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Abstract

This paper presents general strong duality results when testing hypotheses by betting
against them. A bet is an e-variable for a composite null hypothesis P: a nonnegative
random variable X whose expected value is at most one under every P ∈ P. Following
Kelly, Breiman, Cover, Shafer, and Grünwald et al. [2024a], we study a natural minimax
log-optimality criterion: given a composite alternative Q, we characterize the “GROW value”
supX infQ EQ[logX]. This paper generalizes the results of Larsson et al. [2025] from (arbitrary
P and) simple Q to arbitrary Q. We prove that there always exists a minimizing information-
projection pair between the weak-∗ closures of the convex hulls of arbitrary P and Q, and
show that the GROW value for bounded e-variables always equals their relative entropy.
We also prove a similarly general strong duality for the REGROW criterion with bounded
e-variables and arbitrary bounded offsets. Under various assumptions our results extend to
unbounded e-variables, and examples show that without any assumptions such extensions
fail. Our results are analogous to those in Larsson et al. [2026b], swapping tests for bounded
e-variables, minimax risk for the GROW criterion, and total variation for relative entropy.

1 Introduction

Given a measurable space (Ω,F), we write M for the set of finite signed (countably additive)
measures on F , and M+ and M1 for the subsets of nonnegative measures and probability
measures. Let P ⊆ M1 be an arbitrary composite null hypothesis, and Q ⊆ M1 an arbitrary
composite alternative, both of which we always assume to be nonempty. An e-variable for P is a
[0,∞]-valued random variable X such that EP[X] ≤ 1 for all P ∈ P. The set of all e-variables
for P is denoted E , and the subset of e-variables bounded from above is denoted Eb.
The influential work of Grünwald et al. [2024a] proposed studying the GROW (Growth Rate
that is Optimal in the worst-case) value,

G = sup
X∈E

inf
Q∈Q

EQ[logX], (1)

and in particular, establishing duality results that equate G to the infimum relative entropy
between (appropriate extensions of) Q and P . For example, Larsson et al. [2025] point out that
for simple Q = {Q}, G equals a particular infimum relative entropy between Q and the effective
null hypothesis corresponding to P. Similarly, for simple P = {P} and convex Q, Theorem 4.2
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yields, when (for example) H(Q | P) < ∞ for each Q ∈ Q, that G equals the infimum relative
entropy between Q and P.
When P and Q are both composite, such a “universal” (i.e., without any additional restrictions)
strong duality result does not hold without additional restrictions. For example, the results
of Huber and Strassen [1973] imply that if P and Q have a least favorable distribution pair (a
strong assumption!), then

G = inf
P∈P

inf
Q∈Q

H(Q | P),

where H is the Kullback–Leibler divergence, or relative entropy; see Saha and Ramdas [2025]
for a self-contained proof. Grünwald et al. [2024a] provide a different (also strong) sufficient
condition under which the same statement holds. Our paper introduces several other conditions
under which such characterizations hold; for example, under suitable compactness or domination
assumptions on P and Q, many of which are weaker or incomparable to existing ones.
However, our investigations of the above quantity led us to a related notion that remarkably
satisfies a strong duality without any restrictions on P or Q. In particular, we obtain a complete
characterization of the bounded GROW value, where the supremum is taken over the set Eb of
all bounded e-variables,

Gb = sup
X∈Eb

inf
Q∈Q

EQ[logX]. (2)

There are at least three reasons for considering bounded e-variables. First, Larsson et al. [2026b]
provide a complete characterization of testable hypotheses, that is, of when there exists a
nontrivial test between P and Q; they point out this is equivalent to the existence of nontrivial
bounded e-variables. Second, as we formalize below, when Q is a singleton, we have G = Gb,
so both (1) and (2) may equally be considered generalizations of the singleton case. Third, Gb

permits a strong duality result without any restrictions, while this does not appear to be possible
for G.
The term GROW was originally motivated by the following betting context. We imagine a
forecaster claiming that the data are well described by some P ∈ P . A skeptic, believing instead
that some Q ∈ Q is a better description, would like to bet against the forecaster. The e-variable
corresponds to an available bet or wealth multiplier, meaning that the skeptic puts forward (say)
one dollar along with a particular e-variable before seeing the data, and the forecaster must pay
back the realized value of the e-variable (in dollars) after the data is observed. The forecaster
is willing to accept any e-variable as a bet, because under their own belief P, the Skeptic will
have nonpositive expected net payoff. So which bet should the Skeptic choose? A long tradition
dating back to Kelly [1956], Breiman [1961], Cover [1987], Shafer [2021] suggests that the Skeptic
should maximize the expected logarithm of the wealth under the alternative Q. Picking the
worst Q ∈ Q results in the GROW criterion/value. Since EQ[logX] is also sometimes called the
e-power of X under Q (see, for example, Ramdas and Wang [2025]), one can also refer to G as
the minimax e-power, but we stick to the former terminology for simplicity.
As mentioned above, a universal strong duality result was recently established for singleton
Q = {Q} and arbitrary P by Larsson et al. [2025], extending earlier work by Lardy et al. [2024]
and Li [1999]. Defining the effective null generated by P as

Peff =
{
P ∈ M+ : EP[X] ≤ 1 for all X ∈ E

}
, (3)

that paper showed that under no restrictions whatsoever on Q or P,

sup
X∈E

EQ[logX] = inf
P∈Peff

H(Q | P), (4)

and identified a (sub-probability) measure P∗ ∈ Peff called the reverse information projection
such that the right-hand side above equals H(Q | P∗). One can view our work as generalizing
these results to the setting of composite P and Q.
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Summary of our main results

To set the stage, we argue in Lemma 2.6 that for a singleton Q,

sup
X∈E

EQ[logX] = sup
X∈Eb

EQ[logX]. (5)

So the left-hand side in (4) could also have used bounded e-variables. Further, by monotone
convergence the right-hand side of (4), which depends on E through the definition of the effective
null, could also have used bounded e-variables (see (8)). Unsurprisingly, the story is more
complicated for general composite Q.
Obviously, G ≥ Gb, but the inequality can be strict — remarkably, even for a point null P = {P}
and composite Q, both supported on the naturals N and thus having a common dominating
measure; see Example 5.1. It turns out that Gb has a duality theorem without any restrictions.

1. Our main result, Theorem 3.1, shows that under no assumptions on P or Q, there always
exists a pair (µ∗, ν∗) ∈ co∗(P) × co∗(Q) such that

Gb = inf
µ∈co∗(P)

inf
ν∈co∗(Q)

H(ν | µ) = H(ν∗ | µ∗), (6)

where co∗(P) and co∗(Q) are the closed convex hull of P and Q, respectively. Here we
take the weak-∗ closure in ba, the space of bounded finitely additive measures. (We recall
these concepts later.) One can also prove that for any Q ∈ M1,

min
µ∈co∗(P)

H(Q | µ) = min
P∈Peff

H(Q | P), (7)

so that (6), in conjunction with (7) and (5), implies (4), justifying our claim that Theo-
rem 3.1 generalizes the work of Larsson et al. [2025] to arbitrary Q.

2. Following the suggestion of Grünwald et al. [2024a], we also study a generalization of
GROW, called REGROW (relative GROW):

sup
X∈Eb

inf
Q∈Q

(EQ[logX] − ξ(Q)) ,

for some bounded functional ξ : Q → R, for example ξ(Q) = supX EQ[logX] (the GROW
criterion for a singleton Q, called GRO), when this is finite and bounded over Q. Theo-
rem 3.4 establishes a strong duality result for arbitrary P,Q, ξ that involves the concave
biconjugate of ξ.

Next, we examine several interesting special cases where one can use unbounded e-variables.

3. First, if P = {P} is a singleton, and Q is convex with H(Q | P) < ∞ for all Q ∈ Q, we
prove a strong duality result using a generalized information projection of P onto Q:

G = inf
Q∈Q

H(Q | P).

Example 5.1 shows that despite strong duality holding for both G and Gb, the two quantities
are not equal in general. Example 5.2 shows that if H(Q | P) < ∞ does not hold for all
Q ∈ Q, then strong duality can fail, even though Q ≪ P for all Q ∈ Q.
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4. We generalize the above result to the case of arbitrary P , assuming that a joint information
projection (JIPr) exists. A JIPr is defined as a pair (P∗,Q∗) such that the sub-probability
P∗ is the reverse information projection of the probability Q∗ onto Peff and Q∗ is the
generalized information projection (in the sense of Csiszár [1984]) of P∗ onto Q. When a
JIPr exists, and (say) H(Q | P∗) < ∞ for all Q ∈ Q, we show that

G = inf
Q∈Q

inf
P∈Peff

H(Q | P),

and the left-hand side is achieved by the e-variable dQ∗/dP∗.

5. Additionally, if Q is convex and compact in the setwise topology, then we show that

G = Gb = min
Q∈Q

min
P∈Peff

H(Q | P).

In the above two cases, if we further assume that (on Polish sample spaces) P is convex
and weakly compact, we show that Peff can be replaced by P.

6. When working on Polish sample spaces, we show that if P and Q are both convex and
weakly compact, then again

G = Gb = min
Q∈Q

min
P∈P

H(Q | P),

but this time one can also further restrict to bounded continuous e-variables.

7. Finally, we show that if Ω is finite, and P,Q are compact convex sets in the finite-
dimensional probability simplex and if supP∈P Pi > 0 for each coordinate i, then

G = Gb = min
Q∈Q

min
P∈P

H(Q | P).

Further the GROW value is finite, attained by a bounded e-variable, which can be
represented as the likelihood ratio of JIPr pairs that minimize the above right-hand side.

The first and sixth result above have an intriguing strong parallel to the main results of Larsson
et al. [2026b], after swapping e-variables for tests, the GROW criterion for minimax risk, and
the relative entropy for total variation distance.
We show a number of other results of independent interest, along with several examples and
counterexamples that demonstrate various subtleties in the aforementioned conditions.
The paper is organized as follows. Section 2 recaps some basic definitions and properties,
especially of relative entropy when operating on finitely additive measures. Section 3 presents a
strong duality for bounded GROW (and REGROW) without restriction on the sets of measures.
Section 4 provides strong duality results for the unbounded GROW criterion, under some
relatively mild restrictions. Section 5 discusses some interesting and nontrivial examples that
demonstrate certain subtleties or challenges in these strong duality statements. The appendix
contains all proofs not presented in the paper.

2 Preliminaries

We attempt to maintain the convention that for countably additive measures, we use Roman
letters P,Q,R, S, whereas for measures that could be finitely additive, we use Greek letters µ, ν.
Recall that the set of e-variables for P is

E =
{

all measurable X : Ω → [0,∞] such that
∫
XdP ≤ 1 for all P ∈ P

}
,
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and the set of all bounded e-variables is given by

Eb =
{
X ∈ E : sup

ω∈Ω
X(ω) < ∞

}
= E ∩ Bb,

where Bb is the Banach space of all bounded measurable functions f : Ω → R with the supremum
norm ∥f∥∞.
Since X = 1 is an e-variable, all elements of Peff , defined in (3), are sub-probabilities. Any
sub-probability which is setwise dominated by some element of Peff also belongs to Peff . Moreover,
P and Peff have the same nullsets A since if P(A) = 0 for all P ∈ P, then ∞1A ∈ E , and hence
P(A) = 0 for all P ∈ Peff . Finally, in the definition of Peff it is enough, thanks to the monotone
convergence theorem, to let X range over the set Eb. Hence we have

Peff =
{

P ∈ M+ :
∫
XdP ≤ 1 for all X ∈ E

}
=
{

P ∈ M+ :
∫
XdP ≤ 1 for all X ∈ Eb

}
. (8)

We will also write ba = ba(Ω,F) for the Banach space of all bounded finitely additive signed
measures on (Ω,F), endowed with the total variation norm. Its positive cone is denoted by
ba+. Moreover, ba1 = {µ ∈ ba+ : µ(Ω) = 1} denotes the set of all finitely additive probability
measures on (Ω,F). Each µ ∈ ba1 acts on Bb through finitely additive integration; for f ∈ Bb,
we write Eµ[f ] =

∫
f dµ. Thus, ba1 may equivalently be viewed as the positive normalized part

of the dual of (Bb, ∥ · ∥∞). For µ ∈ ba1, we will always let µ = µc + µp denote its Yosida-Hewitt
decomposition, where µc ∈ M+ is countably additive and µp is purely finitely additive. Moreover,
co∗ denotes the weak-∗ closed convex hull, that is, for a set A ⊆ ba, co∗(A) denotes the closure
of the convex hull of A, taken in the space ba with the topology σ(ba,Bb).
Remark 2.1. Unless specified otherwise, no topology is imposed on Ω; we work on a general
measurable space (Ω,F). If Ω is a topological space and F is its Borel sigma algebra, then the
usual weak topology on M is σ(M, Cb), where Cb denotes the family of bounded continuous
functions. This topology is coarser than the setwise topology σ(M,Bb) since Cb ⊆ Bb. Thus
setwise convergence implies weak convergence, but not conversely; for example, on R, δ1/n

converges weakly to δ0, but not setwise. On the other hand, the total variation topology is finer
than σ(M,Bb). Indeed,

∥R∥TV = sup
∥f∥∞≤1

∣∣∣∣∫ f dR
∣∣∣∣ ,

so total variation convergence is uniform convergence over the unit ball of (Bb, ∥ · ∥∞), whereas
convergence in σ(M,Bb) is only pointwise convergence against each fixed f ∈ Bb.

