y1) satisfy both conditions ((1) and (2)) in
Reg, ., (f/f) U

8. Proof of Com;(pff)

The proof of Com; (pf f) will be completed by proving the following claim.

Claim 8.1. Let f1, fo, where 2 < f1 < fo <'s, be fixzed. Then all but at most §1/4° (7;)
good h-subsets Ly C Vi satisfy the followmg

(5.1) holds for all but at most 6*/*° di**m* /4 four-cycles Cy in Q[W(1 u W; )]
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Indeed, Claim 8.1 implies that all but at most (551)51/46 ( h) < §UA ( ) good h-subsets
Ly satisfy condition (*) in Comy (pff): for all but at most §/4° d§h+4 4/4 four-cycles
Cyin GIWEY uwi),

’H(C4) NL|=(1+ 51/46)d;§h

holds for every fi, f2, 2 < fo < fo <s.

To prove Claim 8.1, we define an auxiliary bipartite graph I' = (U; UUs, E), where Uy
consists of all good h-subsets L1 C Vi and U, consists of all four-cycles Cy in G[Vy, UV, ].
We join Ly € Uy and Cy € Uy by an edge if and only if Cy € G[G(L1)] and (5.1) holds.
Note that (1 —€/4)(7") < |Ur] < (7)) (cf. Fact A5) and |Us| = (1 + €'/8)dim?/4 (cf.
Fact A.8).

Then, Claim 8.1 translates into showing that

degr(L1) > [{Cu: C1 e W WD)} — aY/4 agh 4t /4

for all but at most 61/4° ( ) sets L, € Us.
By (4.1), the (e!/2, d)-regularity of Ggwy (1) U W(l)] Fact A.8, and ¢ < 1, we have

{Cy: Cae GWD UWITY| < (1 + /27 )di+4mt /a.

Consequently, the proof of Claim 8.1 follows from the following claim.

Claim 8.2. In the graph T, all but at most §1/4° ( ) sets Ly in Uy satisfy

degr(L1) > (14 /% — §V/4°)dih+4mt /4. (8.1)

Since the proof of this claim requires additional claims and lemmas, we put it as a
separate subsection.

8.1. Proof of Claim 8.2
We will state and prove three auxiliary statements first, then we return to Claim 8.2.

Claim 8.3. For every fi, fo, 2 < f1 < fo < s, all but at most ¢'/3dim* four-cycles
Cy = {{z,y}, {yv‘r/}v {x/vyl}v {y/vx}} in g[vfl U Vf2} satisfy

(1- 61/4)4d§m <|G(z, 2" y,y )NV < (14 61/4)4d3m. (8.2)

Proof. Fix arbitrary fi, fo so that 2 < f; < fo < s. It follows from Fact A.4 that all
but at most 4e'/2m? pairs {z, 2’} € [V},]? satisfy

(1— /22 d3m < |G(z,2') N V3| < (1 + €/2)*d3m. (8.3)

Consider a pair {z,2'} € [V},]? satisfying (8.3). Since d3(1—¢€'/?)? > /4, G[G(x,2")N
(Vi UVy,)] is (€'/2,dy)-regular by Fact A.1. Consequently, Fact A.4 implies that all but
at most 4e'/4 x (1 +61/2)4d4m < 6€'/4d4m? pairs of vertices y,y’ € G(x,2") NV}, satisfy

(G, 2y, 5) VA = (174 d3|G(w, ') N VA . (84)
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Combining (8.3) and (8.4), we obtain that all but at most 4¢'/2m? x (77) + (7)

X
6e1/4dim? < '/3dim* four-cycles Cy = {{z,y}, {y, '}, {2',v'}, {v/, x}} satisfy (8.2). [J

Lemma 8.4. For every f1, fo, 2 < f1 < fo < s, all but at most 51/210d§m4/4 four-
cycles Cy = {{z,y}, {y, 2’} {2/, v’ }.{y', x}} in G[V}y, UVy,] satisfy both (8.2) and

[H(Ca) VA | = (1+6Y2°)didim. (8.5)

Recall that € < d2,d < d3 (cf. (1.2)). The fact that ¢ < ds allows to prove Claim 8.3 in
a standard way. The proof of Lemma 8.4 is, however, more complicated. This is because
d, the density of the graph G, can be smaller than § which measures the regularity of H.
The proof of this lemma is given in Section 8.2.

The following claim is a consequence of Lemma 8.4.

Claim 8.5. In the graph T, all but at most 51/210d§*m4/4 four-cycles Cy in Us satisfy

4
_g1/210 4 1-— 61/4 dim m
degp(Cy) > (1 —2e dsh) <( b ) d: —el/4 L (8.6)

Proof of Claim 8.5. Recall that in I', U; = (‘21) and Uy consists of all copies of Cy

in G[Vy, UV},]. By Lemma 8.4, all but at most §1/2% djm* /4 four-cycles Cy € U, satisfy
both (8.2) and (8.5). We will show that (8.6) holds for each such Cy = {{z,y}, {y,2'},
{«",y'} {y' 2} }

Set M¢, = G(z,2',y,y')NV1 and N¢, = H(Cy) NV1. Note that No, C M¢,. In a view
of the definition of T', to prove (8.6), we need to estimate the number of L € Uy for which
HNC4 NL|— d%h‘ < 51/46d§h holds. To accomplish this, we use Chernoft’s inequality for
the hypergeometric distribution [5].

Let L be a random h-subset of M¢, and X = |[Ng, N L| = |H(C4) N L|. Then X has
the hypergeometric distribution with parameters |MC4 |, h, and |NC4 |

Observe that | M, | = (1+/4) ddm (cf. (8.2)), |Ne,| = (162" ) ddddm (ct. (8.5)),
and E(X) = |NC4|h/|MC4| = (1 + 251/210)d§h. Applying Chernoff’s inequality, we get

10
IP’<|X — d3h| > 51/46d§h> < IP’<|X ~E(X)| > 51/46E(X)/4) < 9¢=0"*"din
(8.7)

By the definition of I'; C4 and L are adjacent in T, if and only if| |X — dgh‘ < 51/4° dgh.
Hence, (8.7) and Fact A.5 imply that

1/210
dog () = (1207 iy (o) are (1)

> (1 _ 26761/210(1‘3%11) ((1 - 61/4)4d%m> _ b/ <m)
2 L)

h

Now we are ready to prove Claim 8.2.
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Proof of Claim 8.2. We first use Claim 8.5 to find a lower bound on the number of
edges e(I") of I'. Then, assuming Claim 8.2 is false, we derive an upper bound on e(T).
Comparing these two bounds will yield a contradiction.

By Claim 8.5, we have

E(F) 2(1 . 61/8 _ 51/210)d3m4/4

x ((1 — 9=/ iy ((1 - 61;4)4(13“1) _ /4 (C’:)) (8.8)

>(1-26"/2") (7;) diimt /4,

The last inequality follows from € < §, dy and the fact that 26_51/210 dsh < §1/2'° /2 when
h>1/6.

