CASH-INVARIANT HULL REPRESENTATION
OF DIVERGENCE PREFERENCES

ALES CERNY*?, JOHANNES RUF®, AND MARTIN SCHWEIZER®

ABSTRACT. Uniformly weighted divergence preferences (UWDP) introduced in Maccheroni

et al. [5] are an important class of risk-averse preferences that contain as a special case the

monotone mean—variance utility. UWDP are characterised by the lowest expected value of
an act in L° under an adversarially chosen probability measure combined with the diver-
gence of this measure. Our main result provides an alternative, computationally friendlier
formula, which establishes in full generality that UWDP are the translation-invariant hull of
state-independent expected utility over L. Some consequences of the new representation are
studied.

1. INTRODUCTION

This paper continues the study of divergence preferences introduced and axiomatized in
Maccheroni, Marinacci, and Rustichini [5] as part of the wider class of so-called variational
preferences. We restrict our attention to uniformly weighted divergence preferences, which
are known to be probabilistically sophisticated [5, Theorem 16] and already cover the special
instance of the monotone mean—variance (MMYV) preferences of Maccheroni, Marinacci, Rusti-
chini, and Taboga [6]. In this case, for a suitable non-negative convex function f with f(1) =0,
the wealth distributions (acts) W are ranked by the divergence utility V : L — R, given by

V(W)= inf {EWZ + f(2)]}. (1.1)
zeLl E[Z)=1
In (1.1), the act W € L is evaluated based on the worst outcome of its expected value E[W Z]
under alternative models of the world “penalized” by the divergence E[f(Z)]. It follows from
(1.1) that divergence preferences are cash invariant, i.e., for n € R and W € L°°, one has
VW +n)=VW)+n.

In practice, for example when studying optimal portfolio allocation, it is important to extend
the domain of UWDP utility beyond L. To gain a better understanding of (1.1) and its
possible extensions, let us consider the specific divergence function

1.
fMV — §(ld - 1)2

as an example. In such case, the domain of the divergence utility can be extended to L? by
setting

1
Vi (W) = inf {E[WZ vz 1)2] } W e L2 (1.2)
ZeL? E[Z]=1 2
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Note that this expression agrees with (1.1) if W € L* and f = fyy.
Let us now provide a useful alternative representation of Vinw. To this end, we remove the

positivity constraint on Z in (1.2) and define the standard mean-variance utility Vi : L? — R
by

VW)= | nf {[E[wz+ fu(2)]} = 7] - %Var(W). (1.3)
Indeed, the second equality follows by utilising the identity

EWZ+Y(Z -1 =EW+(Z-1)(W -E[W]) + 1(Z - 1)
for Z € L? with E[Z] = 1, completing the square, and observing that

inf  {E[(Z-14+W —E[W])?*]} =0
zecdB i L Wl
for any W € L.
Maccheroni, Marinacci, and Rustichini [5, Theorem 24] and Maccheroni, Marinacci, Rusti-
chini, and Taboga [6, Theorem 2.1] show that Vi is the minimal monotone modification of
Vi, Le.,

‘/I\/IMV(W) = Ssup VMV(W — Y).
YeLs

For this reason, Vi (W) is called the monotone mean—variance utility. The point of departure
of this paper is an alternative characterisation of Vi, provided in Cerny [3]. This begins with
an observation that the classical mean—variance utility can also be obtained as the cash-invariant
hull of the expected quadratic utility

gMV — ld - %1d2,

ie.,

Vi (W) = ZZE{ELC/MV(W +n)]—n}, WelL. (1.4)

Since the operations of taking the cash-invariant hull and the monotone hull commute, it is seen
[3, Equation (9)] that Vi is the cash-invariant hull of the expected monotonized quadratic

utility
gMMV - ld /\ 1 — %(ld /\ 1)2,
i.e.,
Vi (W) = suE{E[gmw(W +n)]—n}, WelL (1.5)
ne
Observe that f = fuyv and ¢ = guv stand in a conjugate relationship,
g(z) = yigﬂg{my +fy)}, zeR (1.6)

The evident equality between (1.3) and (1.4), and the somewhat unexpected equality between
(1.2) and (1.5) suggest the more general identity

sup {Elg(W +n)] = n} = ZeL}féf[Z]zl{E[WZ + (2]} (1.7)

for conjugate pairs f, g and all appropriately chosen random variables W. Note that the mono-
tone mean—variance divergence fynw now explicitly penalizes negative values, i.e., one must take
fumv = fuv + 001ig<o to obtain that g = gyuyv and f = fuuy are conjugate as per (1.6).