For a nonnegative measurable function f : Ω → [0,∞], and µ ∈ ba1, we define the extended
finitely additive integral as Eµ[f ] = supn∈N Eµ[f ∧ n] ∈ [0,∞]; equivalently, Eµ[f ] = sup{Eµ[g] :
g ∈ Bb, 0 ≤ g ≤ f}. Clearly, this definition coincides with the familiar Lebesgue integral
whenever µ ∈ M1 ⊆ ba1. Let us adopt the conventions log 0 = −∞ and log ∞ = ∞. When-
ever Eµ[(log f)−] < ∞, we set Eµ[log f ] = Eµ[(log f)+] − Eµ[(log f)−] ∈ (−∞,∞]. Whenever
Eµ[(log f)−] = ∞, we define Eµ[log f ] = −∞. Thus, by convention, this quantity equals −∞
whenever the negative logarithmic part has infinite finitely additive integral.
The following convention is used when we evaluate the expression q log(q/p) for q ∈ [0, 1] and
p ≥ 0:

q log q
p

=
{

0, q = 0,
∞, p = 0 and q > 0.

(9)

This ensures that q log(q/p) is jointly convex and lower semicontinuous in (p, q).
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Definition 2.2 (Relative entropy over ba1). We write Π for the set of all finite measurable
partitions of Ω. For any ν ∈ ba1, µ ∈ ba+, and finite measurable partition π = {A1, . . . , An} we
define, using the convention (9),

Hπ(ν | µ) =
n∑

i=1
ν(Ai) log ν(Ai)

µ(Ai)
.

Their Kullback–Leibler divergence or relative entropy is then given by

H(ν | µ) = sup
π∈Π

Hπ(ν | µ).

For Q ∈ M1 and P ∈ M+, it can be shown that Definition 2.2 reduces to

H(Q | P) =


∫

log
(
dQ
dP

)
dQ, Q ≪ P,

∞, Q ̸≪ P,

which we note can take negative values when P(Ω) > 1.
Even for finitely additive probability measures, zero relative entropy implies equality.

Lemma 2.3. For µ, ν ∈ ba1, H(ν | µ) ≥ 0 with equality if and only if µ = ν.

All proofs for the statements in this section are deferred to Appendix A.
There is also a Donsker–Varadhan dual representation of relative entropy.

Lemma 2.4. For ν ∈ ba1 and µ ∈ ba+, we have

H(ν | µ) = sup
f∈Bb

(∫
fdν − log

∫
efdµ

)
.

Moreover, for every measurable f : Ω → [−∞,∞] such that 0 <
∫
ef dµ < ∞, we have∫

f dν − log
∫
ef dµ ≤ H(ν | µ).

Proposition 2.5. For Q ∈ M1 and µ ∈ ba+, we have H(Q | µ) = H(Q | µc). For ν ∈ ba1 \M1
and P ∈ M+, we have H(ν | P) = ∞. Thus, for ν ∈ ba1 and P ∈ M+, H(ν | P) < ∞ implies
that ν ∈ M1 and ν ≪ P.

Last, we note that for simple alternatives, it is enough to optimize over bounded e-variables.

Lemma 2.6. For any Q ∈ M1, supX∈E EQ[logX] = supX∈Eb
EQ[logX].

Note however that the supremum on the left-hand side is achieved (by the numeraire), but on
the right-hand side in general it is not.

3 Strong duality for bounded GROW and REGROW

This section will present and prove the main strong duality result. The reader may find the
following weak duality useful for intuition for the results that follow:

sup
X∈E

inf
Q∈Q

EQ[logX] = sup
X∈E

inf
Q∈co(Q)

EQ[logX] ≤ inf
Q∈co(Q)

sup
X∈E

EQ[logX]

= inf
Q∈co(Q)

inf
P∈Peff

H(Q | P) ≤ inf
Q∈co(Q)

inf
P∈co(P)

H(Q | P), (10)

and note that E could have been replaced by Eb above. Our aim is to establish when strong
duality holds, i.e., when we have equality in suitably adjusted versions of the above display.
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Theorem 3.1. The following strong duality holds:

sup
X∈Eb

inf
Q∈Q

EQ[logX] = min
ν∈co∗(Q)

min
µ∈co∗(P)

H(ν | µ), (11)

even if one side, and then also the other side, equals infinity. Further, there exists a pair
(µ∗, ν∗) ∈ co∗(P) × co∗(Q) that achieves the minimum on the right-hand side.

This theorem follows from Theorem 3.4 by setting ξ = 0 therein (in which case ξ∗∗
Q = 0 on

co∗(Q)).
One may ask whether considering the effective null or closures in ba is really necessary. Here we
present an example where Q is a singleton, P is convex, infP∈P H(Q | P) is achieved in P and
yet this value is vastly different from infµ∈co∗(P)H(Q | µ) and from infP∈Peff H(Q | P).

Example 3.2. Let Ω = [0, 1]. Let Q = U be the uniform distribution. Let P be the convex hull
of P0 and all {δz : z ∈ [0, 1]}, where δz denotes a Dirac delta mass at z and P0 = εU + (1 − ε)δ0
for some small constant ε > 0. Clearly, P0 achieves the infimum infP∈P H(Q | P), which can be
made arbitrarily large by letting ε tend to zero. However, Peff contains all distributions on [0, 1],
and thus contains Q, causing infP∈Peff H(Q | P) = 0. Larsson et al. [2026b, Theorem 3.3] shows
that Peff ∩ M1 = co∗(P) ∩ M1 and so Q ∈ co∗(P), yielding infµ∈co∗(P)H(Q | µ) = 0.

The following example shows that every minimizing pair (µ∗, ν∗) on the right-hand side of (11)
can in fact be purely finitely additive.

Example 3.3. Let Ω = N be equipped with its power set sigma algebra. For each n ∈ N, define

Pn = 1
n

n∑
k=1

δk, Qn = 1
n

n+1∑
k=2

δk

and set P = {Pn : n ∈ N} and Q = {Qn : n ∈ N}. Then the right-hand side of (11) is
equal to zero. Moreover, every minimizing pair (µ∗, ν∗) ∈ co∗(P) × co∗(Q) satisfies µ∗ = ν∗ ∈
co∗(P) ∩ co∗(Q). Every such common minimizer is purely finitely additive. In particular, there
is no minimizing pair with either µ∗ ∈ M1 or ν∗ ∈ M1. These claims are argued in Appendix B.

Grünwald et al. [2024a] point out that G can be too pessimistic as a criterion, as it is a worst
case over all alternatives, and thus any (approximately) GROW e-variable may achieve poor
e-power against an “easy” Q in order to preserve optimal e-power against a worst-case Q. To
address this, they suggest the REGROW criterion, which normalizes the objective by the best
achievable growth rate for that alternative. In this sense, a REGROW e-variable attempts to
achieve (as much as possible) nearly optimal e-power for every Q ∈ Q, and thus is a possibly
more appropriate criterion to work with, motivating us to present the following theorem (for
general bounded offsets ξ).

Theorem 3.4. Let ξ : Q → R be a bounded function, and define its concave biconjugate ξ∗∗
Q for

ν ∈ ba+ by
ξ∗∗

Q (ν) = inf
f∈Bb

(∫
f dν − inf

Q∈Q
(EQ[f ] − ξ(Q))

)
. (12)

Then the following strong duality holds:

sup
X∈Eb

inf
Q∈Q

(EQ[logX] − ξ(Q)) = min
ν∈co∗(Q)

min
µ∈co∗(P)

(
H(ν | µ) − ξ∗∗

Q (ν)
)
, (13)

even if one side, and then also the other side, equals infinity. Further, there exists a pair
(µ∗, ν∗) ∈ co∗(P) × co∗(Q) that achieves the minimum on the right-hand side.
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Before proving this theorem we provide a remark and some corollaries and auxiliary lemmata.
Remark 3.5. Since the offset function ξ will typically be convex rather than concave, it cannot
be used directly in the minimax argument. We therefore work with its concave biconjugate,
given by (12). Let us write, for Q ∈ Q,

G(Q) = Gb(Q) = sup
X∈Eb

∫
logX dQ.

For Q = {Q}, this agrees both with the GROW value G and the bounded GROW value Gb in (1)
and (2), respectively. It is the maximal e-power against the simple alternative ν and coincides
with the GRO value in the terminology of Grünwald et al. [2024a]. Let us now assume

sup
Q∈Q

G(Q) < ∞

and set ξ = G. Then, the value in (13) presents REGROW (for bounded e-variables):

sup
X∈Eb

inf
Q∈Q

(EQ[logX] − G(Q)) = min
ν∈co∗(Q)

min
µ∈co∗(P)

(
H(ν | µ) − G∗∗

Q (ν)
)

= min
ν∈co∗(Q)

(G(ν) − G∗∗
Q (ν)),

where the final equality follows by Lemma 3.10, presented below.

Corollary 3.6. For any Q ∈ M1,

min
P∈Peff

H(Q | P) = min
µ∈co∗(P)

H(Q | µ).

Proof. We get the chain of equalities

min
P∈Peff

H(Q | P) = sup
X∈E

EQ[logX] = sup
X∈Eb

EQ[logX] = min
µ∈co∗(P)

H(Q | µ),

where the first equality follows from Larsson et al. [2025], the second from Lemma 2.6, and the
last by taking Q = {Q} in (11).

There is also an interesting corollary regarding the existence of a nontrivial test, which we define
as any test whose worst-case power exceeds its worst-case level. To set the stage, a test is a
measurable function ϕ whose range is [0, 1], its worst-case type-I error is supP∈P EP[ϕ] and its
worst-case power is infQ∈Q EQ[ϕ]. A classical theorem by Kraft [1955] (credited also to Le Cam)
asserts that if P ∪ Q are dominated by a common reference measure, then a nontrivial test exists
if and only if co(P) and co(Q) are separated in the total variation distance. Recently, Larsson
et al. [2026b] proved that the aforementioned reference measure assumption can be dropped if
co(P) and co(Q) are replaced by co∗(P) and co∗(Q), respectively. Our theorem above delivers
the same corollary.

Corollary 3.7. A nontrivial test for P against Q exists if and only if dTV(co∗(P), co∗(Q)) > 0.

Proof. The sets co∗(P) and co∗(Q) are weak-∗ compact, and the map (µ, ν) 7→ ∥µ − ν∥TV is
weak-∗ lower semicontinuous. Hence the total variation distance between the two sets is attained.
Therefore this distance is positive if and only if co∗(P) and co∗(Q) are disjoint.
By Ramdas and Wang [2025], a nontrivial test exists if and only if there exists X ∈ Eb such that
infQ∈Q EQ[logX] > 0. Equivalently, the left-hand side of (11) is strictly positive, and thus so is
the right-hand side. Since relative entropy between two measures in ba1 equals zero if and only
they are equal by Lemma 2.3, this is equivalent to co∗(P) and co∗(Q) being disjoint, and this
concludes the proof.
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Before proving Theorem 3.4, we establish a few facts concerning the concave biconjugate.

Lemma 3.8. For A ⊆ ba+ nonempty, suppose ξ : A → R is bounded and define ξ∗∗
A as in (12).

Then ξ∗∗
A is weak-∗-upper semicontinuous and concave on co∗(A), and for every g ∈ Bb,

inf
ν∈A

(∫
g dν − ξ(ν)

)
= inf

ν∈co∗(A)

(∫
g dν − ξ∗∗

A (ν)
)
. (14)

Proof. For g ∈ Bb, define the concave conjugate of ξ by

aξ(g) = inf
ν∈A

(∫
g dν − ξ(ν)

)
and set

ψg(ν) =
∫
g dν − aξ(g), ν ∈ co∗(A).

Then ψg is affine and weak-∗ continuous on co∗(A) and we have ξ∗∗
A = infg∈Bb

ψg. The pointwise
infimum of continuous affine functions is upper semicontinuous and concave. Hence ξ∗∗

A is weak-∗
upper semicontinuous and concave on co∗(A).
It remains to prove (14). Fix g ∈ Bb. From the definition of ξ∗∗

A ,

aξ(g) ≤ inf
ν∈co∗(A)

(∫
g dν − ξ∗∗

A (ν)
)
. (15)

For the reverse inequality, first note that for every ν0 ∈ A and every h ∈ Bb,

aξ(h) = inf
ν∈A

(∫
h dν − ξ(ν)

)
≤
∫
h dν0 − ξ(ν0).

Thus ∫
h dν0 − aξ(h) ≥ ξ(ν0).

Taking the infimum over h ∈ Bb gives ξ∗∗
A (ν0) ≥ ξ(ν0). Consequently,

inf
ν∈co∗(A)

(∫
g dν − ξ∗∗

A (ν)
)

≤ inf
ν∈A

(∫
g dν − ξ∗∗

A (ν)
)

≤ inf
ν∈A

(∫
g dν − ξ(ν)

)
= aξ(g).

Combining this with (15) proves (14).

The following short lemma will be useful below.

Lemma 3.9. Let A ⊆ ba1 be nonempty. Let ξ : A → R be a bounded function, and define

Γ =
{
f ∈ Bb : sup

P∈P
EP[ef ] ≤ 1

}
. (16)

Then Γ is convex and

sup
X∈Eb

inf
ν∈A

(Eν [logX] − ξ(ν)) = sup
f∈Γ

inf
ν∈A

(Eν [f ] − ξ(ν)).