Now suppose that Claim 8.2 is not true, i.e., there exist more than §1/4° (T;Z) sets
L, € Uy such that

degr(L1) < (14 /% — /4 )dih+4m4 /4, (8.9)

We are going to derive a contradiction to (8.8).
By (4.1), the (e'/2, dy)-regularity of G[G(L,)], and Fact A.8, we know that

degp(Ly) < (1+ 61/4)4h(1 + 61/24)d3h+4m4/4. (8.10)
for every Ly € U;. Combining (8.9) and (8.10) yields

eM) < oY% (7:) x (1+ /2 51/46)d§h+4m4/4

+(1—5/%%) (T}’Z) x (14 /)" (1 4 /%) adhmt /4

(s2)
< (1-06Y2")2) (Z:) dy"tm* /4.
This contradicts (8.8) since § < 1. [

8.2. Proof of Lemma 8.4

In order to verify Lemma 8.4, we need to show that all but at most §*/ 210d‘zlm4 /4 four-
cycles satisfy both (8.2) and (8.5). In Claim 8.3, we proved that (8.2) holds for all but
at most €'/4dim?* four-cycles. Therefore, it suffices to show that (8.5) is true for all but
at most (1/2)0%/2"° ddm* /4 four-cycles Cy in G[Vy, UVy,].

To this end, we construct a bipartite graph By = (Up U Wy, E), where Uy = Vi, Wy
consists of all four-cycles Cy in G[Vy, UV, |, and o € Uy and Cy € Wy are adjacent in By
if and only if Cy C H(z).

Observe that [Wy| = (1£€'/8)d3m*/4 (cf. Fact A.8). In order to prove Lemma 8.4, it
is sufficient to show that all but at most (1/2)6%/2"°ddm* /4 four-cycles Cy € W, satisfy

degp, (C4) = (14 62" )didim.

To prove this, we will apply the following three lemmas.
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Lemma 8.6. In the graph By, all but at most 6%/*m vertices x € Uy satisfy
5
degp, (z) = (1£ 62" )d3d5|Wo|. (8.11)

Lemma 8.7. In the graph By, all but at most 512 2 pairs {x,2'} € [Uo)? satisfy
degg, (z,2') = (1+6"/2")d5d3|Wo|. (8.12)

The proofs of these two lemmas are given in Sections 8.3 and 8.4. In addition to these
two lemmas,we will also use the following result, which is a modification of an earlier
result of Duke-Lefmann-Ro6dl [3].

Lemma 8.8. Let 5, cl~ be constants, 0 < 5, d <1, and let B= (UUW, E) be a bipartite
graph with |U| > 1/(d*8). Denote by D the collection of all pairs {z, 2"} € [U]* for which
either (i) or (ii) below fails:
(i) degg(), degp(z') > (1 - d)d|W|,
(ii) degg(z, ') < (1+ 8)|W|.
If D] < 8|U|? and

> degg(x,2’) < 6d’|UP W, (8.13)

{z,2'}eD

then B is (', d)-regular, where &' = (118)/5.

Although Lemma 8.8 resembles Proposition 2.5 in [3], this proposition cannot be ap-
plied to our situation because it is designed for the case when d is larger than §. In our
situation, we consider graph By and set

5 =62 and d = did?.
Let Dy be the collection of all pairs {z, 2’} € [Up]? for which either (i) or (ii) fails (replace
B by By, and W by Wy). By Lemma 8.6 and Lemma 8.7,
|D0’ < (61/4 + 51/24)m2 < 5127 2 < om?. (8.14)

Here, due to (1.2), we cannot rule out the situation when § > d. The purpose of Lemma
8.8 is to be applied to this situation.

The proof of this lemma is a modification of the earlier proof of Duke-Lefmann-Rodl
result (or an earlier similar result given in [1]) and it is given in Appendix B.

Proof of Lemma 8.4. We are going to apply Lemmas 8.6, 8.7, and 8.8 to the bipartite
graph By constructed at the beginning of this section. Let §, d and Dy be defined as above.
We know that |Do| < ém? (cf. (8.14). We will verify that

Z degy(x, ") < 6d2|Uy|2|Wo|
{@i,x;}€Do

holds. Call a pair {z,2'} € [Up)? good if
|Gz, 2" )N V| = (1£ 61/2)2d§m > e/im
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for f € {f1, f2}. Let DE°° be the set of all good pairs in Dy and D4 = Dy \ DY,
By Fact A.4, all but at most 4¢'/2m? < e'/4m? pairs {z, 2’} € [Up]? are good, that is,
|Dgad‘ < t/im?, (8.15)

For {z,2'} € D¢, since G(z, 2" )NV | > e/4m for f € {f1, fo}, the graph G[G(z, 2')N
(V, UVy,)] s (12, d)-regular (cf. Fact A.1). Consequently (cf. Fact A.8), the number of
four-cycles in the graph G[G(x,z") N (Vy, UV, )] is less than

(14 /32)di2m* /4 < (14 €V/64)d8| Wy .

Since H(z,2')[Vy, UV, is a subgraph of GIG(z, ') N (Vy, UV3,)] and degg, (%) is the
number of four-cycles in the graph H(z, z')[Vy, UV},], we obtain that for {z, 2’} € DE*9,

degp, (z,2') < (1+ €/%4)d5|Wy|. (8.16)

Combining the fact that degy (z,2") < [Wo| for {z,2'} € D§*d, (8.15), (8.14), and
(8.16), we have

Z degp, (z,2') = Z degp, (z,2") + Z degp, (z,2")

{z,z'}€ Dy {z,2’}eDp>d {w,w'}ED%C)Od
< efm? x |[Wol| + 5% m? x (1 + /%) a5 | |
(S1), (S2) .
< SR | Wy

Thus, we have verified that By satisfies the assumptions of Lemma 8.8. Applying this
lemma to the graph By, we obtain that By is (&', d)-regular, where §' = (116)Y/° =
(1161/2")1/5 and d = did2. By Fact A.2, all but at most

(s1) .
26'[Wo| < 2(116Y2)% 5 (14 /8)ddm? /4 < (1/2)84/ dbm? /4
four-cycles Cy in G[Vy, U V3, ] satisty
degp, (Cy) = (1+6")dm = (1 + 51/210)d§d§m.
This completes the proof of Lemma 8.4. ]

8.3. Proof of Lemma 8.7
We start with some definitions and notation.

Definition 8.9. Let 0 < ¢',d < 1 be constants and let v’ be a positive integer. A
bipartite graph B = (U U W, E) is called (0',d,r")-reqular if whenever sets Uy, Us, ...,
U, CU and Wy, Wo, ..., W CW are taken such that

’

@i x wi)| = &'[U x W,
1=1
then
'Bm Ui xwi)| = (1 £ 8)d|U||w].

i=1
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Definition 8.10. Let D = (U, E) be a t-partite graph with partition U = Ule U;. D is
called (&', d, r")-regular if all pairs (U;,U;), 1 <i < j <s are (¢',d,r")-regular.

We are going to use the following two lemmas, of which the first was proved by De-
mentieva, Haxell, Nagle, and Roédl (cf. Lemma 5.1 with the choice of constants given by
(13)-(15) in [2]).

Lemma 8.11. (see [2]) All but at most §'/2" m? pairs {x, 2’} € [Vi]? satisfy the follow-
ing properties:
(1) for any2 < f <s,
Gz, 2"y N V| = (14 €/%)°d3m. (8.17)
(2) H(xz,z') is (51/24,d2d§,r’)—regular. Here, the vertex set of graph H(z,a') is G(x, ')
and 1’ is an integer satisfying € < 1/r" < ds.

Lemma 8.12. Let {z,2'} be a pair satisfying (8.17). If H(z,2') is (62", dyd2,r")-
reqular, then H(z,2')[Vy, UVy,] contains (1 + 51/27)d§d§|WO| four-cycles for every 2 <
fi<fa<s.