For W € L, the identity (1.7) was established in Ben-Tal and Teboulle [1, Theorem 4.2]
for f finite only inside the positive half-line and with 1 in the interior of its domain, i.e., for
monotone g whose slopes take values on both sides of 1. The next theorem extends (1.7) to
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random variables W from the widest possible subset of L (e.g., the domain of (1.2) and (1.5)
is LS’r — Li) and places no restrictions on f other than convexity and lower semicontinuity. The
theorem establishes that there is no conceptual gap between divergence preferences on the one
hand and the translation-invariant hull of expected utility on the other hand.

Theorem 1.1. Assume f : R — (—o00,00] is a convex lower semicontinuous function. Denote
by g the concave conjugate of —f. Consider W € LY and assume that there exists § € R such
that gW + 6)~ € LY. Then (WZ + f(Z))~ € L' for any Z € L' and

sup {ElyWaml=np = _ it {EWZ+ 2]} (1.8)

where we set E[g(W +n)] = —oo, whenever g(W +n)~ ¢ L. Furthermore, if 1 is in the interior
of dom f, then the supremum in (1.8) is attained.

The paper is organised as follows. Section 2 is devoted to the proof of the main theorem,
related statements, and examples. Section 3 discusses three consequences of the cash-invariant
representation: in Subsection 3.1 we study the maximal complete market divergence utility,
in Subsection 3.2 we discuss canonical form of UWDP, and in Subsection 3.3 we highlight
useful lessons for domains of monotonicity of non-monotone UWDP, such as the classical mean—
variance utility (1.4).

2. PROOF OF THE MAIN THEOREM, RELATED STATEMENTS, AND EXAMPLES

Proof of Theorem 1.1. If f = oo, then g = 0o and the statement holds trivially. Assume now
dom f is not empty. Observe that g is then proper, concave, and upper semicontinuous by the
standard properties of conjugates; see Rockafellar [7, Theorem 12.2]. When dom g is a singleton,
say {c}, we have that f = g(c¢) — cid, W is constant, and (1.8) therefore holds easily. We may
henceforth assume

z = inf dom g < supdom g = 7. (2.1)
By [7, Corollary 23.5.1], 0g takes values in dom f and by [7, Theorem 24.1] one has
inf dom f = ¢’ (00), supdom f = ¢/, (—o0), (2.2)
with the convention that ¢/, (—oo0) = oo if dom g is bounded below and g’ (00) = —oc if domg
is bounded above. From (1.6), we obtain the Fenchel inequality
glx) <zy+ fly), wyeR, (2.3)
which yields
gW+0) <(W+0)Z+ f(2) (2.4)

for any Z € L°. By assumption, there is € R such that g(W + 0)~ € L'; hence we also have
(WZ+ f(Z))” € L' for any Z € L. If g(W + ) ¢ L', then the supremum of +oco is attained
at 6 and the two sides of (1.8) are equal by the Fenchel inequality (2.4). In addition to (2.1),
we may therefore from now on assume that g(W + 6) € L.

Consider first the case when 1 does not lie in the interior of the domain of f. Then by (2.2)
one has either ¢/, (—o00) < 1 or ¢’ (00) > 1. Therefore, the function g(W +id) —id is monotone.
By the Fenchel-Moreau theorem (e.g., [7, Theorem 12.2]), we have

E w — =EW 1] = inf EWZ Z
f,gg{9< +1n) 77}] W+ fl=, it AEWZ+f(2)]}
since any Z not almost surely equal to 1 implies E[f(Z)] = oco. By the monotonicity of the

function g(W +id) —id and by monotone convergence, in conjunction with the assumption that



g(W +6)~ € L', we may exchange the expectation and the supremum on the left-hand side of
the last display. This yields the statement in the case when 1 does not lie in the interior of the
domain of f.