Proof. We first observe that Γ is convex due to Hölder’s inequality. The inequality “≥” is clear.
For the reverse inequality, fix X ∈ Eb and ε ∈ (0, 1), and set Xε = ε + (1 − ε)X ∈ Eb. Then
fε = logXε ∈ Γ. Since Xε ≥ (1 − ε)X, we have fε ≥ log(1 − ε) + logX. Therefore

inf
ν∈A

(∫
fεdν − ξ(ν)

)
≥ inf

ν∈A

(∫
logXdν − ξ(ν)

)
+ log(1 − ε).

Sending ε to zero and taking the supremum over X ∈ Eb proves the reverse inequality.
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In preparation for the proof of Theorem 3.4, we also provide a simple-alternative duality. The
main differences between this result and (4) are that ν is allowed to be in ba1 (instead of just
M1), and the right-hand side minimizes over co∗(P) instead of Peff .

Lemma 3.10. Let Γ be as in (16). For ν ∈ ba1,

sup
X∈Eb

∫
logX dν = sup

f∈Γ

∫
f dν = min

µ∈co∗(P)
H(ν | µ).

Proof. By Lemma 3.9, applied with ξ ≡ 0, it suffices to argue

sup
f∈Γ

∫
f dν = min

µ∈co∗(P)
H(ν | µ). (17)

To make headway, for µ ∈ co∗(P) and f ∈ Bb, define

Φ(f, µ) =
∫
f dν − log

∫
ef dµ.

For each fixed µ ∈ co∗(P), the map f 7→ Φ(f, µ) is concave on Bb. Indeed, f 7→
∫
f dν is affine,

while f 7→ log
∫
ef dµ is convex by Hölder’s inequality. Moreover, this map is continuous with

respect to the supremum norm. For each fixed f ∈ Bb, the map µ 7→ Φ(f, µ) is convex and
continuous on co∗(P), since µ 7→

∫
ef dµ is affine and continuous, takes values in (0,∞), and

x 7→ − log x is continuous and convex on (0,∞).
Since co∗(P) is compact by the Banach–Alaoglu theorem and convex, and Bb is convex, Sion’s
minimax theorem applies. Together with the variational formula for relative entropy (Lemma 2.4),
this yields

min
µ∈co∗(P)

H(ν | µ) = min
µ∈co∗(P)

sup
f∈Bb

Φ(f, µ) = sup
f∈Bb

min
µ∈co∗(P)

Φ(f, µ)

= sup
f∈Bb

(∫
f dν − sup

µ∈co∗(P)
log

∫
ef dµ

)
. (18)

For f ∈ Bb set c(f) = supµ∈co∗(P) log
∫
ef dµ. Then we have f − c(f) ∈ Γ, yielding∫

f dν − c(f) =
∫

(f − c(f)) dν ≤ sup
g∈Γ

∫
g dν.

From (18) we hence get
min

µ∈co∗(P)
H(ν | µ) ≤ sup

g∈Γ

∫
g dν. (19)

Conversely, suppose that g ∈ Γ. We know that c(g) ≤ 0. Hence (18) yields∫
g dν ≤

∫
g dν − c(g) ≤ sup

f∈Bb

(∫
f dν − c(f)

)
= min

µ∈co∗(P)
H(ν | µ).

Together with (19), this yields (17), concluding the proof.

Proof of Theorem 3.4. Let Γ be as in (16). We first note

sup
X∈Eb

inf
Q∈Q

(EQ[logX] − ξ(Q)) = sup
f∈Γ

inf
Q∈Q

(EQ[f ] − ξ(Q)) = sup
f∈Γ

inf
ν∈co∗(Q)

(∫
f dν − ξ∗∗

Q (ν)
)
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by Lemmata 3.9 and 3.8. We now intend to apply Sion’s minimax theorem. To this end,
recall that Γ is convex by Lemma 3.9 and co∗(Q) is compact by the Banach–Alaoglu theorem,
respectively. We next define

L(f, ν) =
∫
fdν − ξ∗∗

Q (ν).

By Lemma 3.8, ν 7→ L(f, ν) is lower semicontinuous and convex on co∗(Q). Moreover, f 7→ L(f, ν)
is linear and continuous. Further, ξ∗∗

Q (ν) ∈ [infQ∈Q ξ(Q), supQ∈Q ξ(Q)], and thus ξ∗∗
Q is real-valued

on co∗(Q). Therefore, Sion’s minimax theorem applies and we obtain

sup
f∈Γ

inf
ν∈co∗(Q)

(∫
f dν − ξ∗∗

Q (ν)
)

= inf
ν∈co∗(Q)

sup
f∈Γ

(∫
f dν − ξ∗∗

Q (ν)
)
.

By Lemma 3.10, we get (13). Finally, attainment follows from lower semicontinuity and
compactness of co∗(P) × co∗(Q).

To provide further intuition for the concave biconjugate, we discuss the simpler case of a finite
full simplex.

Example 3.11. Suppose that Ω = {1, . . . , n}, and let P ∈ ∆n have full support, that is,
pi = P({i}) > 0 for every i = 1, . . . , n. Let P = {P} and Q = ∆n. For Q ∈ Q, we set again

G(Q) = H(Q | P).

We first compute the concave biconjugate of G on ∆n. Write qi = Q({i}). Then

G(Q) =
n∑

i=1
qi log qi

pi
.

For g = (g1, . . . , gn) ∈ Rn, the concave conjugate of G is

aG(g) = inf
q∈∆n

(
n∑

i=1
qi(gi + log pi) −

n∑
i=1

qi log qi

)
.

Since −
∑

i qi log qi ≥ 0, this expression is bounded below by mini(gi + log pi), and this lower
bound is attained by choosing q to be a Dirac mass at a minimizer of gi + log pi. Hence

aG(g) = min
1≤i≤n

(gi + log pi).

Therefore

G∗∗
∆n

(Q) = inf
g∈Rn

(
n∑

i=1
qigi − min

1≤i≤n
(gi + log pi)

)
= −

n∑
i=1

qi log pi + inf
h∈Rn

(
n∑

i=1
qihi − min

i
hi

)
,

where hi = gi + log pi. The last infimum is zero, since ∑i qihi ≥ mini hi and equality is attained
by taking h1 = · · · = hn. Thus

G∗∗
∆n

(Q) = −
n∑

i=1
Q({i}) log pi, Q ∈ ∆n.

Consequently,

G(Q) − G∗∗
∆n

(Q) =
n∑

i=1
qi log qi.

This quantity is minimized over ∆n at the uniform distribution U, and the minimum value is
− logn. Thus the offset relative entropy side of (13) has value − logn.
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On the e-variable side, let X = dU/dP. Then X is an e-variable for P, and X(i) = 1/(npi). For
Q ∈ ∆n,

EQ[logX] − G(Q) =
n∑

i=1
qi log 1

npi
−

n∑
i=1

qi log qi

pi
= − logn−

n∑
i=1

qi log qi.

Taking the infimum over Q ∈ ∆n gives − logn, attained at any vertex of ∆n. Hence the
REGROW value is − logn, and the REGROW e-variable is dU/dP. Notice that the minimizing
Q on the e-variable side may be any Dirac mass, whereas the minimizing Q on the offset relative
entropy side is the uniform distribution U.

4 Strong duality for unbounded GROW

We have been unable to derive an “assumption-free” theorem for unbounded GROW. The
absence of such a theorem forces us to look for special cases where strong duality still holds with
unbounded e-variables. While there is no hope of being complete, we present five important
settings where strong duality holds. We present these below in the following order, one case
per subsection. First, we handle the case of a singleton P = {P} together with convex Q such
that H(Q | P) < ∞ for all Q ∈ Q. We then extend this to the case where a joint information
projection (defined later) exists. Third, we handle the case of convex and setwise compact Q.
Fourth, we handle the case of weakly compact P and Q on a Polish space Ω. Finally, we handle
the case of finite Ω. In all cases, the final conclusions avoid finitely additive measures. In all
relevant cases, we show using counterexamples that the conclusions of the theorems do not hold
without restrictions, justifying our inability to find an assumption-free statement.

4.1 When P = {P} is a singleton

Fix a convex family Q of probability measures and a simple null P = {P} such that

inf
Q∈Q

H(Q | P) < ∞.

Recall that then Csiszár’s I-projection (IPr), provided it exists, is the probability measure
QIPr ∈ Q that achieves infQ∈QH(Q | P) [Csiszár, 1975], so that

H(QIPr | P) = inf
Q∈Q

H(Q | P).

Csiszár proved that the I-projection of P onto Q exists if Q is convex and TV-closed and
infQ∈QH(Q | P) < ∞, in which case clearly H(QIPr | P) < ∞. Since the IPr does not always
exist, the following generalization was conceived.
Following Topsøe [1979, Theorem 8] and Csiszár [1984], the generalized I-projection (GIPr)
QGIPr of P ∈ M1 onto Q ⊆ M1 is the unique probability measure that satisfies the following
Pythagorean inequality for any Q ∈ Q:

H(Q | QGIPr) + inf
R∈Q

H(R | P) ≤ H(Q | P). (20)

The GIPr QGIPr was shown by the above authors to always exist for any convex Q with
infQ∈QH(Q | P) < ∞. However, QGIPr /∈ Q in general, but (20) implies that it does lie in the
I-closure of Q, given by

QI =
{

R ∈ M1 : inf
Q∈Q

H(Q | R) = 0
}
.
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Further, one has
H(QGIPr | P) ≤ inf

Q∈Q
H(Q | P), (21)

where strict inequality can occur as shown by [Csiszár, 1984, Example 3.2]. He also shows that
one cannot obtain the generalized I-projection as a minimizer over some closure of Q. Thanks to
(21), and our standing assumption that infQ∈QH(Q | P) < ∞, we have H(QGIPr | P) < ∞, and
thus QGIPr ≪ P, meaning that dQGIPr/dP is well defined, and it is clearly an e-variable for P.
We now show that under some conditions, dQGIPr/dP is the log-optimal (unbounded) e-variable.

Assumption 4.1. infR∈QH(R | P) < ∞ and there exists a random variable X∗ that is a
P-version of dQGIPr/dP, such that EQ[logX∗] ≥ infR∈QH(R | P) for each Q ∈ Q.

The above assumption can sometimes be checked by verifying the stronger condition that for
every Q ∈ Q, H(Q | QGIPr) < ∞ holds, which in turn is implied by H(Q | P) < ∞. (Indeed, one
can rearrange the Pythagorean inequality (20) even when H(Q | P) = ∞, and note that these
stronger conditions imply Q ≪ QGIPr ≪ P.)

Theorem 4.2 (Singleton null strong duality). For singleton P = {P} and convex Q such that
Assumption 4.1 holds, the corresponding e-variable X∗ achieves the supremum on the left-hand
side of the following strong duality:

G = inf
Q∈Q

EQ[logX∗] = inf
Q∈Q

H(Q | P).

Further, if the GIPr is an IPr (i.e., it lies in Q), then X∗ is the P-a.s. unique GROW e-variable.

Proof. We have

inf
Q∈Q

H(Q | P) ≤ inf
Q∈Q

EQ[logX∗] ≤ sup
X∈E

inf
Q∈Q

EQ[logX] ≤ inf
Q∈Q

H(Q | P) < ∞,

where the first inequality follows from Assumption 4.1, the second one holds by noting X∗ ∈ E ,
the third by weak duality (10), and the last by assumption. This yields the strong duality. The
uniqueness claim follows by Proposition 4.12.

An interesting application of this theorem, where Q is defined by a finite number of moment
inequalities, is presented in Section 5.5.
The above result also corrects some inaccuracies in the statement and proof of Proposition 1
in Grünwald et al. [2024b]. In particular, the inequality in their Equation (1.11) would only follow
if the GIPr belonged to Q, which need not hold in general. This leads them to conclude in their
Equation (1.10) that G equals H(QGIPr | P), which is not true in general. It is worth noting that
their assumption is weaker than the usual Pythagorean inequality, because their Equation (1.6)
is equivalent to assuming our (20) but with the term infR∈QH(R | P) being replaced by the
quantity H(QGIPr | P), which (21) implies can be smaller. Thus the error leads to a weaker
assumption but a stronger conclusion. Example 5.3 provides an explicit counterexample: it
satisfies their assumptions but not their conclusion.
It is natural to ask whether we can relax the assumption to only needing infQ∈QH(Q | P) < ∞
(which was anyway required for the GIPr to exist). The following example shows that this
condition does not suffice, and we can still have

sup
X∈E

inf
Q∈Q

EQ[logX] < inf
Q∈Q

H(Q | P). (22)
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Example 4.3. Let Ω = [0, 1], equipped with the Borel sigma algebra, and consider P = U, the
uniform. Define Q0 by dQ0/dP(ω) = 2ω so that Q0 is a probability measure, and set

Q = co({Q0} ∪ {δω : ω ∈ [0, 1]}).

Let X be any e-variable with respect to P. Then necessarily infω∈[0,1]X(ω) ≤ 1; otherwise X > 1
everywhere and hence EP[X] > 1. Therefore, the left-hand side of (22) equals zero, achieved by
the constant e-variable 1. On the other hand, among the elements of Q the only one absolutely
continuous with respect to P is Q0, while H(Q0 | P) = log 2 − 1/2 > 0. Hence the right-hand side
of (22) is finite and strictly positive, being attained by Q0.

The above example does not have Q ≪ P for every Q ∈ Q. So it leaves open the possibility
that assuming infQ∈QH(Q | P) < ∞ along with Q ≪ P for every Q ∈ Q may possibly suffice.
However, such hopes are quickly dashed by an extension of the above example, which due to its
length is provided later as Example 5.2.
We end by noting that Assumption 4.1 is not necessary for strong duality to hold. Rather, it
additionally ensures that the supremum over e-variables is attained. The following example
emphasizes this point. (See also Example 5.5 for a more statistically relevant instance.)