We postpone the proof of Lemma 8.12 until we finish the proof of Lemma 8.7.

Proof of Lemma 8.7. Due to the definition of the graph By, degg, (x,2’) equals the
number of four-cycles in H(z, 2’)[Vy, UVy,]. By Lemma 8.11, H(x, ') is (62" dyd2,1)-
regular for all but at most 61/2'm? pairs {z, 2’} € [V]2.

Furthermore, by Lemma 8.12, the (61/24,dgd%,r')-regularity of H(x,2’) ensures the
existence of (1 + 61/27)d§d§|WO| four-cycles in H(z, 2’)[Vy, U Vy,]. Consequently,

degg, (z,2') = (1+ 6"/2")d§d3|Wol.
O

Now what is left, is to prove Lemma 8.12. In order to do so, we will need the following
two facts.

Fact 8.13. Let {x, '} be a pair satisfying (8.17). Then all but at most 8¢'/*d3m? pairs
{y,y'} € [G(z,2") NV}, ]? satisfy

G1G(w, ') N (Vi UV )| = (L2 /%) dim. (8.18)
Proof. Let {x,2'} be a pair satisfying (8.17). Again, by the (e'/2,dy)-regularity of
G(G(z,2") N (Vy, UVy,)] and Fact A4, all but at most
41:61/4|Q(337 )NV, ’2 < 4t/ [(1+ 61/2)2d§m} ? < 8el/*dim?
pairs {y,y'} € [G(z,2') N V},]? satisfy
161Gz, 2") N (V, UV y)| = (1 /4 dB|G(a, ") NV, | = (1 £ /1) ddm
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U

Fact 8.14. Let {x,2'} be a pair satisfying (8.17). If H(z, ') is (61/2", dyd2, v")-regular,
then all but at most 51/26d3m2 pairs {y,y'} € [G(z,2") NV}, ]? satisfy

[, 2V, UV (00| = (L 8V ) didim. (8.19)

Proof. We call a vertex y € G(x,z') NV}, good if it satisfies
|H(z,a")[Vy, UVE](y)] = (1+6Y2")d3d2m. (8.20)

Since H(x,z') is (61/24,d2d§7r')—regular, and consequently (61/24, dod3?)-regular, by Fact
A2, at most 251/24|g(x,x') N Vflf < 251/2 (1+ 61/2)2d§m < 451/24d§m (cf. (8.17))
vertices y in G(z,z") NV}, are not good.

For a good vertex y in G(z,z') NV}, a vertex y' € G(z,2") NV, is called a bad friend
of y if (8.19) fails.

We are going to show that there are less than 2¢'/ 2! d3m good vertices, each having at
least 261/25d§m bad friends. Then at most

(4(51/24d§m + 261/24d§m) X (1 + 61/2)2d§m + (1 + 61/2)2d§m X 2(51/25d%m < 61/25d§m2

pairs {y,y'} fail to satisfy (8.19) since € < dg,d and § < 1.

Suppose to the contrary that there are at least 2¢'/ 2! d3m good vertices, each having
at least 261/2°d2m bad friends.

Let C'~ be the set of all good vertices y, each having §u/? d%m bad friends 3’ with the
property that the right hand side of (8.19) is small, i.e.

[H(z,a")[Vy, UVE](y,y)| < (1642 )didim. (8.21)

Similarly, we define the set C* of all good vertices y, each having '/2°d2m bad friends 3/
for which the right hand side of (8.19) is big. Without loss of generality, we may assume
|C’7| > 61/24d§m.

This will yield a contradiction to our assumption that H(z,z') is (51/24,d2d§,1"')—
regular. We distinguish two cases.

Case 1. Suppose that do > d§61/26. Take a good vertex y € C'~ and let U be the set
of 61/2°d2m bad friends of y satisfying (8.21). Then,

U| = 6% d3m. (8.22)
Let W = H(x,2")[Vy, UVp,|(y). From (8.20), we know that
(W] = (1+6V2")d3d2m. (8.23)
Combining (8.22), (8.23), dy > d26'/2°, and € < § < ds, we obtain
U||W] = 62 (1 + /2) dgm? > 6Y/%' |G(a,a) N V3, | |G, 2') N V7, |
because |G(z,2') N Vy, |, [G(z,2") NV, | < (1+ €/2)2d3m (cf. (8.17)). Since H(z,2’) is
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(61/2" dyd2,r')-regular, we have

[H(z,a)[UUW]| > (1 - 6" )dod3|U||W]| > 6"/ (1 — 25/ )dSdim?.
(8.24)

On the other hand, since the degree of each vertex ¢ € U in H(z, z')[UUW] is bounded
by (8.21), we get

[H(z,a")[U UW]| < |U|(1 = 6Y%)dsdim = 6% (1 — 6/ ) dSdim?.

This, however, contradicts (8.24) because of the fact that 251/%" <« 5117

Case 2. Suppose that dy < d§51/26. In order to apply the (51/247dgd%,r')—regularity
of H(z,z'), we need to find sets Uy,..., U C G(z,2') N Vy, and Wh,..., Wy C
G(z,x") NV, for some " < ¢’ such that

1"
T

Jwi x Wi)‘ > 612Gz, ) N V|G, &) NV, . (8.25)

=1

For y; € C~, set W; = H(z,2")[Vy, U Vy,](yi). From (8.20), we know that
(Wi = (1482 d3d3m. (8.26)
Let U; be the set of §1/2° d3m bad friends of y; satisfying (8.21). Then
|U| = 6172 dZm. (8.27)

Now we apply Fact A.10 to choose y1, y2,..., y» € C, and then use the Inclusion-
Exclusion Principle to derive (8.25).

First, we define an auxiliary graph D with vertex set V(D) = G(z,2') NV}, and edge
set E(D) = {{y,y'} : |GG (z,2") N (Vi UV)](y, )| # (1 £ €/4)*dm}. We note that
[V(D)| = (1 + €/2)2d5m. Since the graph G[G(x,z') N (Vy, U V},)] is (e1/2,da)-regular,
by Fact 8.13, we also have

|E(D)| < 1664V (D)|2.

Second, we set o = 16€'/4, i = d%&l/zﬁ, c= 61/24/2, and t = 1/dy. We apply Fact A.10
to the graph D and find r” = u/ds vertices yi, ..., y» € W satisfying

1G1G(,2") 0 (Vy, U V)] (i )] = (1 €/4) ddm
This immediately implies
W, W] < (1474 dim (8.28)
for 1 <i < j <r”. Subsequently, by (8.27) and (8.28),
(U x W) 0 (U x Wy)| < 6% (1 4 €/4) dm?. (8.29)

Now we are going to estimate |U:;1 U; x WZ’ By the Inclusion-Exclusion Principle,
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(8.26), (8.27), (8.29), and "/ = d26'/2" /dy, we obtain that

'z "
s

(DU Wi = > [ x W) 0 (U x W)

i=1 1<i<j<r!!