From now on we assume that 1 is an interior point of dom f, i.e. by (2.2),

g(00) < 1< gy (—00).
The function p: R — [—00, 00) given by

p(n) =E[g(W +n)] —n

is concave and proper thanks to g(W + 6) € L'. We claim g(W +n)* € L for all n € R. For
non-monotone g this holds trivially since g is bounded above. For monotone g, one has

gW+n)T <gW+0)"+g9in—0)"+g00—-n)", n0eR,

and the claim follows. The function p is also upper semicontinuous by Fatou. By concavity and
monotone convergence, on the interior of its domain, the one-sided derivatives read p/, (n) =
El¢/.(W +n)] — 1 and p’ (n) = E[¢_ (W +n)] — 1. We claim p has an optimizer. Indeed, this
follows immediately if dom g is bounded. On unbounded portions of the domain (if any), one
has limyeo p’(7) = ¢/ (00) — 1 < 0 and lim,, o P/, (7) = ¢/, (—00) — 1 > 0, which yields the
claim. Therefore, there is an 7 € R such that

sup {ElgW +n)] —n} = E[g(W +9)] — 9.

We shall prove
ElgW) = inf {EWZ+ f(2)]}, 2.5
o0V)) =, int  (EDVZ + f(2)]) (25)
where we set W = W +17, which after rearranging yields (1.8). To this end, one may distinguish
four subcases depending on the location of 7.

(A) 7 is an interior maximum of p;
(B) 7 = inf dom p < sup dom p, yielding —oo < p+( )
(C) ) = supdom p > inf dom p, yielding oo > p’ (7)) >
(D) 7 is the sole element of dom p.

<0
0;

The Fenchel inequality (2.3) holds with equality for any y € dg(z) at each point z where g
is subdifferentiable; see [7, Theorem 23.5]. Hence,

Q(W) =WZ+ f(2) for any Z with values in 6g(W). (2.6)
In case (A), the optimality condition co > p’ (77) > 0 > p/, (77) > —oo gives
00 > E[g(W)] > 1 > E[¢, (W)] > —oc.

A suitable convex combination of gﬁr(W) and ¢’ (W) thus yields Z € L' with values in dg(W)
and E[Z] = 1, which together with (2.6) and the Fenchel inequality establishes (2.5) in case (A).
In case (B), we will show that there is a sequence (Z,)nen in L with E[Z,] = 1 such that

Elg(W)] = lim E[W Zy + f(Z0)) (2.7)

Indeed, since inf dom p = #, we have g(W) € L' but g(W — 5-) ¢ L' for each n € N. Proposi-

tion 2.4 with s = 1 — E[¢/.(W)] = —p/. (/) > 0 now yields, for each n € N, a random variable
Z,, with E[Z,] = 1 such that

0 < EWZn+ £(Z2)] ~ Elg(W)] < (5 +Ellg' (W)]) -
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This completes the proof of part (B). For the economic significance of this construction inter-
preted as a downward shift in wealth, see Remark 2.2.

The proof of case (C) is a mirror image of case (B), i.e., one has E[¢’ (W)] —1 > 0 instead
of 1 — E[g;(W)] > 0. One proceeds as in case (B) but with Corollary 2.5 replacing Proposi-
tion 2.4. Intuitively, one performs an upward shift in wealth to reduce the marginal utility, see
Remark 2.2.

Case (D): Since domp = {7}, one has essinf W = z, esssupW = 7, ¢/, (—00) = oo, and
g’ (00) = —oc. In view of this, g(W) € L! yields W € L'. Recalling (2.1), fix & € (z,7) and let

A={W < i}.
Note that P[A] > 0.
Consider first the case g/, (W)14 € L' and ¢/ (W)14e € L' and define

s =1—E[g}(W)14] — E[g"_(W)Lac].
For s > 0, Proposition 2.4 with ¢ = % yields a random variable Y, such that E[Y,14] =

s+ E[¢/.(W)14] and
1
-~

0 < E[(WY; + f(Ya) — g(W))La] < (s + E[lg!, (W)[14])

N

Taking Z,, = Y,14 + ¢ (W)1ye, one has E[Z,] = 1 and (2.7) holds thanks to the Fenchel
equality W Z, + f(Z,) = g(W) on A°. For s < 0, one proceeds analogously with Corollary 2.5
replacing Proposition 2.4.