Example 4.4. Let Ω = N∪ {0}, equipped with its power set sigma algebra, and let P = {P} with
P(n) = 2−(n+1) for all n ∈ N0. Define two probability measures Q0 = δ0 and Q∞(n) = 1/(n(n+1))
for n ∈ N, and set

Q = co(Q0,Q∞) = {tQ0 + (1 − t)Q∞ : t ∈ [0, 1]}.

We have H(Q0 | P) = log 2, but H(Q∞ | P) = ∞, so for any t ∈ [0, 1),

H(tQ0 + (1 − t)Q∞ | P) = ∞.

Consequently, Q0 is the IPr of P, with relative entropy log 2. The likelihood ratio X∗ = dQ0/dP
is uniquely determined since P has full support. It satisfies X∗(0) = 2 and X∗(n) = 0 for
all n ∈ N. Thus, EQ∞ [logX∗] = −∞, in particular infQ∈Q EQ[logX∗] = −∞. To see that
strong duality holds, for a small ε > 0, define the e-variable Xε by Xε(0) = 2(1 − ε) and
Xε(n) = εQ∞(n)/P(n). Further, EQ∞ [logXε] = ∞, but EQ0 [logXε] = log(2(1 − ε)). Thus,
infQ∈Q EQ[logXε] = log(2(1 − ε)) which approaches log 2 as ε ↓ 0, meaning that strong duality
holds. (In fact, Proposition 4.12, proved later, implies that no e-variable achieves strong duality.)

Remark 4.5. We explain the key idea behind the above example. Let Q∗ denote the generalized
I-projection of P onto some convex Q with I = infQ∈QH(Q | P) < ∞. Let X∗ be any fixed
version of dQ∗/dP; clearly X∗ ∈ E . Call a Q ∈ Q “bad” if EQ[logX∗] < I, and “good” otherwise.
Suppose there exists an e-variable Y which satisfies EQ[log Y ] = ∞ for every bad Q ∈ Q.
Then for Xδ = (1 − δ)X∗ + δY ∈ E , the mixture with Y provides protection against the bad
Q. Since Xδ ≥ δY , we have EQ[logXδ] ≥ EQ[log Y ] + log δ = ∞ for bad Q. And for the
“good” Q, Xδ ≥ (1 − δ)X∗ gives us EQ[logXδ] ≥ I + log(1 − δ). Put together, we get that
infQ∈Q EQ[logXδ] ≥ I + log(1 − δ), and letting δ ↓ 0 yields strong duality. We formalize these
ideas further in Theorem 5.4.

4.2 When a joint information projection exists

Larsson et al. [2025] showed that for an arbitrary composite null P and singleton alternative Q,
a log-optimal e-variable Xnum, called the numeraire, always exists and is Q-almost-surely unique
and positive. Then, they define the reverse information projection (RIPr) of Q onto Peff as the
sub-probability measure defined by dP∗/dQ = 1/Xnum, and show that P∗ ∈ Peff .
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We define the GIPr (or IPr, if it exists) of a nonzero sub-probability P ∈ M+ onto a convex set
Q, as the GIPr (or IPr) of P̃ = P/P(Ω) onto Q (assuming, as before, that infQ∈QH(Q | P̃) < ∞).
Since the Pythagorean inequality (20) contains P̃ on both sides, one finds that the normalization
constant cancels out. Hence the inequality holds for P, despite P being a sub-probability, a fact
that we record as a lemma for easier reference.

Lemma 4.6. Let Q be convex. For any nonzero sub-probability measure P ∈ M+ with
infQ∈QH(Q | P) < ∞, its GIPr satisfies (20) verbatim, i.e.,

H(Q | QGIPr) + inf
R∈Q

H(R | P) ≤ H(Q | P).

Now, we can define the joint information projection (JIPr).

Definition 4.7. Given arbitrary P and convex Q, we will say that a pair (P∗,Q∗) ∈ M+ × M1
is a joint information projection (JIPr) if

(i) P∗ ∈ Peff is the RIPr of Q∗ onto Peff ;

(ii) infQ∈QH(Q | P∗) < ∞ and Q∗ ∈ QI is the GIPr of P∗ onto Q.

Also, assuming (i,ii) is weaker than assuming

(iii) (P∗,Q∗) ∈ Peff × Q achieves infQ∈Q infP∈Peff H(Q | P), this value is finite, and P∗ ≪ Q∗.

One has the implication (iii) =⇒ (i,ii), but in general the reverse implication may fail. We
provide an example to illustrate that (i,ii) does not imply (iii), even when the GIPr is an IPr.

Example 4.8. Let Ω = {0, 1, 2} and set P∗ = 1
2δ1 + 1

2δ2 and Q∗ = δ1. Define the convex sets

P = {(1 − s)P∗ + sδ0 : s ∈ [0, 1]}; Q = {(1 − s)Q∗ + sδ0 : s ∈ [0, 1]}.

Then the absolutely continuous part of P∗ with respect to Q∗ is P∗
a = 1

2δ1. We will show that
the pair (P∗

a,Q∗) satisfies both (i) and (ii). Since the e-variable X∗ = 21{1} is the reciprocal
of dP∗

a/dQ∗, P∗
a is the RIPr of Q∗ onto Peff [Larsson et al., 2025, Theorem 4.1], so condition

(i) holds. Next, Q∗ is the IPr of P∗
a onto Q. Indeed, H(Q∗ | P∗

a) = log 2 < ∞, whereas every
element Qs = (1 − s)Q∗ + sδ0 with s > 0 assigns positive mass to {0}, so H(Qs | P∗

a) = ∞.
Hence condition (ii) holds. However, condition (iii) fails. Indeed, δ0 ∈ P ∩ Q, and therefore
infQ∈Q infP∈Peff H(Q | P) = 0. On the other hand, H(Q∗ | P∗

a) = log 2 > 0. Thus (P∗
a,Q∗) does

not attain (iii), even though conditions (i) and (ii) hold.

Another illustration for (i) and (ii) holding but (iii) failing is given in Example 5.3. This example
is slightly longer, but also satisfies Assumption 4.9 below, hence Theorem 4.10 applies for that
example.
Condition (i) implies that dQ∗/dP∗ is an e-variable for P (it is the numeraire for P versus Q∗).
However, it may not achieve the desired strong duality; recall Example 4.3, where (P,Q0) was
a JIPr pair satisfying condition (iii). Thus, for strong duality to hold, we need an additional
condition, analogous to Assumption 4.1.

Assumption 4.9. A JIPr pair (P∗,Q∗) exists and there exists a random variable X∗ that is a
P∗-version of dQ∗/dP∗, such that EQ[logX∗] ≥ infR∈QH(R | P∗) for each Q ∈ Q.

As before, one can sometimes check the above by verifying that either H(Q | Q∗) < ∞ holds,
or the even stronger condition that H(Q | P∗) < ∞ holds, for each Q ∈ Q. (To see that these
imply the assumption, simply rearrange (20), which is allowed even when H(Q | P∗) = ∞).
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Theorem 4.10 (Strong duality for composite null and alternative). For arbitrary P and convex
Q, suppose there exists a joint information projection (P∗,Q∗) such that Assumption 4.9 holds.
Then the corresponding e-variable X∗ is a GROW e-variable, which satisfies the strong duality

G = sup
X∈E

inf
Q∈Q

EQ[logX] = inf
Q∈Q

EQ[logX∗] = inf
Q∈Q

H(Q | P∗) = inf
Q∈Q

min
P∈Peff

H(Q | P).

Further, if Q∗ is an IPr (i.e., it lies in Q), then X∗ is the P∗-a.s. unique GROW e-variable.

The above theorem eliminates certain conditions in Grünwald et al. [2024a, Theorem 1, First
Generalisation], such as assuming that H(Q | Q′) < ∞ for all Q,Q′ ∈ Q, and also that these
have full support.
We note above that if the GIPr actually was an IPr (meaning that the infimum relative entropy
was achieved by Q∗ ∈ Q), then we can add to the strong duality a further equality to H(Q∗ | P∗).

Proof of Theorem 4.10. We begin with the weak duality

sup
X∈E

inf
Q∈Q

EQ[logX] ≤ inf
Q∈Q

sup
X∈E

EQ[logX] = inf
Q∈Q

min
P∈Peff

H(Q | P) ≤ inf
Q∈Q

H(Q | P∗),

where the sole equality follows from (4), and the two inequalities are immediate.
In the opposite direction, we have

sup
X∈E

inf
Q∈Q

EQ[logX] ≥ inf
Q∈Q

EQ[logX∗] ≥ inf
Q∈Q

H(Q | P∗),

where the first inequality is immediate, and the second follows by taking infimum over Q
in Assumption 4.9. Combining the two displays completes the proof of strong duality. The
uniqueness claim follows by Proposition 4.12.

Example 4.11. Let P be {N(m, 1) : m ≤ 0} and Q be (the convex hull of) {N(m, 1) : m ≥ 1}.
Then the JIPr pair is given by (N(0, 1), N(1, 1)) and the GIPr is actually an IPr. In this case,
the JIPr pair is also a least favorable distribution pair in the sense of Huber and Strassen [1973];
indeed Saha and Ramdas [2025] already applies to yield the GROW e-variable, which is the
likelihood ratio of the JIPr pair.
Now take P to be set of all 1-sub-Gaussian distributions with nonpositive mean, and Q to be (the
convex hull of) all 1-sub-Gaussian distributions with mean at least 1 and finite relative entropy
to the standard Gaussian. For this nonparametric class, a least favorable distribution pair in the
sense of Huber–Strassen does not exist, and it is not true that H(Q | Q′) < ∞ for all Q,Q′ ∈ Q
(take, for example, Q = U[1, 2],Q′ = U[3, 4]), so the results in Grünwald et al. [2024a] do not
apply. Nevertheless, the JIPr pair is still (N(0, 1), N(1, 1)), and the conditions of Theorem 4.10
are fulfilled, so the GROW e-variable is still their likelihood ratio.

Proposition 4.12. Assume that the following strong duality holds:

G = sup
X∈E

inf
Q∈Q

EQ[logX] = inf
Q∈Q

inf
P∈Peff

H(Q | P) < ∞,

and that there exists (P∗,Q∗) ∈ Peff × Q such that H(Q∗ | P∗) = infQ∈Q infP∈Peff H(Q | P). If
any e-variable X∗ achieves the supremum above, then we must have X∗ = dQ∗/dP∗, P∗-a.s.

Proof. Since EQ∗ [logX∗] ≥ G because X∗ ∈ E witnesses strong duality, applying the Donsker–
Varadhan inequality (Lemma 2.4) yields

G ≤ EQ∗ [logX∗] ≤ H(Q∗ | P∗) + logEP∗ [X∗] ≤ H(Q∗ | P∗) = G.
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It follows that equality holds throughout. In particular, logEP∗ [X∗] = 0, hence EP∗ [X∗] = 1,
and EQ∗ [logX∗] = H(Q∗ | P∗).
Define now a probability measure Q′ by dQ′

dP∗ = X∗. Since H(Q∗ | P∗) < ∞, we have Q∗ ≪ P∗.
Therefore, using the chain rule for relative entropy,

H(Q∗ | Q′) = H(Q∗ | P∗) − EQ∗ [logX∗] = 0.

Thus Q∗ = Q′, proving the claim.

Remark 4.13. If Q∗ in Proposition 4.12 is not in Q but in the I-closure QI only, then the
conclusion of the statement still holds provided one assumes in addition EQ∗ [logX∗] ≥ G.

We recall Example 4.4, which points out that Assumption 4.9 is not necessary. Indeed, this
example shows that the JIPr can exist (satisfying the stronger condition (iii)) — it uniquely
equals (δ0/2,Q0) — and strong duality can hold, but the likelihood ratio of the JIPr pair does
not achieve the strong duality.

4.3 When Q is setwise compact

Definition 4.14. The setwise topology on M is the initial topology σ(M,Bb) induced by the
maps

R 7→
∫
f dR, R ∈ M, f ∈ Bb.

A set K ⊆ M is called setwise closed/compact if it is closed/compact in (M, σ(M,Bb)).

The setwise topology is the subspace topology induced by the weak-∗ topology in ba:

σ(M,Bb) = σ(ba,Bb)
∣∣
M.

Indeed, σ(ba,Bb) is the coarsest topology on ba making all maps ν 7→
∫
f dν, f ∈ Bb, continuous.

Restricting these maps to M ⊆ ba gives exactly the maps defining σ(M,Bb).
If we equip M with the total variation (TV) norm ∥ ·∥TV and its norm topology, TV convergence
implies setwise convergence, because ∥Rn − R∥TV → 0 implies Rn → R setwise. In addition, if
we further suppose that Ω is Polish and F is the Borel sigma algebra, then setwise convergence
implies weak convergence: clearly, Rn → R in σ(M,Bb) implies that Rn → R in σ(M, Cb). All
three topologies are Hausdorff.
Recall that Q ⊆ M1 is said to be uniformly absolutely continuous with respect to a finite
R ∈ M+ if Q ≪ R for all Q ∈ Q, and for every ε > 0 there exists δ > 0 such that for all A ∈ F ,
R(A) < δ implies supQ∈Q Q(A) ≤ ε. It follows directly from [Bogachev, 2007, Theorem 4.7.25]
that clσ(M,Bb)(co(Q)) is setwise compact if and only if there exists a finite measure R ∈ M+ such
that Q is uniformly absolutely continuous with respect to R. From this we see that assuming Q
to be convex and setwise compact is a rather strong assumption.
Two examples of convex and setwise compact Q are (i) the convex hull of Gaussians with means
in {−1, 1} and unit variance and (ii) all Bernoulli distributions with parameters in [0.2, 0.8].
We shall use the following two lemmata.