1
27“//51/25 (1 _ 61/24)dgd§m2 . (7"2 )51/25 (1 + 51/4)4d‘§m2

i=1

4 8.30
>41/2 (1+ 61/2)4d3m2 (8:30)
BIT) ) s ) )
> 6 |g(x,z)ﬂVf1]||Q(x,z)ﬂVf2]|.
Since H(x, ') is (6'/2", dyd2,1')-regular, we have
‘H(:mm’) N Wi x Wi)| > (1 -84 )dad3 | | J(U; x W5). (8.31)
i=1 i=1

Now we are going to use our assumption on vertices in C~ to get a contradiction to
(8.31). By the Inclusion-Exclusion principle, (8.26), (8.27), (8.29), and ¢,6 < 1, we also
note that

|U::1 UrL X W2| 1 - Zl§i<j§7‘” (Uz X Wz) ﬂ (Uj X Wj)’
Yict [Uix Wi i |Us x Wi
('r;)(l +el/4)451/25d§’m2
z 1- 61/27 (1 — 61/2%)d5d2m? (8.32)
2 6
> 1-— 25V,
- 3

For every vertex y; € C, recall that W is the set of all neighbors of y; in H(x, z')[Vy, U
Vt,] and U; is the set of all bad friends of y; satisfying (8.21). Thus, the degree of each
vertex ¢y € U; in H(x,2")[U; UW;] is bounded by (8.21), and, therefore,

[H(z,a) U x Wi| < |Ui| (1 — 6Y/%")didim
Combining the above inequality and (8.26) yields
(1 82%)dyd3

|H(z,2")[U;i x Wi]| < e 2|U; < Wy).
Consequently,
1— 642" dyd
’H(l‘,x/) N U(U’ X Wz)’ < (—51/2432 ‘U x Wi;l.
i=1
Applying (8.32) with the above inequality, we have
H(x,a') UL, (Us x W) 1 — 6Y2°)d3ds ;
| P! =1 ’ < ( 1/24 ) g 1/26 < (1 _51/2 )d%d3
|Ui:1(UiXWi)‘ (1_5/ )(1_35/ )

since § < 1. This, however, contradicts (8.31). U
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Proof of Lemma 8.12. Let {z,2'} be a pair satisfying (8.17), i.e.,
Gz, 2") N V| = (1+ 61/2)2d§m

holds for any f, 2 < f < s, and suppose H(z, z’) is (51/24,d2d§,r’)—regular. By Fact 8.14,
we know that
(1) all but at most 6*/2°ddm? pairs {y,y'} € [G(z,2') N Vi, ]2 satisfy (8.19), i.e.,

6
|H(£ZZ, x/)[Vfl U Vf2](y7 y,)’ = (1 + 51/2 )dédém
Applying Fact 8.13, we obtain
(2) all but at most 8e*/4dim? pairs {y,y'} € [G(z,2') N V},]? satisfy (8.18), i.e.,
’g[g(xv xl) N (Vfl U Vf?)](y’ y/)’ = (1 + 61/4)4d§m'

Combining (1), (2), and (8.17), we obtain that for every such pair {z,2'} € [V1]?, the
number of copies of Cy in H(x,x’)[Vy, U V3,] is bounded from above by

6
(14€/2)2d5m\ s g o] (1 + Y27 did3m
2 2 2
1+ e /*)4dim

e

> + 861/4d3m2 x m?

(S1)
< (1467 )dy2dbm /4.

Similarly, by (1) and (8.17), we obtain the following lower bound on the number of
copies of Cy in H(x,z")[Vy, U Vy,].

L 1/2\2.02 _ §12%Y g4 g2 (51)
(T g (U0 B s gt

O

8.4. Proof of Lemma 8.6
The proof of Lemma 8.6 is very similar to the one of Lemma 8.7. We are going to use
the following two results.

Lemma 8.15. (see [2]) All but §'/*m wertices x € V, satisfy the following properties:
(1) For any2 < f <,

|G(z) N Vy| = (1+€)dym. (8.33)
(2) H(x) is (6%, dyds, r)-reqular. Here, the vertex set of the graph H(x) is G(z).

Lemma 8.16. Letz € V; be a vertex satisfying (8.33). If H(z) is (6'/4, dads, r)-regular,
then H(z)[Vy, UVy,] contains (14 6Y/2)d3d3|Wo| four-cycles for every 2 < f1 < fa < s.

The proof of Lemma 8.15 is given in [2] and Lemma 8.16 can be proved along the lines
of the proof of Lemma 8.12. We omit details here.
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Proof of Lemma 8.6. Due to the definition of the graph By, deg;, (z) equals the num-
ber of four-cycles in H(xz)[Vy, UVy,]. By Lemma 8.15, H(z) is (612" dyds, r)-regular for
all but at most 6*/*m? vertices = € V;. Furthermore, by Lemma 8.16, the (6%/4, dyds, 7)-
regularity of H(x) ensures the existence of (1 + 61/25)d‘2"d§|W0| four-cycles in H(x)[Vy, U

Vy,]. Consequently,
deggs, (2) = (14 62" )dadi|Wo|.

9. Proof of Reg,(fff) A Com(pff) = Comyi1(pff)

In order to prove this implication, we need to consider two types of triple systems
Type 1: H[L;1q U W;I"H) U W;;H)], where t +2 < f1 < fo < s, and
Type 2: H[L, U W}fﬂ) u W}EH)}, where 1 <p<tandt+2< f; < fo <s.

Ly

T ol ! -
- -7 ! t+1 ~o
-7 /,/’ /’ 1‘ A \‘\ Wf( ) Tt~
T T Tt =T
: //'y \\ \\ 1‘ Type 3 \\ t\ :
\ S " , v (ppf) W W (t+1) |
| l ’ W f2 |
| ] Vs M i |
T
: \\ | Type 1 Type 2 Type 4 :
R (pf) (fD) (ppD) !
i ' W %t+1) i
| Y 3 |
Type 0
(fff)

Figure 9.1 Different types of triple systems considered

We prove two auxiliary lemmas (one for each type of triple systems), which are then

used to prove implication (iv).

9.1. A lemma for Type 1 triple systems
Lemma 9.1. Let (Ly,...,L:) be a good t-tuple of h-subsets satisfying conditions (1)

and (2) in Reg,(fff). Then all but at most 6/ (M;}l) good h-subsets L1 C Wt(j_)l
are such that (L1, ... ,Liy1) satisfies the following condition:
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o) all triples (Lyiq, , , where t + 2 < f1 < fo < s, possess property
Il triples (Lew1, Wi, WETY), wh 2< fi < f
C4EP, |(t+1, f1, f2).

Sketch of the proof. Since a good t-tuple of h-subsets (L1, ... , L;) satisfies conditions
(1) and (2) in Reg,(fff), the graph G[G(L1 U Ly U --- U L;)] is (¢'/2,dy)-regular and
the 3-uniform hypergraph H[G(L1 ULy U---ULy)] is (614", ds, ¢ )-regular. Hence, we are

choosing L,y in a similar situation as for L.
Consequently, the proof of Lemma 9.1 is the same as the proof of Com;(pff). The
only modification is to replace € by €'/2, § by 51/4t, m by (1 + 61/4)htMt+17 and r by r;.
[

9.2. A lemma for Type 2 triple systems

Lemma 9.2. Let (Lq,...,Lt) be a good t-tuple of h-subsets satisfying condition (*) in

Comy(pff). Then all but at most ST (M;l“) good h-subsets Ly C Wt(j_)l are such

that (L1, ..., Liy1) satisfies the following condition:

(¢) all triples (LP,W}fH),W}zH)), where 1 < p <tandt+2 < f1 < fa < s have
property C4EPt+1(p, f1, f2)

Proof. We will complete our proof by proving:

Claim 9.3. For any fized triple of integers (p, f1, f2), where 1 <p <t andt+2< f; <
fs < s, all but at most §1/4"° (M+1) good h-subsets Lyy1 C Wt(fr)l are such that the triple
(Lp, WY WYY has property C4EP, ,, (p, f1, f2).