Suppose now gﬁr(W)lA e L' but ¢’ (W)14e ¢ L'. The latter yields that g is decreasing near
Z. Without loss of generality we may therefore suppose that ¢ is decreasing on A¢. Consider a
nondecreasing sequence (T, )neny With & < Z,, and lim,j , = . Since

sn=1—E[gh(W)1a+¢_ (W ATp)lac] T o0, n 1 oo,

there is N € N such that s, > 0 for all n > N. For each n > N, Proposition 2.4 applied on

the event A = {W < &} with ¢ = m yields a random variable Y;, such that E[Y,14] =

A~

sp + E[g/. (W)14] and
1

0 < E[(WYa+ £(Ya) = g(W))La] < (s + Ellgs DL s

40, n 1T 0o.

Taking Z, = Y,14 + g'_(W ATp)14e, one has E[Z,] = 1. The Fenchel inequality further yields
0 < WZn+ [(Zn) — gOW) < (W A 20)Zn + f(Zn) — g(W)
= g(W AT,) —g(W) L0, n 1 oo, on A°
hence (2.7) holds by dominated convergence. The case gﬁr(W)l A ¢ L' and ¢ (W)lye € LY is
analogous.

Suppose finally gﬁr(W)l 4 ¢ L' and ¢/ (W)1ye ¢ L. This yields that ¢ is increasing near z
and decreasing near T. Without loss of generality we may assume that g is nondecreasing on A

and nonincreasing on A°. Taking (T, )nen as above, the lack of integrability in ¢/, (W)14 yields
a nonincreasing sequence (T, )nen by

T, = irellf[’{{E{gg_(W\/x)lA +gl_(VAV/\En)1Ac} < 1} >z
with limy,jee 2, = 2. Thus

E[g;(W\/@n)lA +gl—(W/\fn)1ACi| <1< E[QI—(W vl’n)lA +gl—(W/\Tn)1AC
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by right-continuity of ¢/,, for each n € N. Taking a convex combination of the random variables
in the previous display, this yields Z,, € 8g(Wn) with W, = z,, VW A T, with E[Z,] = 1 such
that

0< WZn + f(Zn) - Q(W) < WnZn + f(Zn) - g(W)
=g(W,) —g(W) 10,  ntoc.
We conclude again by dominated convergence. U

Corollary 2.1. In the setting of Theorem 1.1, the following are equivalent.

(i) Both sides of (1.8) are finite.
(i) One of the following two conditions holds.
(a) 1 is in the interior of dom f and g(W + ) € L.
(b) 1 € dom f is on the boundary of dom f, and W € L'.

Proof. Taking n = 6 in (1.8) shows that g(W +46) € L! is necessary for (i) to hold. Furthermore,
by the proof of Theorem 1.1, for 1 in the interior of dom f it is also sufficient. For 1 in dom f
but not in its interior, the infimum f(1) 4+ E[W] is finite if and only if W € L. For 1 ¢ dom f,
the infimum is trivially infinite. (]

Remark 2.2. The proof of Theorem 1.1 reveals the following economic insight. In case (B),
we find ourselves in a situation where the expected marginal utility of W can be strictly less
than 1 as illustrated in Example 2.5. The (arbitrarily large) gap in marginal utility is bridged
by shifting W downwards by at most % to obtain a new wealth distribution W, whose marginal
utility ag(Wn) has an element Z, with expected value of 1. Crucially, the expected utility of W,
is within a multiple of% to that of W. In view of the Fenchel equality g(Wy,) = Wy Zn + f(Zn),
one has that E(W Z, + f(Zy)] differs from the expected utility of W by no more than a multiple
of %, which gives the desired dual result.

Example 2.3. Consider the utility function
cw g

glw) =1—¢

Fiz o > 1 and consider a probability space rich enough to support a random variable W with
the distribution

Py (dz) = e *(1=%e™¢ "1 odx + co 6y (dz).

Here 61 is the Dirac delta measure concentrated on 1 and ¢, = 1 — 100 y e Ydy € (0,1) is
chosen such that indeed Py [R] = 1. Observe that c, is increasing in o with limgjoe co = 1.
Numerically, ¢; ~ 0.78. For a > 1, eV has finite exponential moment up to size 1 but not
above, which yields E[g(W)] > —oo and inf{n € R: E[g(W +n)] > —c0} = 0.
Since
Pe-w(dz) = 27 % “1;>1dz + ¢4 de-1(dz),

we have ¢’ (W) = e T IW e LY for o > 2 with
1 - 2 1
E[g:'_(W)] = e_l <0¢—2 =+ Caee 1_1> < g <0¢—2 —+ 1) .