Lemma 4.15. If Q is convex and setwise compact, then co∗(Q) = Q.

Proof. Since the setwise topology on M1 is the subspace topology induced by σ(ba,Bb), the
set Q is compact also as a subset of (ba, σ(ba,Bb)). The latter space is Hausdorff, so compact
subsets are closed. Hence Q is σ(ba,Bb)-closed, yielding the statement.
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Lemma 4.16 (Distribution-uniform monotone convergence). If Q is setwise compact then

fn ≥ 0 and fn ↑ f =⇒ inf
Q∈Q

EQ[fn] ↑ inf
Q∈Q

EQ[f ]. (23)

Further, if (23) holds, then Q is relatively setwise compact and co∗(Q) ⊆ M1.

Proof. Set
an = inf

Q∈Q
EQ[fn], a = inf

Q∈Q
EQ[f ].

Then an is increasing and an ≤ a. Let L = limn an. Suppose, to the contrary, that L < a. For
each n, choose Qn ∈ Q such that

EQn [fn] ≤ an + 1
n
.

By setwise compactness, there is a subnet Qnα converging setwise to some Q∗ ∈ Q. Since nα is
a subnet of the sequence of indices, we have nα ↑ ∞.
Fix now k,m ∈ N. For all sufficiently large α, nα ≥ k, and hence

EQnα
[fk ∧m] ≤ EQnα

[fnα ] ≤ anα + 1
nα
.

Since fk ∧m ∈ Bb, setwise convergence yields EQ∗ [fk ∧m] ≤ L. By monotone convergence we get
EQ∗ [fk] ≤ L. Letting now k ↑ ∞ and using monotone convergence once more gives EQ∗ [f ] ≤ L.
Therefore

a = inf
Q∈Q

EQ[f ] ≤ EQ∗ [f ] ≤ L,

contradicting L < a. Hence L = a, proving the claim.
Let An ↓ ∅. Applying (23) to fn = 1Ac

n
↑ 1 gives

1 − sup
Q∈Q

Q(An) = inf
Q∈Q

Q(Ac
n) ↑ inf

Q∈Q
Q(Ω) = 1.

Hence supQ∈Q Q(An) ↓ 0. Now let µ ∈ co∗(Q). Thus there is a net Qα in co(Q) that weak-∗
converges to µ. For each fixed n, since 1An ∈ Bb,

µ(An) = lim
α

Qα(An) ≤ sup
Q∈Q

Q(An) ↓ 0 whenever An ↓ ∅.

Thus µ is continuous from above, hence µ ∈ M1, yielding co∗(Q) ⊆ M1. Since ba1 is weak-∗
compact, this closure is weak-∗ compact. The weak-∗ topology restricted to M1 is exactly the
setwise topology, and hence the setwise closure of Q is compact. Thus Q is relatively setwise
compact.

With these two lemmata in place we can now prove the following.

Theorem 4.17. If P is arbitrary and Q is convex and setwise compact, then

G = Gb = min
Q∈Q

min
P∈Peff

H(Q | P).

The proof below clarifies that distribution-uniform monotone convergence (23) is the only
property of Q that we need in order for G = Gb = minQ∈co∗(Q)∩M1 minP∈Peff H(Q | P) to hold.
(Indeed, Lemma 4.16 shows that under (23), the weak-∗ closure of Q lies in M1, and then
Corollary 3.6 allows to replace co∗(P) with Peff .) Setwise compactness only helps to further
restrict to just Q on the right hand side.
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Proof of Theorem 4.17. We first argue that Gb = minQ∈Q minP∈Peff H(Q | P). Lemma 4.15
allows us to replace co∗(Q) in Theorem 3.1 with just Q. Corollary 3.6 shows that for Q ∈ M1,
minµ∈co∗(P)H(Q | µ) = minP∈Peff H(Q | P). This proves Gb = minQ∈Q minP∈Peff H(Q | P).
Clearly Gb ≤ G, so we focus on the reverse inequality. Fix an arbitrary e-variable X. For
ε ∈ (0, 1) and n ∈ N, define

Xε,n = ε+ (1 − ε)(X ∧ n), Xε = ε+ (1 − ε)X.

Then Xε,n is strictly positive and Xε,n ∈ Eb. For fixed ε, we have logXε,n ↑ logXε and
logXε,n ≥ log ε. Hence Lemma 4.16 (applied to the nonnegative functions logXε,n − log ε) yields

Gb ≥ sup
n

inf
Q∈Q

EQ[logXε,n] = inf
Q∈Q

EQ[logXε] ≥ inf
Q∈Q

EQ[logX] + log(1 − ε).

Letting ε ↓ 0, we get Gb ≥ infQ∈Q EQ[logX]. Since X ∈ E was arbitrary, we conclude that
Gb ≥ G.

We end this section with a slightly strengthened form of Ram and Ramdas [2026, Proposition 4.5].
In preparation, define the solid hull of P as

sol(P) = {S ∈ M+ : S ≤ P for some P ∈ P} ⊆ Peff .

Proposition 4.18. Assume (Ω,F) is a Polish space with its Borel sigma algebra. If P is convex
and weakly compact, then Peff equals the solid hull of P, and thus for any Q ∈ M1,

min
S∈Peff

H(Q | S) = min
P∈P

H(Q | P).

Thus, in Theorems 4.10 and 4.17, if P is convex and weakly compact, we can replace Peff by P
on the right-hand side.

Proof. To begin with, on a Polish space, the weak topology on probability measures is metrizable
and thus the topology on uniformly bounded subprobabilities is metrizable also. Thus, we may
work with sequences instead of nets. Weak compactness of P implies that sol(P) is weakly closed.
Indeed, suppose Sn ∈ sol(P) with Sn ≤ Pn for some Pn ∈ P and suppose Sn → S. By weak
compactness of P , we may pass to a subsequence such that Pn → P ∈ P . Then, Pn − Sn → P − S
and since each Pn − Sn is positive, so is P − S. This implies that S ≤ P and thus S ∈ sol(P).
This shows that sol(P) is weakly closed.
We next prove sol(P) ⊇ Peff . To this end, suppose there exists R ∈ Peff with R /∈ sol(P). Now,
sol(P) being weakly closed and convex, there exists an f ∈ Cb such that∫

f+dR ≥
∫
fdR > sup

S∈sol(P)

∫
fdS.

Solidity yields
sup

S∈sol(P)

∫
fdS = sup

P∈P

∫
f+dP.

Indeed, this is true since for each P ∈ P the supremum of
∫
fdS over S ≤ P is achieved by

S = 1f>0P. Hence, we have the existence of f ∈ Cb such that∫
f+dR > sup

P∈P

∫
f+dP.

Now set M = supP∈P
∫
f+dP. If M > 0 then X = f+/M ∈ Eb with ER[X] > 1. If M = 0, then

c =
∫
f+dR > 0 but X = 2f+/c ∈ Eb with ER[X] = 2 > 1. This proves that R /∈ Peff . We

conclude that Peff = sol(P).
Now, if S ≤ P, then H(Q | S) ≥ H(Q | P). Moreover, since P ⊆ Peff , it follows that
infS∈Peff H(Q | S) = infP∈P H(Q | P). Finally, since the map P 7→ H(Q | P) is weakly lower
semicontinuous and P is weakly compact, we have the last infimum is attained.
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4.4 When P and Q are convex and weakly compact

In this section, we will prove a countably additive version of our main result by imposing a
Polish sample space Ω and a weak compactness assumption on P and Q, which allows one to
work with continuous e-variables and avoid assuming a common dominating reference measure.
To this end, in this section alone we will assume that Ω is a Polish space, equipped with the Borel
sigma algebra. We will equip M1 with the weak topology σ(M, Cb) meaning that a sequence
Pn converges weakly to P if and only if for every h ∈ Cb,

∫
hdPn →

∫
hdP. Also, we will write

Ebc = Ebb ∩ Cb,

where Ebb is the subset of e-variables that are bounded from above and away from zero. We
denote the corresponding GROW values as Gbb and Gbc.

Theorem 4.19. Suppose that Ω is Polish, equipped with the Borel sigma algebra, and assume P
and Q are both convex and weakly compact. Then,

G = Gb = Gbb = Gbc = min
Q∈Q

min
P∈P

H(Q | P).

By Theorem 3.1, Gb (and hence G,Gbc,Gbb) also equals minν∈co∗(Q) minµ∈co∗(P)H(ν | µ). The
proof uses the Donsker–Varadhan variational representation on Polish spaces [Dembo and
Zeitouni, 2009, Lemma 6.2.13],

H(Q | P) = sup
g∈Cb

(EQ[g] − logEP[eg]) . (24)

We first record a robust version over compact convex null classes, obtained by an application of
Sion’s minimax theorem.

Lemma 4.20 (Robust Donsker–Varadhan formula). Suppose that Ω is Polish, equipped with its
Borel sigma algebra, and let P be convex and weakly compact. Then, for every Q ∈ M1,

sup
g∈Cb

inf
P∈P

(EQ[g] − logEP[eg]) = min
P∈P

H(Q | P).

Proof. Fix Q ∈ M1 and define, for g ∈ Cb and P ∈ P, Φ(g,P) = EQ[g] − logEP[eg]. For fixed
g ∈ Cb, the map P 7→ Φ(g,P) is weakly continuous, because eg ∈ Cb. It is also convex in P, since
P 7→ EP[eg] is affine and x 7→ − log x is convex on (0,∞). For fixed P ∈ P , the map g 7→ Φ(g,P)
is continuous (with respect to the supremum norm) and concave on Cb. Hence Sion’s minimax
theorem and (24) yield

sup
g∈Cb

inf
P∈P

Φ(g,P) = inf
P∈P

sup
g∈Cb

Φ(g,P) = inf
P∈P

H(Q | P).

Finally, the map P 7→ H(Q | P) is weakly lower semicontinuous, again by (24), since it is the
supremum over g ∈ Cb of weakly continuous functions of P. As P is weakly compact, the
infimum is attained.

Proof of Theorem 4.19. The inclusions Ebc ⊆ Ebb ⊆ Eb ⊆ E , together with (10), imply

Gbc ≤ Gbb ≤ Gb ≤ G ≤ inf
Q∈Q

inf
P∈P

H(Q | P).

It is therefore enough to prove the reverse inequality

Gbc ≥ inf
Q∈Q

inf
P∈P

H(Q | P).
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Indeed, this will imply equality throughout. The attainment of the two infima will follow from
weak compactness and weak lower semicontinuity of relative entropy.
To make headway, for g ∈ Cb, define

c(g) = log sup
P∈P

EP[eg], Ψ(Q, g) = EQ[g] − c(g), Q ∈ Q.

The function c is finite-valued and continuous. It is also convex since for each P ∈ P the
map g 7→ logEP[eg] is convex and c is the pointwise supremum of these convex functions.
Consequently, for each Q ∈ Q, the map g 7→ Ψ(Q, g) is concave and continuous on Cb. For each
g ∈ Cb, the map Q 7→ Ψ(Q, g) is affine and weakly continuous on Q.
We now claim that

Gbc = sup
g∈Cb

inf
Q∈Q

Ψ(Q, g). (25)

For g ∈ Cb, define Xg = exp(g − c(g)). Then Xg is continuous and bounded from above and
below. Moreover,

sup
P∈P

EP[Xg] = e−c(g) sup
P∈P

EP[eg] = 1,

so Xg ∈ Ebc. Since EQ[logXg] = Ψ(Q, g), we obtain Gbc ≥ supg∈Cb
infQ∈Q Ψ(Q, g). Conversely,

let X ∈ Ebc and set g = logX. Then g ∈ Cb and c(g) = log supP∈P EP[X] ≤ 0. Hence, for every
Q ∈ Q,

EQ[logX] = EQ[g] ≤ EQ[g] − c(g) = Ψ(Q, g).

It follows that infQ∈Q EQ[logX] ≤ suph∈Cb
infQ∈Q Ψ(Q, h). Taking the supremum over X ∈ Ebc

gives the reverse inequality in (25).
For fixed g ∈ Cb, the map Q 7→ Ψ(Q, g) is affine and weakly continuous. For fixed Q ∈ Q, the
map g 7→ Ψ(Q, g) is concave and continuous. Since Q is convex and weakly compact, Sion’s
theorem gives

sup
g∈Cb

inf
Q∈Q

Ψ(Q, g) = inf
Q∈Q

sup
g∈Cb

Ψ(Q, g).

Combining this with (25), we obtain

Gbc = inf
Q∈Q

sup
g∈Cb

(
EQ[g] − log sup

P∈P
EP[eg]

)
= inf

Q∈Q
inf
P∈P

H(Q | P),

where the last equality follows from Lemma 4.20. Noting that relative entropy is jointly weakly
lower semicontinuous and Q×P is weakly compact, we conclude that the infimum is attained.

The following corollary gives a simple criterion for when an e-variable witnesses strong duality.
Its proof is immediate and hence omitted.

Corollary 4.21. Assume either the setup of Theorem 4.17 or of Theorem 4.19, and let (P∗,Q∗)
denote any pair that achieves the right-hand side of the strong duality. If G < ∞, then (P∗

a,Q∗)
is a joint information projection. (Here, P∗

a is the absolutely continuous part of P∗ with respect
to Q∗.) If we further assume that Assumption 4.9 holds for the pair (P∗

a,Q∗) , then Theorem 4.10
implies that the e-variable X∗ = dQ∗/dP∗

a achieves the supremum in G.