Indeed, Claim 9.3 implies that all but at most s x sr/ate (M;’;’l) < gy (M;L“) good
h-subsets Li41 C Wt(fr)l satisfy condition (¢) given in Lemma 9.2. L]

Proof of Claim 9.3. Fix any triple of integers (p, f1, f2), where 1 <p <tand t+2 <
f1 < fo < s. We find it convenient to reformulate Claim 9.3 as an equivalent statement
(Claim 9.6) and prove it instead. Before stating this claim, we need a definition related
to the relevant property C4EP;,1(p, f1, f2)-

Definition 9.4. We call a four-cycle Cy in Q[W}f) U Wg)] bad if
IH(Ca) N Ly| — dih| > 64 dih.

Remark 9.5. In other words, a four-cycle Cy is bad if (5.1) is not satisfied (cf.
the definition of C4EP,(p, f1, f2)). Consequently, a triple (L,, W;f+1)7 Wgﬂ)) does not
have property C4EP, | (p, f1, f2) if and only if Q[W}fﬂ) U W]E;ﬂ)] contains more than

51/4"+6d‘21Mf+2/4 bad four-cycles Cy .

To reformulate Claim 9.3, we construct an auxiliary bipartite graph I' = (U U W, E).

The set U consists of all bad four-cycles in Q[W}f) U W(z)

1, |, the set W' consists of all good
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h-subsets Ly C Wt(_?l, and Cy € U and Lyy; € W are adjacent in I' if and only if
V(Cy4) C G(Lty1) (this is equivalent to V(Cy) C W}IH) U Wgﬂ)).
In a view of Remark 9.5, we can reformulate Claim 9.3 as follows.

Claim 9.6. The graph I contains at most §L/4e (M;L“) vertices in W with degree at
least 614" dAME, /4 .

Proof of Claim 9.6. We first estimate e(I") and then apply a double counting argument
to bound the number of vertices in W with ‘big’ degree.
We observe that I" satisfies the following conditions:
t+5
(a) [U| <8"* dyM /4
(b) for all but at most 8¢/4(M} |)* < e'/16di M}, /4 four-cycles Cy € U,

14+ 1/4 404 Mt
degF(C4) S (( € })L 2 t+1>

)

(¢) for any Cy € U,
M+
degr(Cy) < ( ;jl)
Indeed, Comy(pff) implies (a). The (¢'/2,dy)-regularity of G[G(L; U --- U L;)] and
Fact A.4 imply (b). Since |Wt(fr)1| < M, we have (c).
By (a), (b), and (c), we infer that
1/4\4 4 7 1+ +
ol) < 51/4t+51d§Mt4+1 (14 eV/H*aint +€1/161d421Mt4+1 My
4 h 4 h
45 1 disM, 1
: ngM;1+1( ? h " :

Therefore by a double counting argument, the number of vertices in W with degree at
least 6Y/4 dAME, /4 = Y4 @AM | /4 is no more than

(51)
< 25

t+5 4 1
951/4 id%Mt%‘rl (dgh}{w ) (5%1) 51/4t+6 (Mt+1>

1/4t+6 1 j4h+4 4 r4 —
5t/ 7dy" T M h

This completes the proof of Claims 9.6 and 9.3. L]

9.3. Proof of Reg,(f/f) A Com(pf/) = Comyy:(pff)
Let (Li,...,Liy1) be a good (t + 1)-tuple of h-subsets not satisfying condition (*) in
Comy1(pff). We distinguish two cases.

Case 1. a good t-tuple (Lq,...,L;) violates either condition (1) or (2) in Reg,(fff)
or (*) in Comy(pff). Since we assume that Reg,(fff) and Com;(pff) are true, the
number of (¢t + 1)-tuples (Lq,...,L;11) of this kind is at most

t+7 ¢ + t+7 t+1 +
264 ] (]\Zp) x <MZ+1) <20V ] (Aflp ) (9.1)

p=1 p=1
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Case 2. a good t-tuple (Lq,...,L;) satisfies conditions (1), (2) in Reg,(fff) and
(*) in Comy(pff), but Ly; is selected in such a way that (¢t + 1)-tuple (L1, ..., Lit+1)
violates condition (*) in Comyyq(pff). In particular, this means that L;11 does not
satisfy condition (¢) in either Lemma 9.1 or Lemma 9.2.

By Fact A.7(3), Lemma 9.1, and Lemma 9.2, the number of (¢+1)-tuples (L1, ..., Lit1)
in this case is at most

¢ Mt LAt
t+1 t+7 t+7
(1+2¢727 ) ]] ( ) x 2614 ( ZH) <354 ] ( h”) (9.2)

p=1 p=1

since € < 1. Combining (9.1) and (9.2), we obtain that all but at most

t+1 + (S1) t+1 M
1/4t+7 1/4t+7 M 1/4t+8 P
(26147 435 )H(hp>§5 H<h>

p=1 p=1

good (¢t + 1)-tuples of h-subsets (L1, ..., L;y1) satisfy condition (*) in Comy41(pf f). ]

10. Proof of Com; (pff) = Coms(ppf) and
Comy(pf f) A Comy(ppf) = Comyi1(ppf)
For the first implication, we need to consider Type 3 triple systems. For the second
implication, we need to consider Type 3 and Type 4 triple systems:
Type 3: H[L, U L;4; U W}Hl)], where 1 <p<tandt+2< f <s.
Type 4: H[L,, UL,, U W;Hl)], where 1 <p; <ps<tandt+2< f<s.

For each types of triple systems, we prove an auxiliary lemma, which is later used in
proofs of both implications.

10.1. A lemma for Type 3 triple systems

Lemma 10.1. Let (Ly,...,L;) be a good t-tuple of h-subsets satisfying condition (*)

given in Comy(pff). Then all but 51/4" (Mt“) good h-subsets Ly C Wt+1 are such

that (L1, ... ,Liy1) satisfies the following condition:

(¢) all triples (Lp,LtH,W;tH)), where 1 < p < tandt+2 < f < s, have property
C4E-Pt+1(p7t + 17 f)

Proof. We complete our proof by proving the following:

Claim 10.2. For any fized triple of integers (p,t + 1, f), where 1 <p <t andt+2 <
f < s, all but at most §1/4° (M+1) good h-subsets Lit1 C Wt(fr)l are such that the triple

(Lp: Ly, W) has property C4EP,,, (p.t + 1, f).

Indeed, Claim 10.2 implies that all but at most s2 x sL/ate (M;L“) < s/ (M;L“) (recall
that 0 < 1) good h-subsets L1 C Wt(j_)l satisfy condition (¢) given in Lemma 10.1. []
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Proof of Claim 10.2. We fix any triple of integers (p,t + 1, f), where 1 < p < ¢ and
t+2 < f <s. Now we reformulate Claim 10.2 as an equivalent statement (Claim 10.5)
and then we prove this new statement. We start with a definition related to the relevant
property C4AEP, 1 (p,t + 1, f).

Definition 10.3. We call a four-cycle Cy in G[W, t+1 U W } bad if

[H(Ca) N Ly| — dih| > 64 dih.

Remark 10.4. By Definition 10.3, a triple (Lp,LtH,WJStH)) does mot have prop-
erty C4EP, (p,t+ 1, f) if and only if the graph G[L; 1 U W;Hl)] contains more than
51/4t+6%h2Mt2+2 bad four-cycles Cy.