Hence, for o > 3 we have E[g/, (W)] <1 and 1) =0 is a corner solution, i.e.,

i‘éE{E[g(W +n)] —n} = E[g(W)].
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The next proposition and corollary assert that in certain circumstances it is possible to
manipulate wealth in such a way that the expected utility and wealth change only a little, while
the expected marginal utility changes by a discrete amount.

Proposition 2.4. Fiz f, g as in Theorem 1.1. Consider W € LY and an event A such that
g(W)1ly € L' and ¢, (W)14 € L*. Suppose further there is e > 0 such that g(W — 5)14 ¢ L'.
Then for any s > 0, there exists Z € LY with Z14 € L' and (WZ + f(Z))14 € L', such that
E[Z14) = 5 + Elg, (W)14]
and
0 <E[(WZ+ f(Z) — g(W))1a] < (s + E[lg’y (W)1a))e. (2.8)
Furthermore, there is W eI witho < W -W < €la, such that Z € 89(%) on A,
gW)1a=(WZ+ f(Z))14 € L', and
—(s + E[gy (W) 1a))e < E[(g(W) — g(W))14] < E[g/, (W) Lale. (2.9)
Before proving the proposition, we state and briefly justify a corollary that follows by sym-
metry.

Corollary 2.5. Fiz f, g as in Theorem 1.1. Consider W € LY and an event A such that

g(W)1ls € L' and g (W)14 € L*. Suppose further there is € > 0 such that g(W + 5)14 ¢ L'.

Then for any s > 0, there exists Z € L® with Z14 € L' and (W Z + f(Z))14 € L' such that
E[Z14] = E[g_(W)14] - s,

and

0 < E[(WZ + £(Z) - g(W))La] < (s + Ellg" (W)[La))e.

Proof. Define the concave function § = ¢g(—id) and the random variable W =-Ww e IO
Then the function f = f(—id) stands in conjugate relationship with g. Moreover, we have

° o

g(W) =g(W)and ¢, (W) = —g"_(W). Applying now Proposition 2.4 with g, f, and W replaced
by g, f, and IZOV, respectively, yields some Z and W with the stated properties. Defining Z = —Z
and W = —W then yields the corollary. O

Proof of Proposition 2.J. Concavity of g and ¢/, (W)14 € L' yield ¢/, (W —&)"14 € L' and
g(W - E)+1A < (g(W) -
2 - 2
Using g(W — §)14 ¢ L' and concavity again we then have

(151 > e 5 (-5

which yields E[g/, (W — §)1.4] = oo, hence also E[¢/, (W — €)14] = co. It is now also clear that
gW —¢e)T14 € L' and E[g(W —¢)14] = —o0.
Define now

K =inf{K € R:E[g}, (Wlgwex) + KV (W —e)ligewy)la] < s+ E[g} (W)14]}.

Since Wlgyogy + KV (W —e)lig<cwy | W —¢ for K | —oco, monotone convergence and

' + . 1
g4 (W)) L4 < lg0W)[La+ 514 (W)[La € L.

E[g/.(W —€)14] = oo in turn yield that K is finite. Moreover, note that the function
K= E[d.(Wlgyexy + KV (W —e)lg<wy)1a] (2.10)

is right-continuous (because ¢/, is right-continuous).



Observe that
W= (Wi iy + KV (W =)L gy ) 1a+ Wl

satisfies 0 < W — W < £14. The right-continuity of the function in (2.10) yields

We shall now discuss two subcases: (o) K > z; and (8) K = 2 > —o0, where z = inf dom g.
(o) Since g’ is bounded above on [K, 0o) and since ¢/ (W)14 € L', one has g’,(W)l{f(SW}lA €

L'. A suitable convex combination of g/, (W)14 and (9/+(W)1{W<f(} + g/_(WN/)l{f(SWJ 14 now

yields Z € L with values in dg(W) on A that satisfies E[Z14] = s + Elg/.(W)14].