We also recall Example 4.4 to remind us that even with a simple null and setwise and weakly
compact and convex Q, strong duality may hold, but the likelihood ratio of the JIPr pair can
have an arbitrarily bad worst-case e-power, and no e-variable witnesses the strong duality; see
also Example 5.5. We conclude with an example frequently encountered in the recent e-variable
literature.
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Example 4.22 (Bounded means). Let Ω = [0, 1] and let Z(ω) = ω denote the coordinate
variable on [0, 1]. Set P = {P : EP[Z] ≤ a} and Q = {Q : EQ[Z] ≥ b}, for some 0 < a < b < 1.
Larsson et al. [2026a] show that every e-variable is bounded by one of the form 1 + λ(Z − a)
for λ ∈ [0, 1/a], and is bounded by 1/a. Therefore, G = Gb < ∞ is not surprising. Since P
and Q are both convex and weakly compact, Corollary 4.21 applies to conclude that a JIPr pair
(P∗,Q∗) exists (in this case, uniquely): it is in fact just the pair of Bernoulli distributions with
parameters a, b. The continuous e-variable obtained by picking λ∗ = (b− a)/(a(1 − a)) is easily
checked to be a P∗-version of their likelihood ratio.
Assumption 4.9 can be verified as follows. Since P∗ = (1 − a)δ0 + aδ1, infR∈QH(R | P∗) is
achieved by Q∗. (Indeed, any R not supported on {0, 1} has infinite relative entropy, so we only
check amongst Bernoullis.) So we need to check that for every Q ∈ Q,

EQ[logX∗] ≥ H(Q∗ | P∗) = b log b
a

+ (1 − b) log 1 − b

1 − a
.

Denote ϕ(ω) = logX∗(ω) = log(1+λ∗(ω−a)). Since ϕ is concave on [0, 1], it lies above its chord
between 0 and 1: ϕ(ω) ≥ (1 − ω)ϕ(0) + ωϕ(1). So for any Q ∈ Q, EQ[ϕ(Z)] ≥ EQ[1 − Z]ϕ(0) +
EQ[Z]ϕ(1). Since EQ[Z] ≥ b and ϕ(1) > ϕ(0), we get EQ[logX∗] ≥ (1 − b)ϕ(0) + bϕ(1) = H(Q∗ |
P∗), as required.
The GROW optimality of 1 + λ∗(Z − a) thus follows from Corollary 4.21. Arnold and Clerico
[2026] proved the GROW optimality of this e-variable as well, but it is reassuring that we can
derive the same result as a special case of our general theory. To emphasize this point, we present
similar calculations for a slightly more complicated problem in Appendix C, where unbounded
data have bounded second moment, and the null and alternative classes differ in their means.

Other natural statistical examples that are convex and weakly compact include relative entropy
balls P = {P : H(P | P0) ≤ c0} and Q = {Q : H(Q | Q0) ≤ c1}, for some P0,Q0 ∈ M1 and
c0, c1 > 0, or Hellinger balls on compact Polish Ω.

4.5 When the sample space is finite

Below, we consider the case when Ω = {1, . . . , d}, and identify probability measures on Ω with
vectors in the simplex

∆d =
{
p ∈ [0, 1]d :

d∑
i=1

pi = 1
}
.

Theorem 4.23 (Finite sample spaces with no null coordinates). Let P,Q ⊆ ∆d be convex and
compact sets. Assume that P is supported on all coordinates, meaning that supP∈P Pi > 0 for all
i ∈ {1, . . . , d}. Then E = Eb and

G = Gb = max
X∈Eb

inf
Q∈Q

EQ[logX] = min
Q∈Q

min
P∈P

H(Q | P) < ∞,

meaning that the GROW value is finite and is attained by some bounded e-variable X∗ ∈ Eb.
Moreover, if (P∗,Q∗) ∈ P × Q minimizes the right-hand side, then X∗ = dQ∗/dP∗, P∗-a.s.

Proof. Any X ∈ E takes only finitely many values, all finite due to the support assumption on
P. This shows E = Eb, so G = Gb. Next, since Ω is finite, weak convergence on ∆d is the same
as coordinatewise, hence Euclidean, convergence. Thus the assumed compactness of P and Q
implies weak compactness. Moreover, weak-∗ closure agrees with Euclidean closure in finite
dimension, and therefore

co∗(P) = P, co∗(Q) = Q.

22



Theorem 3.1 then gives

G = Gb = min
Q∈Q

min
P∈P

H(Q | P). (26)

To show that the right-hand side above is finite, for each i choose P(i) ∈ P with P(i)
i > 0, and

define P = 1
d

∑d
i=1 P(i) ∈ P, by convexity. Then every Q ∈ Q satisfies Q ≪ P, so H(Q | P) < ∞.

Finally, we prove that the supremum over e-variables is attained. Note that

E ⊆
d∏

i=1

[
0, 1

P(i)
i

]
.

Moreover, E is closed, since it is defined by the closed linear inequalities

d∑
i=1

PiXi ≤ 1, P ∈ P.

Thus E is compact. For fixed Q ∈ Q, the map X 7→ EQ[logX] is upper semicontinuous, hence so
is X 7→ infQ∈Q EQ[logX]. Therefore this objective attains its maximum on the compact set E .
Let (P∗,Q∗) ∈ P × Q now minimize the right-hand side of (26), and let X∗ ∈ E be any GROW
optimizer. By Proposition 4.18 we have

min
Q∈Q

min
P∈Peff

H(Q | P) = H(Q∗ | P∗).

Applying Proposition 4.12 then yields the final claim.

5 Additional examples

5.1 G > Gb with singleton P = {P} and countable Q on N

While our main Theorem 3.1 establishes strong duality for Eb without imposing any assumptions
on P or Q, the strong duality results for E in Section 4 require additional restrictions on these
families. A natural question is whether such restrictions are necessary. We answer this in part
by presenting a small modification of Example 3.15 in Ramdas and Wang [2025], which shows
that G > Gb can occur. Notably, the example only involves a singleton null P = {P} (which is
hence compact in any reasonable topology), and a countable alternative Q = {Qn : n ∈ N} on
N. In particular, these measures admit a common dominating measure. Thus, even in a very
regular setting, the equality G = Gb may fail.

Example 5.1. Let Ω = N0 = N ∪ {0}, let P = (1/2)δ0 + (1/2)δ1, where δx denotes the point
mass at x, and let Q = {Qn : n ∈ N}, where

Qn = 1
n
δn +

(
1 − 1

n

)
δ0.

Clearly, the family admits a common dominating reference measure. Moreover,

inf
Q∈Q

H(Q | P) = H(Q1 | P) = log 2 < ∞,

since Q1 = δ1, whereas H(Qn | P) = ∞ for all n ≥ 2. The same remains true after passing
to co(Q), and hence the (generalized) information projection of P onto co(Q) equals Q1. We
further have the following observations.

23



(i) For ε ∈ (0, 1), define

Xε(n) = exp (n log(2 − ε) − (n− 1) log ε) , n ∈ N0.

Then Xε(0) = ε and Xε(1) = 2 − ε, hence EP[Xε] = 1 and Xε is an e-variable for P.
Moreover, for every n ∈ N,

EQn [logXε] = 1
n

(n log(2 − ε) − (n− 1) log ε) +
(

1 − 1
n

)
log ε = log(2 − ε).

Therefore infQ∈Q EQ[logXε] = log(2 − ε), which tends to log 2 as ε ↓ 0. By weak duality
(recall (10)), this is the largest possible value. Hence G = log 2, and the conclusion of
Theorem 4.2 holds, although its assumption fails.

(ii) There does not exist any bounded e-variable X for which EQ[X] > 1 for all Q ∈ Q. Indeed,
meeting this requirement for Q1 alone would imply X(1) > 1. To meet this requirement for
Qn, we would need (1/n)X(n) + (1 − 1/n)X(0) > 1 for all n ∈ N. Since X is bounded,
this then implies X(0) ≥ 1. Together with X(1) > 1, we have EP[X] > 1, conflicting the
fact that X is an e-variable for P.

(iii) Point (ii) above and Jensen’s inequality then imply that there is no bounded e-variable X
for which infQ∈Q EQ[logX] > 0. This means that Gb = 0.

(iv) Note that here P does not lie in co(Q), but it does lie within its TV-closed convex hull
(hence also within its weak-∗ closure). To see this, note that by sending n ↑ ∞, Qn

converges to δ0 in total variation. Averaging δ0 with Q1 yields P. Thus the information
projection of P onto co(Q), which equals Q1, differs from its information projection onto
the TV-closure of co(Q), which equals P itself. This reinforces a point made by [Csiszár,
1984, Example 3.1] that the generalized I-projection of P onto co(Q) cannot in general be
seen as the I-projection onto some closure of co(Q).

The above example shows that strong duality alone does not imply G = Gb. Indeed, strong duality
holds for G by (i), while Theorem 3.1 gives the corresponding strong-duality representation for
Gb; nevertheless, in this example G > Gb. This failure occurs despite substantial structure: the
null class is a singleton, the families admit a common dominating reference measure, and the
relevant information projection is explicit.

5.2 Extension of Example 4.3 that maintains Q ≪ P for all Q ∈ Q

We now provide the promised extension of Example 4.3, which additionally maintains Q ≪ P
for all Q ∈ Q. Here, an IPr exists, the supremum in G is achieved, but strong duality fails.

Example 5.2. As in Example 4.3, we consider Ω = [0, 1], equipped with the Borel sigma algebra,
P = U, and the probability measure Q0 given by dQ0/dP(ω) = 2ω. Let

I∞ = {Q ≪ P : H(Q | P) = ∞},

and define
Q = {Q0} ∪

{
(1 − t)Q0 + tR : t ∈ (0, 1],R ∈ I∞}.

Note that I∞ is convex, since positive mixtures of elements of I∞ remain in I∞: if H(Q | P) = ∞,
then H((1 − t)R + tQ | P) = ∞ for every R ≪ P and t ∈ (0, 1]. Thus Q is also convex. By the
same token, the only finite-entropy element of Q is Q0, so

inf
Q∈Q

H(Q | P) = H(Q0 | P) = log 2 − 1
2 . (27)
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Moreover, QGIPr = Q0. Indeed, the Pythagorean inequality (20) holds with equality at Q0, while
for every other element of Q the left-hand side is infinite.
Now, let X be any e-variable for P. Define

A = {ω : X(ω) ≤ 1}.

As in Example 4.3 we have P(A) > 0. Since P is nonatomic, there exists a probability measure
QA ≪ P supported on A such that H(QA | P) = ∞. Consequently QA ∈ Q. Since X ≤ 1
QA-almost surely, EQA

[logX] ≤ 0, and therefore

inf
Q∈Q

EQ[logX] ≤ EQA
[logX] ≤ 0.

Since this holds for every e-variable X, supX∈E infQ∈Q EQ[logX] ≤ 0. On the other hand,
choosing X ≡ 1 yields infQ∈Q EQ[logX] = 0. Hence

sup
X∈E

inf
Q∈Q

EQ[logX] = 0.

Combining this with (27),

sup
X∈E

inf
Q∈Q

EQ[logX] = 0 < log 2 − 1
2 = inf

Q∈Q
H(Q | P).

The above example violates strong duality in Theorem 4.2, but (as expected) the strong duality
in Theorem 3.1 still holds. To see this, first note that supX∈E infQ∈Q EQ[logX] = 0 implies
immediately that supX∈Eb

infQ∈Q EQ[logX] = 0, both achieved by X ≡ 1. But the weak-∗
closure co∗(Q) contains P, so the right-hand side of Theorem 3.1 also equals zero.

5.3 Strong duality for singleton P = {P} holds, but G > H(Q∗ | P) for GIPr Q∗

We now revisit Example 3.2 from Csiszár [1984], which makes the point that infQ∈QH(Q | P) >
H(Q∗ | P) for the GIPr Q∗. We now complete the duality picture for this example. We show that
strong duality for G holds, but despite having a singleton P = {P}, G may not equal H(Q | P)
for any Q ∈ Q, nor equal H(Q∗ | P).
Example 4.8 already shows that it is possible to satisfy conditions (i) and (ii) in the JIPr
Definition 4.7 without satisfying condition (iii). The following example goes one step further. It
shows that even if Assumption 4.1 is satisfied, it is possible to satisfy conditions (i) and (ii) in
the JIPr definition 4.7 without satisfying condition (iii).

Example 5.3. Let Ω = [0,∞), equipped with its Borel sigma algebra. Let

Qa = {Q ∈ M1 :
∫
sdQ(s) ≥ a}

for some a > 2/3, which is convex. Let P be defined by the density p(s) = exp(−s)(s+4)/(s+1)4

for s ≥ 0, which has mean about 0.298 < 2/3, and thus lies outside Qa. Csiszár proves that the
GIPr of P onto Qa is a distribution Q∗ with density q∗(s) = 2

3(s+ 4)/(s+ 1)4 for s ≥ 0, which
remarkably does not depend on a, and its mean is 2/3, so Q∗ /∈ Qa. We have the following facts.

1. For any Q ∈ Qa with Q ≪ Q∗, the chain rule gives

H(Q | P) = H(Q | Q∗) + EQ

[
log dQ∗

dP

]
= H(Q | Q∗) +

∫
sdQ(s) + log 2

3 ≥ a+ log 2
3 .