In order to reformulate Claim 10.2, we construct an auxiliary bipartite graph I' =
(UUW, E), where U consists of all bad four-cycles Cy in G[WV, tfr)l U W(t)] and W consists

of all good h-subsets L1 C Wt(+)1. We join C4y € U and Lyy1 € W by an edge in I if
and only if V(C4) C Lt UWHY,
It follows from Remark 10.4 that we can reformulate Claim 10.2 in the following way.

Claim 10.5. In the graph T, all but at most sr/ate (M;’;“l) vertices in W have degree
at least /4" h2 M2, , /4.

Proof of Claim 10.5. We first estimate e(I') and then apply a double counting argu-
ment to bound the number of vertices in W with ‘big’ degree.
We observe that I' has the following properties:

((],) ’U| S 61/4t+5d4M+1/4
(b) For all but 4e*/*(M,% )* < €' /10d3 M} | /4 four-cycles Cy € U,

14 €t/4)2d3 t+1>.

(
aegeicay < (1,

(c) For any Cy € U,
M+
degp(Cy) < (h t_+§>

Statement Comy(pff) implies (a). The (e'/2,dy)-regularity of Q[W(t1 u W(t)] and
Fact A.4 imply that for all but 4¢'/4(M," ;)? pairs {z,2'} € [Wf(t)] )

|g( ) Wt(j-) _ (1:|: 1/4) d2 t+1;

and this implies (). Since |Wt(fr)1| < M, we have (c).
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By properties (a), (b), and (c), we infer that

t+5 1 1+61/4 2d2M“’ 1 M+
e(T) < s1/4 4d‘21Mt4+1(( . z 22 t+1) + el/widéMfﬂ <h tj;)
t+5 1 d2]\4tJrl
< 25M/4 4d;%M;1+1< PR

since € < 1/h,ds, 0.
Therefore, by a double counting argument, the number of vertices in W with degree
6 6
at least 01/4" Th2ME , = s $h?d3" M}, | is not more than

4451 jaqrd (d3Mip
2614 A3 (50 < gl (Mt-H)

gL/amee ithghMtQH h
This completes the proof of Claims 10.2 and 10.5. ]
L]

10.2. A lemma for Type 4 triple systems

Lemma 10.6. Let (L1,...,L:) be a good t-tuple of h-subsets satisfying condition (*)

in Comy(ppf). Then all but at most sL/4aT (M;L“) good h-subsets Ly C Wt(j_)l are such

that (L1, ..., Liy1) satisfies the following condition:

(¢) all triples (LPI,LPZ,W;HU), where 1 < p1 < py <tandt+2 < f < s, posses
property C4EP, | (p1,p2, ).

Proof. We will complete our proof by proving:

Claim 10.7. For any fized triple of integers (p1,p2, f), where 1 < p; < pa < t and
t+2< f<s, all but at most §L/4T° (M;L“) good h-subsets Li1q1 C Wt(j_)l are such that
the triple (Lpl,Lpz,W;tH)) has property C4EP, (p1,p2, f).

Indeed, Claim 10.7 implies that all but at most s3 x sL/aTe (M;L“) < s/ (MZ“)

(recall that ¢ < 1) good h-subsets L1 C Wt(_f_)l satisfy condition (¢) given in Lemma
10.6. 0

Proof of Claim 10.7. Fix any triple (p1,pe, f), where 1 < p; < py <tand t+2 <
f < s. Similarly to Claim 10.2, we prove an equivalent statement (Claim 10.10) to Claim
10.7. We first introduce a definition related to the property C4EP; 1 (p1,p2, f).

Definition 10.8. We call a four-cycle Cy in G[Lp, U W}t)] bad if

IH(Ca) N\ Ly, | — dih| > 6% dih.
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Remark 10.9. By Definition 10.8, a triple (Lpl,Lpz,Wf(tH)) does not have prop-
erty C4EP, (p1,p2, f) if and only if the graph G[L,, U W}Hl)] contains more than
51/4t+6h2Mt2+2/4 bad four-cycles Cy.

As before, we construct an auxiliary bipartite graph I' = (UUW, E) such that U consists
of all bad four-cycles Cy in G[L,, U W}t)], W consists of all good h-subsets L;11 C Wt(i)l,
and Cy € U and L;yq € W are adjacent in T' if and only if V(Cy) C G(Lyy1). This is
equivalent to saying that V(C4) C Ly, U W;Hl).

In a view of Remark 10.9, we can reformulate Claim 10.7 as follows.

Claim 10.10. In the graph T, there are at most §L/4ae (M;L“) vertices in W with degree
at least 51/4H6h2Mf_~_2/4.

Proof of Claim 10.10. We first estimate e(I') and then apply a double counting
argument to bound the number of vertices in W with ‘big’ degrees.
We note that I' has the following properties:
(a) |U| <6V n2M2,, /4.
(b) For all but at most 4e'/*(M," ,)2h? four-cycles Cy € U,

2
1+ 61/4) d%Mt':_l)
b :

deg (1) = (|
(¢) For every Cy € U,

M+
degF(C’4) S ( ;’L—H).

(a) follows from Comy(ppf). The (¢'/2,dy)-regularity of G(L; U---UL;) and Fact A.4

imply that for all but at most 4€'/4(M," ,)? pairs {z,2'} € [W]Et)]Q,

G(z,2") N Wt(_?l‘ < (14 61/4>2d§M;—1>

and this implies (). Since |Wt(fr)1| < M, we have (c).
By (a), (b), and (c), we claim that

sl 1+ e/ a2 M
e(I‘) < gL/4 HZhQMfH(( +e })L 2 t+1) +461/4(M;;1)2h2< ;L-H)
(S1), (52) 45 1 d3 M
< 261/4 _h2Mt2+1 24V t+1 )
4 h
Therefore, by a double counting argument, the number of vertices in W with degree
at least 51/4t+6h2Mt2+2/4 = 51/4t+6h2d%hMt2+1/4 is no more than

t45 2 A
201 /4 120, () <51/4t+5(Mt+1)

S IR2 2R, | h

This completes the proof of Claims 10.10 and 10.7. ]
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10.3. The proof of Com;(pff) = Coma(ppf)
Since Com, (ppf) is vacuously satisfied, Com; (pff) = Comaz(ppf) follows from the
proof of Comy(pf f) A Com;(ppf) = Comyi1(ppf).

10.4. The proof of Comy(pff) A Comy(ppf) = Comyi1(ppf)
The proof of this implication follows from Lemma 10.1 and Lemma 10.6.

Proof. If a good (¢t + 1)-tuple of h-subsets (L1, ..., L:+1) does not satisfy condition
(*) in Comy1(ppf), then there are two possible cases.

Case 1: a good t-tuple (Ly,...,L;) violates condition (*) in either Comy(pff) or
Comy(ppf). Since we assume that Comy(pff) and Comy,(ppf) are true, the number of
(t + 1)-tuples (L1, ..., Liy1) of this kind is at most

¢ + t+1 n

261/4""" (M”) x (Mt“) < 28t/ (MP ) 10.1

1)1;[1 h h 1)1;[1 h (10.1)

Case 2: a good t-tuple (Ly,...,L;) satisfies condition (*) in both Comy(pff) and

Comy(ppf), but Liy; is such that (¢ + 1)-tuple (Lq,...,Liy1) violates condition (*) in

Comy 1 (ppf). This is indeed equivalent to that L;1; does not satisfy condition (¢) in

either Lemma 10.1 or Lemma 10.6.