(#) Here z = infdom g > —oo. This and essinf (W — 5) < z implies E[1 > (. Since

N {W:&‘}HA]
g .(W)14 € L', we have ¢/, (z) is finite, hence dg(z) = [¢’, (), 00). We now let

e s+ Elgy (W)14] — E[g, (W)14]
Z:g+(W)1A+ +P[{/I/I7 igg}ﬂ/—;] 4 {W:g}ﬁA’

which yields again Z € L° with values in dg(W) on A, such that Z1,4 € L' and E[Z14] =
s+ Elg/, (W)L,

The Fenchel inequality (2.3) holds with equality for any y € dg(z) at ‘each point = where g
is subdifferentiable; see [ZL Thegfem 23.5]. Hence, the random variables W and Z constructed
in (o) and (3) satisfy g(W) = WZ + f(Z) on A. This yields

g(W) —eZt < g(W)— (W - W)Z
<WZ+ f(Z)—(W-W)Z (2.11)
—WZ+ f(Z)=g(W) on A,

where the second line follows from the Fenchel inequality.
Concavity of g gives

g(W) < g(W) +eg/ (W)~ on A, (2.12)
which, together with (2.11), yields g(W)lA € L'. Observing that Z~ < ¢/, (W)~ on A and
s+ E[g} (W)1a] = E[Z714] — E[Z714],
we obtain
E[Z%14] < s+ E[g/ (W)"14], (2.13)

which yields (2.9) on taking expectations in (2.11) and (2.12). Fenchel inequality, (2.11), and
(2.12) also give

%
E

+ /f(
= g(W) + (
gW)+ (W — W)Z +eg (W)~ on A,

which yields (2.8) in view of (2.13). O



3. CONSEQUENCES OF THE CASH-INVARIANT REPRESENTATION

3.1. Divergence as a measure of complete market investment opportunities. Fix a
convex, lower semicontinuous function f as in Theorem 1.1, with the additional property that
flig<o = c0lig<o. The utility function g, obtained as the concave conjugate of — f, is then non-
decreasing. Denote the lower bound of the effective domain of g by = inf dom g and the bliss
point of g (the smallest argument where g attains its supremum) by Z = inf{z : g(z) = g(c0)}.

Let Q be another probability measure, which we will restrict below to the natural case Q < P.
The quantity

uq(z) = sup {Elg(z+X)]}, =z€eR,
XeLl(Q),Eq[X]<0

measures the maximal expected utility under P in a statically complete market with pricing
measure Q for an agent with initial wealth z. Observe that, trivially, uq(x) = —oo for x ¢ dom g.
The next proposition summarizes known results about uq.

Proposition 3.1. For f and g as above and Q < P, the following are equivalent.
(i) uq(z) < g(oo) for some z < x < 2.

(ii) uq(x) < g(o0) forallx <z < 2.
(i5i) There is y > 0 such that f(y‘é—g) €L

Furthermore, if any of the equivalent conditions (i)—(iii) holds, then

UQ(SL‘):ZIl;{)l{&?y—FE[f(ng)]}, r<x<Z.

Proof. See Biagini and Cerny [2, Lemma 4.3 and Proposition 4.6]. O

We shall now perform an analogous exercise for the divergence utility

V(X)= inf {E[XZ+ f(2)]}
ZeLl E[Z]=1

The next result is new as far as we know.

Proposition 3.2. For a convez, lower semicontinuous function f : R — (—o0, 00| such that
flid<o = 00lig<o and Q < P, one has

sup {V(x—l—X)}—x—i—E[f(dQ)}, z eR.
XEL(Q), Eq[X]<0 dpP

Proof. Theorem 1.1 gives

sup {V(X)} = sup{uq(z) — «}.
XeL'(Q), Eq[X]<0 z€ER

Since divergence preferences are translation-invariant, it suffices to show
dQ
sup {uq(z) —z} = E[f()] (3.1)
zeR dP

If f = o0, then g = co and the equality holds trivially. Suppose now f is proper. If dom f is
a singleton, say {c}, then g(z) = cx + f(c) for all z € R. One easily verifies that both sides are
oo unless ¢ =1 and Q = P, in which case (3.1) holds trivially. Finally, consider the case where
dom f has non-empty interior. Then there are constants ¢, k € R such that f — f(c) — k(id — ¢)
is non-negative. Consequently, the function vq : R — (—o00, 00| given by

() =€[7(v53)|
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is well-defined, convex, and lower semicontinuous by Fatou. The proof will be complete if we
can show that sup,cp{uq(z) — 2} = vq(1).