If Q ̸≪ Q∗, since Q∗ ∼ P, we have H(Q | P) = ∞, and the same lower bound is trivial. Put
together, infQ∈Qa H(Q | P) ≥ a+ log 2

3 . In fact, equality holds, as justified in Appendix D.
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2. Since
q∗(s)
p(s) =

2
3(s+ 4)/(s+ 1)4

e−s(s+ 4)/(s+ 1)4 = 2
3e

s, s ≥ 0,

we choose the Borel version of the Radon–Nikodym derivative dQ∗/dP given by X∗(s) = 2
3e

s.
Then X∗ = dQ∗

dP , P-a.s., hence X∗ ∈ E. For every Q ∈ Qa,

EQ[logX∗] =
∫
sdQ(s) + log 2

3 ≥ a+ log 2
3 = inf

R∈Qa

H(R | P).

Thus, Assumption 4.1 is satisfied, and, by Theorem 4.2, strong duality holds and X∗ is
GROW optimal.

3. H(Q∗ | P) = 2/3 − log(3/2) < a+ log(2/3).

To summarize, we have

a+ log 2
3 = sup

X∈E
inf

Q∈Qa

EQ[logX] = inf
Q∈Qa

H(Q | P) > H(Q∗ | P),

meaning that strong duality holds, and the left-hand side supremum is achieved by the e-variable
X∗ = dQ∗/dP. Furthermore, infQ∈Qa EQ[logX∗] is not achieved by Q∗, but it is achieved by
any Q ∈ Qa with mean equal to a. Finally, (P,Q∗) also forms a JIPr pair satisfying conditions
(i),(ii) but not condition (iii) in Definition 4.7.

5.4 Gaussian mean shift with heavy-tailed outliers

We now formalize and generalize Remark 4.5, which allows us to extend Example 4.4 to a more
statistically meaningful context.

Theorem 5.4 (Shielding theorem). Suppose that Q is partitioned as Q = QI ∪ Q∞, where QI

is nonempty. Assume that strong duality holds over QI with a finite value, i.e.,

I = sup
X∈E

inf
Q∈QI

EQ[logX] = inf
Q∈QI

inf
P∈Peff

H(Q | P) < ∞.

Assume further that there exists Y ∈ E such that

EQ[log Y ] = ∞ for every Q ∈ Q∞. (28)

Then strong duality holds over the full alternative Q, i.e.,

I = sup
X∈E

inf
Q∈Q

EQ[logX] = inf
Q∈Q

inf
P∈Peff

H(Q | P). (29)

Appendix D provides the proof of Theorem 5.4.

Example 5.5 (Gaussian mean shift with heavy-tailed outliers). Let Ω = R and let P = {P}
with P = N(0, 1). Fix θ > 0 and let Q0 = N(θ, 1). The likelihood ratio of Q0 with respect to P is
L(ω) = exp

(
θω − θ2

2

)
, which is an e-variable with EQ0 [logL] = H(Q0 | P) = θ2

2 . Thus strong
duality holds for the singleton alternative QI = {Q0}, with value I = θ2

2 . Now let R be a centered
Student-tκ distribution with 1 < κ < 2. For t ∈ [0, 1], define Qt = (1 − t)Q0 + tR, and set

Q = {Qt : 0 ≤ t ≤ 1}, Q∞ = {Qt : 0 < t ≤ 1}.

This gives the partition Q = QI ∪ Q∞, and we note that Q is both setwise and weakly compact,
so Theorem 4.17 already gives strong duality, but we show below that it is not attained by any
e-variable, and shielding helps verify this strong duality.
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Choose now a ∈ (0, 1/2) and define the random variable

Ya(ω) =
√

1 − 2a exp(aω2).

Since EP[Ya] = 1, we get Ya ∈ E. Moreover, log Ya(ω) = 1
2 log(1 − 2a) + aω2. Therefore, for

every t > 0,
EQt [log Ya] = (1 − t)EQ0 [log Ya] + tER[log Ya] = ∞,

because R has infinite second moment. Thus Ya is a shielding e-variable for Q∞. By Theorem 5.4,
strong duality holds:

θ2

2 = sup
X∈E

inf
Q∈Q

EQ[logX] = inf
Q∈Q

H(Q | P).

Proposition 4.12 implies that this strong duality is not attained by any e-variable. Indeed, if it
was obtained, such e-variable would have to equal dQ0/dP, P-a.s., and hence also R-a.s., but
ER[log dQ0/dP] = ER[θZ − θ2/2] = −θ2/2 < I, where Z(ω) = ω.

5.5 Finite bounded moment inequalities

We next present an example of a natural class that was recently studied by Larsson et al. [2026a];
there it served the role of P, and below it serves the role of Q in Theorem 4.2.

Example 5.6. Let P ∈ M1, let f1, . . . , fK ∈ Bb, and define

Q = {Q ∈ M1 : EQ[fk] ≤ 0, k = 1, . . . ,K} .

I-projections under finitely many linear inequality constraints were studied by Dykstra and Wollan
[1987]; see also Bhattacharya and Dykstra [1995]. Assume the strict-feasibility condition that
there exists R ∈ Q such that R ≪ P and

H(R | P) < ∞, ER[fk] < 0, k = 1, . . . ,K.

For example, this holds if there exist A ∈ F and η > 0 such that

P(A) > 0, fk ≤ −η on A, k = 1, . . . ,K,

by taking R = P( · | A). Define

ψ(λ) = logEP

[
exp

(
−

K∑
k=1

λkfk

)]
, λ ∈ [0,∞)K .

Since the functions fk are bounded, ψ is finite, convex, and continuously differentiable. Moreover,
since

η = min
1≤k≤K

(−ER[fk]) > 0,

the Donsker–Varadhan inequality (Lemma 2.4) gives

ψ(λ) ≥ −H(R | P) −
K∑

k=1
λkER[fk] ≥ −H(R | P) + η∥λ∥1.

Thus ψ attains its minimum at some λ∗ ∈ [0,∞)K . Set

X∗ = exp
(

−
K∑

k=1
λ∗

kfk − ψ(λ∗)
)
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Then EP[X∗] = 1. Define next Q∗ by dQ∗

dP = X∗. The first-order optimality conditions at λ∗ give

EQ∗ [fk] = − ∂ψ

∂λk
(λ∗) ≤ 0, λ∗

kEQ∗ [fk] = −λ∗
k

∂ψ

∂λk
(λ∗) = 0, k = 1, . . . ,K.

Hence Q∗ ∈ Q and

H(Q∗ | P) = −
K∑

k=1
λ∗

kEQ∗ [fk] − ψ(λ∗) = −ψ(λ∗).

For every Q ∈ Q,

EQ[logX∗] = −
K∑

k=1
λ∗

kEQ[fk] − ψ(λ∗) ≥ −ψ(λ∗) = H(Q∗ | P).

Combining the above with weak duality, we get

H(Q | P) ≥ EQ[logX∗] ≥ H(Q∗ | P), Q ∈ Q.

Thus Q∗ is the IPr of P onto Q, and the preceding display verifies Assumption 4.1. Consequently,

G = inf
Q∈Q

H(Q | P) = H(Q∗ | P) = −ψ(λ∗),

and X∗ = dQ∗/dP is the GROW e-variable.

5.6 Gb > Gbc can hold in general

In the context of Subsection 4.4, Gb ≥ Gbc holds always. We provide an example where Gb > Gbc

in order to show that some assumptions on Q are needed for Gb = Gbc to hold.

Example 5.7. Let Ω = [0, 1] with its Borel sigma algebra, set D = Q ∩ [0, 1], and let P = {U}
and Q = {δq : q ∈ D}. For N ∈ N, define XN = N1D + 1Dc ∈ Eb. Then

sup
X∈Eb

inf
Q∈Q

EQ[logX] = ∞.

On the other hand, let X ∈ Ebc. Then X is continuous, nonnegative, and satisfies EU[X] ≤ 1.
Therefore infω∈[0,1]X(ω) ≤ 1. Since D is dense in [0, 1] and X is continuous,

inf
q∈D

X(q) = inf
ω∈[0,1]

X(ω) ≤ 1.

Consequently,
inf

Q∈Q
EQ[logX] = inf

q∈D
logX(q) ≤ 0.

Since the constant function X ≡ 1 belongs to Ebc, we obtain

sup
X∈Ebc

inf
Q∈Q

EQ[logX] = 0.

Thus Gb > Gbc in general.
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6 Summary

Theorem 3.1 establishes strong duality for the minimax e-power of bounded e-variables, equiva-
lently for the bounded GROW value Gb. It shows that Gb equals the minimum relative entropy
between the weak-∗ closed convex hulls of P and Q, without imposing any restrictions on either
family. We also extend this result to the REGROW criterion for arbitrary bounded offsets. We
then prove several strong duality results for the unbounded GROW value G. Theorem 4.2 treats
the case of a singleton null P, improving on previous work. Theorem 4.10 extends this result
to the case that a joint information projection exists. We then prove strong duality results
for unbounded GROW under assumptions such as setwise or weak compactness, that do not
require taking weak-∗ closures. It remains open to what extent such restrictions are necessary.
While our examples show that G can be strictly larger than Gb, we do not know whether a
universal strong duality theorem for G holds for arbitrary P and Q. Indeed, Examples 4.3 and
5.2 demonstrate that a naive entropy duality does not hold without assumptions; it remains
open whether some alternative universal dual representation for unbounded GROW exists.
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A Proofs for Section 2

Proof of Lemma 2.3. The implication µ = ν ⇒ H(ν | µ) = 0 is immediate from the definition.
Conversely, suppose that H(ν | µ) = 0 and consider some A ∈ F , along with the partition
π = {A,Ac}. Then the finite-dimensional entropy

Hπ(ν | µ) =
∑
A∈π

ν(A) log ν(A)
µ(A)

30



is nonnegative, since it is the relative entropy between the two probability vectors (ν(A), ν(Ac))
and (µ(A), µ(Ac)). Hence, we must have Hπ(ν | µ) = 0. The finite-dimensional relative entropy
of two probability vectors is zero if and only if the two vectors are equal. Therefore

ν(A) = µ(A) and ν(Ac) = µ(Ac).

Since A ∈ F was arbitrary, it follows that ν = µ.

Proof of Lemma 2.4. Write

F (f) =
∫
f dν − log

∫
ef dµ, f ∈ Bb.

We first show that F (f) ≤ H(ν | µ) for every f ∈ Bb. Suppose first that f is simple, say
f =

∑n
i=1 ci1Ai for some finite measurable partition π = {A1, . . . , An}. Set

qi = ν(Ai), pi = µ(Ai), κ =
n∑

i=1
pie

ci .

If qi > 0 and pi = 0 for some i, then Hπ(ν | µ) = ∞, so there is nothing to prove. Otherwise
κ > 0 and we define ri = pie

ci/κ. Then (ri) is a probability vector, and recalling convention (9),

F (f) =
n∑

i=1
qi(ci − log κ) =

n∑
i=1

qi log ri

pi
=

n∑
i=1

qi log qi

pi
−

n∑
i=1

qi log qi

ri
.

Since
∑n

i=1 qi log(qi/ri) ≥ 0, it follows that

F (f) ≤
n∑

i=1
qi log qi

pi
= Hπ(ν | µ) ≤ H(ν | µ).

Now let f ∈ Bb be arbitrary. Choose simple functions fm ∈ Bb such that ∥fm − f∥∞ → 0. Then∣∣∣∣∫ fm dν −
∫
f dν

∣∣∣∣ ≤ ∥fm − f∥∞ → 0.

Also, if εm = ∥fm − f∥∞, then

e−εm

∫
efm dµ ≤

∫
ef dµ ≤ eεm

∫
efm dµ,

so ∣∣∣∣log
∫
ef dµ− log

∫
efm dµ

∣∣∣∣ ≤ εm → 0.

Therefore F (fm) → F (f). Since F (fm) ≤ H(ν | µ) for every m, we conclude that

sup
f∈Bb

F (f) ≤ H(ν | µ).

For the reverse inequality, fix a finite measurable partition π = {A1, . . . , An}, and again write
qi = ν(Ai) and pi = µ(Ai). If qi > 0 and pi = 0 for some i, then Hπ(ν | µ) = ∞. In that case,
letting fm = m1Ai , we obtain

F (fm) ≥ mqi − log
∫
efm dµ = mqi − logµ(Ac

i ) ↑ ∞.
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Hence supf∈Bb
F (f) = ∞ = Hπ(ν | µ). Now assume instead that qi = 0 whenever pi = 0. For

m ∈ N, define

c
(m)
i =

{
log(qi/pi), qi > 0,
−m, qi = 0,

fm =
n∑

i=1
c

(m)
i 1Ai ∈ Bb.

Then ∫
fm dν =

∑
qi>0

qi log qi

pi
,

while ∫
efm dµ =

∑
qi>0

pi
qi

pi
+
∑
qi=0

pie
−m = 1 + e−m

∑
qi=0

pi.

Therefore

F (fm) =
∑
qi>0

qi log qi

pi
− log

1 + e−m
∑
qi=0

pi

 →
n∑

i=1
qi log qi

pi
= Hπ(ν | µ).

Hence Hπ(ν | µ) ≤ supf∈Bb
F (f). Since π was arbitrary, taking the supremum over all finite

measurable partitions gives H(ν | µ) ≤ supf∈Bb
F (f), concluding the proof of the first part.

For the second part, if
∫
f− dν = ∞, the claim follows from our convention for extended integrals.