By Fact A.7(3), Lemma 10.1, and Lemma 10.6, the number of good (¢ + 1)-tuples

(Ly,...,Lttq) in this case is at most

t t+1
1/2t+1 1447 Mty 174447 M,
(1+2€ H( >><25 (h>§35 H(h .

— p=1

(10.2)
Combining (10.1) and (10.2), we obtain that all but at most

t+1 t+1
e ) 2o 0

p=1 p=1

good (¢ + 1)-tuples of h-subsets (L1,..., Liy1) satisfy condition (*) in Comy4q (ppf). L

11. Proof of Comy(ppf) = Coms(ppp) and
Com;(ppf) A Comy(ppp) = Comy1(ppp)
In the proof of these two implications, we need to consider only one type of triple systems:
Type 5: H[Ly, U L, U Ly11], where 1 < p; < py <t.

The core of the proof of both implications lies in the following lemma.

Lemma 11.1. Let (Ly,...,L:) be a good t-tuple of h-subsets satisfying condition (*)
in Comy(ppf). Then all but at most sr/atT (M;L“) good h-subsets L1 C Wt(j_)l are such
that (L1, ..., Liy1) satisfies the following condition:
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(¢) (Lp,, Lp,, Lit1) posses the property C4EP, | (p1,p2,t+1) for every 1 < py < py < t.
Proof. The proof will be completed by proving:

Claim 11.2. For any fized triple of integers (p1,p2,t+1), where 1 < p; < pa < t, all but
at most /4" (Mt+1) good h-subsets Lyy1 C Wt(fr)l are such that the triple (Lp,, Lp,, Li+1)
has the property C4EP, (p1,p2,t +1).

Indeed, Claim 11.2 implies that all but at most s2 x sL/4te (M;;’l) < sL/4T (M;l“)
good h-subsets L1 C Wt(fr)l satisfy condition (¢) in Lemma 11.1. U

Proof of Claim 11.2. Fix any triple of integers (p1,p2,t+ 1), where 1 < p; < ps < t.
We reformulate Claim 11.2 as an equivalent statement (Claim 11.5) and then we prove
this new claim. We start with a definition related to the property CAEP; 1 (p1, po,t+1).

Definition 11.3. We call a four-cycle Cy in G[L,, U Wt(j_)l] bad if

IH(Ca) N\ Ly, | — dih| > 64 dih.

Remark 11.4. By Definition 11.3, a triple (Ly,, Lp,, Li+1) does not have the prop-
erty C4EP, | (p1,p2,t + 1) if and only if the graph G[Ly,, U Li 1] contains more than
51/4t+6h4/4 bad four-cycles Cy.

As before, we construct an auxiliary bipartite graph I' = (UUW, E)), where U consists of
all bad four-cycles Cy in G[L,, UWt(i)l] and W consists of all good h-subsets Lyy; C Wt(_?l.
We join Cy € U and Ly € W by an edge in I' if and only if V/(Cy) C Lp, U Li41.

In a view of Remark 11.4, Claim 11.2 can be reformulated as follows.

Claim 11.5. In the graph ', the number of vertices in W with degree at least SL/arte h4/4
is not more than §1/4"° (M;L“).

Proof of Claim 11.5. We first estimate the number of edges e¢(T") of I" and then use
a double counting argument to bound the number of vertices in W with ‘big’ degree.
First we note that I" has the following properties:

(a) |U| <64 h2M?2, /4, and
(b) For every four-cycle Cy € U,

M+
degp(Cy) < (h t+;>.

Statement Comy(ppf) implies (a). Since |Wt(i)1\ < M, we have (b).
By (a) and (b), we claim that

45 M7 (52) 5 M,
o(T) < a4 R M2, (h i*§>/4 < 250/t h2Mt2+1<h f_+;)/4,
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Therefore, by a double counting argument, the number of vertices in W with degree
at least 61/4""° h*/4 is no more than

t+5 :
20 ERAME L (35) e (Mo

e <9 :

§1/ATE Iy h

The last inequality follows from the fact that 1/m < e < 1/h and § < 1. This completes
the proof of Claims 11.5 and 11.2. L]

([

11.1. Sketch of the proof of Coma(ppf) = Coms(ppp)

In this case, statement Coms(ppp) is vacuously satisfied. Hence, the proof of this im-
plication follows from the proof of Comy(ppf) A Comy;(ppp) = Comy 1 (ppp), which is
based on Lemma 11.1.

11.2. Proof of Com;(ppf) A Com(ppp) = Comy1(ppp)
Now we prove the implication Comy(ppf)ACom;(ppp) = Comy11(ppp) for 3 <t < s—1
by applying Lemma 11.1 (we, indeed, prove it also for ¢ = 2).

Proof. If a good (¢ + 1)-tuples of h-subsets (Lq,...,L;11) does not satisfy condition
(*) in Comy41(ppp), then one of the following two cases occurs.

Case 1: a good t-tuple (Lq,...,L;) violates condition (*) in either Comy(ppf) or
Com;(ppp). By Comy(ppf) and Comy,(ppp), the number of (Lq,..., L) of this kind

is at most
t t+1
t+7 M M t+7 .Z\4-Jr
e | ( h”) x ( ;l“) <25 ] < s ) (11.1)

p=1 p=1

Case 2: a good t-tuple (Lq,...,L;) satisfies condition (*) in both Comy(ppf) and
Comy(ppp), but Liyq is such that (Lq, ... , Ly41) violates condition (*) in Comy41(ppp).
This is equivalent to saying that L;;1 does not satisfy condition (¢) in Lemma 11.1.

By Fact A.7(3) and Lemma 11.1, the number of (¢t + 1)-tuples (L1,..., Liy1) in this
case is at most

t t+1
g Mp\  apartt (Mepr 6D et M,
(142 )H(h)x5 v (g T (M),

p=1 p=1 (11.2)

Combining (11.1) and (11.2), we obtain that all but at most
t+1 +\ (51), (52) o
1/44F7 1/44F7 M ; 1/4tF8 P
(20147 4 25/ )H(hp) < oY H<h>
p=1 p=1

good (t + 1)-tuples of h-subsets (L1, ..., L11) satisfy condition (*) in Comy41(ppp). [
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Appendix A. Some facts related to the regularity of graphs

In this appendix, we state a few facts which are related to the regularity of graphs. The
proofs are given in [8].

For a graph D = (V, E) and a subset V' of V| recall that D[V’] denote the subgraph
of D induced on V'.

Fact A.1. Let D be an (e,d)-regular s-partite graph with partition \J;_, U;, and let W;
be a subset of U; with |W;| > €'/*|U;| for all i € [s]. Then DU, W;] is (¢'/2,d)-regular.

Fact A.2. Let 0 < ¢,d < 1 and suppose that D = (U U Us, E) is an (e, d)-regular
bipartite graph. Then all but at most 2¢|Uy| vertices x € Uy satisfy
(1—e)d|Us| < |D(z)| < (14 €)d|Us|.

This fact can be further extended in the following two ways.