We shall distinguish three cases based on the effective domain of vq. Observe that g(oco) and
z finite yield f(y) < g(o0) — zy, y > 0, which implies dom vg = [0, 00).

Case 1: Suppose first domwvg = {0}, which implies g(oco) = f(0) is finite and z = —o0.
Proposition 3.1 now yields uq(x) = g(o0), < Z, hence sup,cr{uq(z) — x} = oo = vq(1l) by
sending = to —oo.

Case 2: If domvq is empty then g(oo0) = co. Furthermore, Proposition 3.1 yields uq(x) = co
for x < x < &, hence again sup,cp{uq(zr) — x} = 0o = vq(1).

Case 3: Finally, suppose there is y* > 0 in dom vq. We claim

ug(@) = inf{zy +vo(y)},  weR. (3.2)

Indeed, for z > z this holds as an easy consequence of Proposition 3.1. In the case that z finite,
fix any ¢ € dom f and note that for all z > ¢ we have (f(z) — f(¢)) < —z(z — ¢). This yields
k € R such that vq(y) < k — zy for all y > y*, hence also

uq(z) = —oo = inf{zy +vq(y)}, =z<=z
y=0

Thus uq equals the concave conjugate of —vg on R\ {z}. Concavity and upper semicontinuity
of uq at x yields the equality (3.2) everywhere. The Fenchel-Moreau theorem (e.g., [7, The-
orem 12.2]) and the lower semicontinuity of vq now yield sup,cr{uq(z) — zy} = vq(y) for all
y € R. Taking y = 1 completes the proof. O

Remark 3.3. By comparing Propositions 3.1 and 3.2, we observe that, for a given Q, finiteness
of the certainty equivalent of the divergence utility, i.e., vQ(l) < oo, implies finiteness of the
certainty equivalent of the expected utility, i.e., uq(z) < g(oco) for all z < x < Z. However, the
converse fails in general since by Kramkov and Schachermayer [/, Lemma 5.1], for arbitrary
y* >0, there exist Q and f such that vq(y) < oo only for y > y*. Selecting, e.g., y* = 2, yields
an example of a complete market, where the certainty equivalent of the mazximal expected utility
is finite but the divergence utility is infinite.

3.2. Canonical representation of uniformly weighted divergence utility. Theorem 1.1
and Corollary 2.1 reveal the following explicit form of divergence utility over L°°. In order for
V(X) to be finite for all X € L, it is necessary and sufficient that dom g is unbounded and
1 € dom f.

(A) If 1 is an interior point of dom f, then there is 77 € R such that 1 € dg(n), which also
means —7 € 0f(1). Furthermore, Theorem 1.1 yields

V(X)= max Elg(X +n)] —n,

hence V(0) = ¢g(17) — 7 = f(1). Thus V is canonically represented by

V(X)-V(0) = Sup {E[g(X +n)] —n}, X el (3.3)

with g = g(id + 1) — (7). Observe that 1 € dg(0). This yields

fly) = sup {g(a +19) = 9(1) — (& + )y + 1y}

=fy)+0y—1)—g@) +19=f(y) - f1)+0(y—1).
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(B) If 1 is the unique element of dom f or if 1 € dom f is a boundary point of dom f, then
Theorem 1.1 yields V(X) = E[X]+ f(1) for all X € L*°. In this case, we obtain formula

(3.3) with g = id, corresponding to f: 001iq£1 -
In conclusion, every divergence utility that is finite-valued over all of L* and normalized to
V(0) = 0 can be represented by g with unbounded dom g, g(0) = 0, and 1 € d¢(0). Equivalently,
such utility can be represented by a divergence f with f(1) =0, f > 0, and f superlinear at

either —oco or +oo.