Otherwise, set fn = (f ∨ (−n)) ∧ n ∈ Bb. From the first part of the lemma, we then have∫
fn dν − log

∫
efn dµ ≤ H(ν | µ).

By monotone convergence applied separately to the positive and negative parts,
∫
fn dν →

∫
f dν.

Moreover,
ef ∧ en ≤ efn ≤ ef ∧ en + e−n,

and hence
∫
efn dµ →

∫
ef dµ. Letting n ↑ ∞ proves the claim.

Proof of Proposition 2.5. Fix µ ∈ ba+ and let µ = µc + µp denote its Yosida–Hewitt decomposi-
tion. Since µc ≤ µ, we immediately have H(Q | µ) ≤ H(Q | µc).
We next prove the reverse inequality. Let R = Q + µc. Since R is countably additive and µp

is purely finitely additive, there is no nonzero positive finitely additive measure dominated by
both µp and R. Equivalently, we may choose a sequence (Bn) ⊆ F such that

µp(Bn) + R(Bc
n) → 0.

Fix now a finite measurable partition π = {A1, . . . , Am}. For each n, consider the finite
measurable partition πn = {A1 ∩Bn, . . . , Am ∩Bn, B

c
n}. Then H(Q | µ) ≥ Hπn(Q | µ). For each

i = 1, . . . ,m, we have Q(Ai ∩Bn) → Q(Ai), and

µ(Ai ∩Bn) = µc(Ai ∩Bn) + µp(Ai ∩Bn) → µc(Ai).

Hence, using (9), which implies the lower semicontinuity of q log(q/p), yields

lim inf
n↑∞

m∑
i=1

Q(Ai ∩Bn) log Q(Ai ∩Bn)
µ(Ai ∩Bn) ≥

m∑
i=1

Q(Ai) log Q(Ai)
µc(Ai)

= Hπ(Q | µc).

The remaining atomBc
n does not affect the lower bound, since Q(Bc

n) → 0 and Q(Bc
n) log(Q(Bc

n)/µ(Bc
n))

has nonnegative limit inferior. Therefore,

H(Q | µ) ≥ lim inf
n↑∞

Hπn(Q | µ) ≥ Hπ(Q | µc).
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Taking the supremum over all finite measurable partitions π yields H(Q | µ) ≥ H(Q | µc), hence
the first claim is established.
Now consider ν ∈ ba1 \M1. Then continuity from above fails for ν. Hence there exists a
nonincreasing sequence (An) ⊆ F such that An ↓ ∅ but there exists some δ > 0 such that
ν(An) ≥ δ for all n. On the other hand, since P ∈ M+ is countably additive and finite, we have
P(An) ↓ 0. Consider the two-point partitions πn = {An, A

c
n}. Then

H(ν | P) ≥ Hπn(ν | P) ≥ ν(An) log ν(An)
P(An) + ν(Ac

n) log ν(Ac
n)

P(Ω) .

The first term now tends to ∞, whereas the second term is bounded from below. This yields the
claim.

Proof of Lemma 2.6. Since Eb ⊆ E , we only have to argue supY ∈Eb
EQ[log Y ] ≥ EQ[logX] for all

X ∈ E such that EQ[(logX)−] < ∞. We fix such an X and define Xm = X ∧m ∈ Eb for m ∈ N.
Then by monotone convergence, EQ[logXm] ↑ EQ[logX]. This yields the statement.

B Details of Example 3.3

We first show that the weak-∗ closed convex hulls of P and Q have a common finitely additive
element. Since ba1 is weak-∗ compact, the sequence Pn has a weak-∗ convergent subnet Pnα , say
with limit µ ∈ ba1. Since nα is a subnet of the sequence of integers, we have nα ↑ ∞. For any
f ∈ Bb, ∫

f dQnα −
∫
f dPnα = 1

nα

nα+1∑
k=2

f(k) − 1
nα

nα∑
k=1

f(k) = f(nα + 1) − f(1)
nα

.

Thus ∣∣∣∣∫ f dQnα −
∫
f dPnα

∣∣∣∣ ≤ 2∥f∥∞
nα

↓ 0.

Since Pnα → µ in σ(ba,Bb), it follows that also Qnα → µ in σ(ba,Bb). Hence µ ∈ co∗(P)∩co∗(Q).
We next show that µ is not countably additive. Fix m ∈ N. Since nα ↑ ∞, we have nα ≥ m
eventually, and hence Pnα({m}) = 1

nα
eventually. Therefore µ({m}) = limα Pnα({m}) = 0. If µ

were countably additive, then

1 = µ(N) =
∞∑

m=1
µ({m}) = 0,

a contradiction. Thus µ /∈ M1.
Lemma 2.3 yields H(µ | µ) = 0. Since µ ∈ co∗(P) ∩ co∗(Q) and since relative entropy is
nonnegative, we conclude that

min
ν∈co∗(Q)

min
λ∈co∗(P)

H(ν | λ) = 0. (30)

Let (ν∗, λ∗) be now any minimizing pair in (30). By Lemma 2.3, this implies ν∗ = λ∗. Hence
every minimizing pair is of the form (λ∗, λ∗), with λ∗ ∈ co∗(P) ∩ co∗(Q). It remains to show
that this intersection contains only purely finitely additive probability measures.
Indeed, consider any λ ∈ co∗(P) ∩ co∗(Q). For every n, k ∈ N, we have Pn({k}) ≥ Pn({k + 1}).
This inequality is preserved under finite convex combinations and under weak-∗ limits because
evaluation at {k} and {k+ 1} is weak-∗ continuous. Hence, for every k ∈ N, λ({k}) ≥ λ({k+ 1}).
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On the other hand, every Qn satisfies Qn({1}) = 0, and this property is also preserved under
finite convex combinations and weak-∗ limits. Since λ ∈ co∗(Q), it follows that λ({1}) = 0.
Therefore,

0 ≤ λ({k}) ≤ λ({1}) = 0, k ∈ N,
and hence λ({k}) = 0 for every k. Let now λ = λc +λp be the Yosida–Hewitt decomposition of λ
into its countably additive and purely finitely additive parts. Since λc ≤ λ, we have λc({k}) = 0
for every k. Countable additivity of λc then yields

λc(N) =
∞∑

k=1
λc({k}) = 0.

Hence λc = 0, and therefore λ is purely finitely additive.

C Details from Section 4

Example 4.22 presented a simple example of P,Q that are convex and weakly compact, and
showed how to apply this paper’s techniques to derive strong duality, along with the GROW
e-variable. We now do the same for a slightly more sophisticated example, which involves mean
shifts of unbounded random variables with bounded second moment.

Example C.1 (Mean shift with second-moment constraints and no domination). Let Ω = R
and Z(ω) = ω, and define

P =
{

P ∈ M1 : EP[Z] ≤ 0, EP[Z2] ≤ 1
}
,

and
Q =

{
Q ∈ M1 : EQ[Z] ≥ 1, EQ[Z2] ≤ 2

}
.

Both classes are convex and weakly compact. Indeed, the second-moment bounds imply tightness,
while the moment constraints are closed under weak convergence because the second moments are
uniformly bounded and because of the Portmanteau theorem. The classes are not dominated by
any common finite reference measure, since P contains δω for every ω ∈ [−1, 0] and Q contains
δω for every ω ∈ [1,

√
2].

Let
φ = 1 +

√
5

2 , ω− = − 1
φ
, ω+ = φ.

Define

P∗ = φ2

φ2 + 1δω− + 1
φ2 + 1δω+ ,

and
Q∗ = 1

φ2 + 1δω− + φ2

φ2 + 1δω+ .

Then EP∗ [Z] = 0,EP∗ [Z2] = 1, so P∗ ∈ P, while EQ∗ [Z] = 1,EQ∗ [Z2] = 2, so Q∗ ∈ Q.
On the support {ω−, ω+}, the likelihood ratio is

dQ∗

dP∗ (ω−) = 1
φ2 ,

dQ∗

dP∗ (ω+) = φ2,

yielding H(Q∗ | P∗) = 2 log φ√
5 . We next choose a useful pointwise version of the likelihood ratio.

Larsson et al. [2026a] indicate that all e-variables can be dominated by one with a quadratic
form, so below we choose the quadratic to match the value of dQ∗

dP∗ at ω− and ω+. Let

A = 2
5

(
1 + 4 logφ√

5

)
,
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and define
X∗(x) = A(1 + x) + (1 −A)x2, x ∈ R.

Then 2/3 < A < 3/4, and X∗(x) > 0 for all x ∈ R. Moreover, since 1 + φ = φ2 and
1 − 1/φ = 1/φ2, we have

X∗(ω−) = 1
φ2 , X∗(ω+) = φ2.

Thus X∗ is a P∗-version of dQ∗/dP∗, and

EP[X∗] = A(1 + EP[Z]) + (1 −A)EP[Z2] ≤ 1

yields X∗ ∈ E and hence that P∗ is the RIPr of Q∗ onto Peff (by Larsson et al. [2025]).
We now show that Assumption 4.9 holds. First note that

inf
R∈Q

H(R | P∗) = H(Q∗ | P∗).

Indeed, since P∗ is supported on {ω−, ω+}, any R with H(R | P∗) < ∞ must also be supported
on {ω−, ω+}. Writing

R = (1 − q)δω− + qδω+ ,

the constraints ER[Z] ≥ 1 and ER[Z2] ≤ 2 force q = φ2

φ2+1 , and hence R = Q∗.

It remains to check that EQ[logX∗] ≥ H(Q∗ | P∗) for every Q ∈ Q. For the above choice of A, a
direct one-dimensional calculus check shows that with

c = A− 2
4 < 0, λ = 4A− 2 > 0, β = 3

2A− 1 > 0,

we have
h(ω) = c+ λω − βω2 ≤ logX∗(ω) for all ω ∈ R,

with equality at ω− and ω+. Therefore, for any Q ∈ Q,

EQ[logX∗] ≥ EQ[h(Z)] = c+ λEQ[Z] − βEQ[Z2] ≥ c+ λ− 2β.

Since Q∗ has EQ∗ [Z] = 1 and EQ∗ [Z2] = 2, and since h(Z) = log(X∗) on the support of Q∗,

c+ λ− 2β = EQ∗ [h(Z)] = EQ∗ [logX∗] = H(Q∗ | P∗).

Thus
EQ[logX∗] ≥ inf

R∈Q
H(R | P∗) for every Q ∈ Q.

This is Assumption 4.9. Consequently, the likelihood-ratio version X∗ witnesses strong duality:

G = sup
X∈E

inf
Q∈Q

EQ[logX] = H(Q∗ | P∗) = 2 logφ√
5

.

Clearly X∗ is also continuous, though not bounded, but Theorem 4.19 yields that G = Gb = Gbb =
Gbc as well.
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D Details from Section 5

Derivation of infQ∈Qa H(Q | P) in Example 5.3. Let Am = [m,∞), αm = Q∗(Am), and let Rm

be the conditional distribution of Q∗ on Am, i.e., Rm(·) = Q∗(· | Am). A direct calculation gives
αm = 1

3(m+1)2 + 2
3(m+1)3 . Moreover, Mm =

∫
sdRm(s) ↑ ∞. Indeed,

1
αm

∫ ∞

m
s q∗(s) ds = 2

3αm

( 1
m+ 1 + 1

(m+ 1)2 − 1
(m+ 1)3

)
≥ 2m.

For all large m, define ηm = a− 2
3

Mm− 2
3

∈ (0, 1) and set Qm = (1 − ηm)Q∗ + ηmRm. Then

∫
sdQm(s) = (1 − ηm)2

3 + ηmMm = a,

so Qm ∈ Qa. By convexity of relative entropy we get,

H(Qm | Q∗) ≤ (1 − ηm)H(Q∗ | Q∗) + ηmH(Rm | Q∗) = ηm log 1
αm

→ 0.

Therefore,

H(Qm | P) = H(Qm | Q∗) + EQm

[
log dQ∗

dP

]
= H(Qm | Q∗) + a+ log 2

3 → a+ log 2
3 .

Hence infQ∈Qa H(Q | P) = a+ log 2
3 .

Proof of Theorem 5.4. For every Q ∈ Q∞, supX∈E EQ[logX] ≥ EQ[log Y ] = ∞, and thus
from (4), infP∈Peff H(Q | P) = ∞. Therefore,

inf
Q∈Q

inf
P∈Peff

H(Q | P) = min
(

inf
Q∈QI

inf
P∈Peff

H(Q | P), inf
Q∈Q∞

inf
P∈Peff

H(Q | P)
)

= I.

Thus, we only have to prove the first equality in (29), and indeed only supX∈E infQ∈Q EQ[logX] ≥
I, needs to be argued. To this end, fix ε > 0. By the definition of I, there exists Xε ∈ E such
that

I − ε ≤ inf
Q∈QI

EQ[logXε].

For δ ∈ (0, 1) define now
Xε,δ = (1 − δ)Xε + δY ∈ E .

If Q ∈ QI , then Xε,δ ≥ (1 − δ)Xε, and therefore

EQ[logXε,δ] ≥ EQ[logXε] + log(1 − δ) ≥ I − ε+ log(1 − δ).

If Q ∈ Q∞, then Xε,δ ≥ δY, and hence, by (28),

EQ[logXε,δ] ≥ log δ + EQ[log Y ] = ∞.

The last two displays together yield

inf
Q∈Q

EQ[logXε,δ] ≥ I − ε+ log(1 − δ).

Letting δ ↓ 0 and ε ↓ 0 gives supX∈E infQ∈Q EQ[logX] ≥ I, concluding the proof.
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