Fact A.3. Suppose (1 — e/2)2s=Dg4s—1) > ¢ Let D be an (e,d)-reqular s-partite
graph with partition | J;_, U;. Then for any integer q with 1 < ¢ < s —1, all but at most
2q61/2|U2| |Uq+1| g-tuples of vertices (ag, ... ,aq41) € Ug X -+ X Ugy1, satisfy

(1—€/2)a9|U1| < |D(az, ... ,aq41) NUL| < (1+€/2)a9|U4]. (A.1)
Fact A.4. Let q be a positive integer such that (1 — 61/2)4(q_1)d4(‘1_1) > €. Let D be

an (€,d)-reqular s-partite graph with partition \J;_, U;. Then, all but at most 2q(s —
1)61/2}U1|q g-subsets {x1,... ,xq4} € [U1]9 satisfy

(1— €2 U;| < |D(x1,... ,29) NU;| < (1+€72)%d Uy,

forallj € [s—1].
Applying the above fact to the graph G from Setup, we have the following consequences.

Fact A.5. All but at most /4 (’;;) h-subsets Ly C Vy are good.

Fact A.6. All but at most e'/* (";)2 pairs (L, L") of h-subsets L, L' of V1 satisfy
GgLuL)nV;| = (1£e/*)d3"m (A.2)

forall2 <j <s.

Fact A.7. Let s and n be positive integers. Then for every d, 0 < d < 1, there exists

€0 = eo(d) such that for every e < €, every (e, d)-regular s-partite graph with partition

Ui, Ui, where ’Uﬂ == ’US’ = n, satisfies the following property.
For every t € [s] and q € [n], the following conditions hold.
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(1) The number of complete t-tuples of q-subsets (B, ..., Bt) is

t
(1 /2 H (d‘“p 1 )

(2) All but at most /2! H;Zl (dQ(p;l ") complete t-tuples of q-subsets (B1,... ,B) are
good.
(8) The number of good t-tuples of q-subsets (By, ..., By) is

(1428727 ﬁ (dq“} ”n)

Fact A.8. For d > 0, there exist ¢¢ = €o(d) and ng = ng(ep), such that for every
e < €9, any (e, d)-regular bipartite graph D = (Uy U Us, E) with ’Ul , |U2’ > ng contains
(1 + 61/8)d4‘U1|2’U2‘2/4 copies of Cy.

The next fact counts the number of triangles K3 in a 3-partite regular graph. It is an
explicit version of Fact 1.2 for the case s = 3.

Fact A.9. [/ Let d, € be positive real numbers such that ¢'/* < d?(1 — €)?. Then, the
number of triangles K3 in an arbitrary (e,d)-regular 3-partite graph D with partition
U1 UUs UUs is given by

(1—2¢)(1 — €)°d®|UL||U2||Us| < |K3(D)| < (1 + €)%d® + 4¢) |Ur||Ua||Us|.

The next fact guarantees that an independent set of certain size can be found in every
big subset inside a graph with small density.

Fact A.10. Let U be a set of size n and D be an arbitrary graph with vertex set U and
{D{ < on?. Then for every subset W C U with at least cn vertices and a positive integer
t such that

20t% < 2, (A4)

there exists an independent set {x1,... ,x:} C W in the graph D.

Appendix B. Proof of Lemma 8.8

Proof. Recall that & = (116)"/® and set A = 1 —d. Let U = {21, s,... ,x,} and
W = {y1,y2,..- ,yw} and define a u x w matrix M for the pair (U, W) with rows
indexed by the elements of U and columns by the elements of W as follows.

For each x; € U and y; € W the entry m(x;,y;) in the row of z; and column of y; is
given by

A if (Z‘i,yj) S E,

m(zi, y;) = { —d if (z;,y;) ¢ E.
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Let U' C U and W/ C W be two subsets with ’U'HW" > 6”UHW‘ (note that this
implies that ‘U/| > 6”U| and |W’| > 5’|W|). Our goal is to show that

AU, W) = (14 6)d.

Let E’ be the subset of E consisting of all edges of B joining a vertex from U’ to a
vertex from W’. By reordering, we may assume that U’ = {z1,22,... ,2,} and W' =
{¥1,Y2, -, Yuw }. Let M’ be the v’ x w’ submatrix of M associated with U’ and W’.
That is,

M’ = (m(zi,yj))1<i<u 1< <’
The sum of all of the entries of M’ is equal to A times the number of edges in £’ minus
d times the number of non-edges in E’.

sz(xi’yj) = ME'| —d(uw' - |E'|) = |E'| — du'w’. (B.5)

i=1 j=1
For z; € U’, let «; be the corresponding row vector of M and let x_z be the corresponding
row vector of M’. Then by the Cauchy-Schwartz inequality,

’
u

7
2

i=1

w

(iim(xi,yp)g <w') (im(xi,yj))Q o

! 2
i=1 j=1 j=1

; (B.6)

where for vectors # and ¢ the expression 7 i means the usual scalar product and ||Z||? =
Z - &. Clearly

u’ 2 u’ 2

Sal <Y a (B.7)
i=1 i=1
Therefore, by (B.5), (B.6), and (B.7), we have
u’ 2
(|E"| - du’w’)2 < me (B.8)

i=1
In what follows, we will find an upper bound for

2 u’

= lla@lP+2 Y @4

i=1 1<i<j<u

’
u

PR

i=1

For each x; € U we have
15]J7 = X2 deggs () + d2(w — degys (1)) < max{d®w, Nw} < w,

and hence,

’
u

S < v (B.9)

i=1
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For x; # x; € U, we obtain
7 - 7 =\* degy (s, ;) — Ad(degg(x;) — degy(wi, 7))
— Ad(degp(x;) — degp (i, ;)
+d*(w — degp(w;) — degp () + degp(wi, 7)) (B.10)
=(A\? + 2X\d + d*) degy(zi, ;) — (\d + d?)(degg(z;) + degg(z;)) + d*w.
Since A + d = 1, the right hand side of (B.10) simplifies to
7 - 5 = degp(wi, 75) — d(degp(z:) + deg(z;)) + dw. (B.11)
If {z;,z;} € D, then omitting the negative terms in the equation above yields
7 - @ < degy(wi, ;) + d*w (B.12)
If {z;,z;} ¢ D, then degg(z;) > (1 — 8)dw, degg(z;) > (1 — 8)dw, and degg(w;,2;) <
(14 &)d*w. Consequently, for such a pair {z;,z;} we get
7 < (14 0)d*w — 2d(1 — &)dw + d*w < 36d%w. (B.13)
Since |D| < du? and Z{zi,zj}eb degy (i, ;) < dd*uw, we have
2 Y @eay=2 Y &eai+2 Y &4
1<i<j<u’ {z;,x;}€D {=i,x;}¢D
(B.12)§(B.13)2 Z (degg(xi,xj) + d2w) + 2u? x 36d%w
{z;,x; YD
§105u2d2w.

Combining (B.9) and (B.14) yields

(B.14)

’
u

D

i=1

2
< v'w + 106d*u*w.

Hence equation (B.8) becomes

(|E’| — du’w’)2 <w'(vw+ 105d2u2w).

N 1/2
w 108d2u2w /
< Tasy! + 2 :
uw'w u/ w/
Since v > §'u and w’ > §’w, we have
_ 1/2
1 100d>
<\sz, T3 | -

Recall that u = |U| > 1/(d?$) and &' = (115)"/°, therefore

~ 1/2
|E’| 116542\ " )
— —d| < 3 <.
uw'w d

Therefore,
24

u'w’
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Hence, we proved that

AU, W') = (1£8')d,

which completes the proof of Lemma 8.8. ]
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