3.3. Domains of monotonicity. In applications, it is helpful to characterise the subset of the
domain where the classical mean—variance utility Vy;, coincides with its monotone modification
Vamv. Here we extend these considerations to other non-monotone divergence utilities, which
simultaneously yields a simplified proof for the MV-MMYV case itself, cf. Maccheroni et al. [6].
To this end, for p > 1 let ¢ = p/(p — 1) and consider the family of functions

1—((14 (1 —q)id) v0)» B 1+(p—1)idq—pid1

Ipm = p ; pr = p id>0 + o0lig<o, p> 1L

Observe that goy and foy coincide with gywy and fuuy, respectively. For comparison, consider
the non-monotone version of g,y and its conjugate,

1-— |1 + (1 — q)id|p 14+ (p — 1)‘id|q — pid
gp = ; fp: )

q q

p>1.

Here go and f5 coincide with gyy and fyv, respectively. Denote the corresponding families of
(concave) divergence utilities by Vjy and Vj, p > 1. Thanks to Theorem 1.1 we may choose as
effective domains dom V), = LP and dom V,; = LS’r — Lﬁ, hence

dom V,, Ndom Vp,y = LP.
Furthermore, for each W € LP, Theorem 1.1 yields unique 7,y(W) € R and 7,(W) € R such
that
Elgy(W+ap(W)l =1 Elgpu(WV + ipu(W))] = 1; (3.4)

and
Vp(W) = Elgp(W + ijp(W))] — p(W); Vou(W) = E[gpu(W + fipu(W))] = ipaa (W).

Corollary 3.4. Forp > 1 and W € LP, the following statements hold.
(1) Vpu is the monotone hull of Vj,, i.e.,

YeLy
(2) We have V(W) < V(W) and (W) < fpu(W), with (W) = —E[W].
(3) Hpm(W) is increasing in p.
(4) The following are equivalent.
(i) Vou(W) = Vp(W).
(i) Np(W) = T (W).
(iii) W +0,(W) <p—1.

Items (2) and (3) are helpful when computing 7,(W) and/or 9, (W) numerically for 1 < p # 2
as they offer one-sided bounds for the optimal shift.
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Proof. (1) Observe that g,y is the monotone hull of g,. The proof then proceeds exactly as in
Cerny [3] for p = 2 by arguing that the actions of taking the monotone hull and the translation-
invariant hull commute since they both can be represented by infimal convolutions over L.

Alternatively, we now provide a short self-contained proof. First, note that gy is the point-
wise monotone hull of g,. Now let Y € LY. Then, for every n € R, g,(W —Y + 1) <
gpm(W + ). Taking expectations, subtracting 7, and then taking the supremum over n, we
obtain V,(W —Y) < Vp(W). Taking the supremum over all such Y gives one inequality. For
the reverse inequality, fix n € R and set Y, = (W +n—(p—1))". Then Y, € LS)F, W =Y, e LP,
and gpu(W +n) = gp(W =Y, +n). Therefore

Elgpu(W +m)] —n =Elgp(W =Yy +n)] = < V(W —¥;) < sup V(W -Y).
Woverr

Taking the supremum over i € R yields the reverse inequality.

(2) The first statement follows from (1). For the second, gy, > g,, yields E[g,,, (W +7,(W))] >
1, which shows that 7,(W) is a lower bound for 7, (W). The last assertion follows by direct
calculation with g5 =1 —id.

(3) The assertion follows because gy, is increasing in p.

(4) (i) = (iii) The maximal domain where g, is increasing equals (—oo,p — 1]. If P[IW +
ip(W) > p—1] > 0, then

V(W) = Elgp(W + 1p(W))] — 0p(W) < Elgpm(W + 7jp(W))] — 7jp(W)
< E[gpn (W + fipm(W))] = fipma (W) = Vipu(W).

(iii) = (ii) Since g;, = gy on (—o0,p — 1], we get E[gy,, (W +7,(W))] = 1, hence (ii) by (3.4).
(ii) = (i) Note that (ii) and (3.4) yield (iii), which in turn yields (i). O

To allow for different levels of risk aversion, we now fix v > 0 and consider utilities V},(vid) /vy
and their monotone hulls Vpy(vid)/y. By Corollary 3.4(3), the domain of monotonicity of
Vp(7id) /7 is precisely the set of those W € LP that satisfy

YW +0p(yW) <p—1.

For p = 2, this recovers [6, Lemma 2.1] in view of 7jo(yW) = —yE[W]. Observe, however, that
for other values of p, one does not obtain an easily amenable expression for 7,(yW), nor is it
easy to trace the dependence of this expression on v explicitly.
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