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John von Neumann (1903-1957)

e set theory

e mathematics of quantum mechanics

e minimax theorem [1928], game theory
» stored-program computer

o self-replicating automata

from The Man from the Future (2021):

“Yon Neumann would carry on a conversation with my
three-year-old son, and the two of them would talk as equals, and
| sometimes wondered if he used the same principle when he
talked to the rest of us.” Edward Teller, 1966



3 October 1947: Dantzig meets von Neumann

GD: In under one minute | slapped on the blackboard a geometric
and algebraic version of the linear programming problem.

Von Neumann stood up and said, “Oh, that!”
[ gives eye-popping lecture on LP duality ]
JVN: ... | have recently completed a book with

Oscar Morgenstern on the theory of games.
| conjecture that the two problems are equivalent.

GD: Thus | learned about Farkas’s Lemma and )
about duality for the first time. George Dantzig
(1914-2005)



Notation, treat vectors and scalars as matrices

All vectors are column vectors. AT = matrix A transposed.
0=(0,...,007, 1=(1,...,1)7".

Ax = linear combination of columns of A . E = @

y TA = linear combination of rows of A [T - = [I1T1T]

y b = scalar product of y and b T @ =

(TT1T] O

Xa = (column) vector x scaled by o E O =

ay T = row vector y scaled by « O-Lhh) =




Primal and dual linear programs

Primal LP: Dual LP:
maximize c¢'x minimize y'b
subjectto Ax < b, subjectto y >0,

x>0. y'A>c'.
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Primal and dual linear programs

Primal LP: Dual LP:
maximize c¢'x minimize y'b
subjectto Ax < b, subjectto y >0,
x>0. y'A>c'.

Weak LP duality: For any feasible primal x, dual y :
c'x<y'b

because 0 < (y'A—chHx, 0<y'(b— Ax).

So|c"x = y"b|= x optimal for primal LP, y optimal for dual LP.

feasible x, y optimal < complementary slackness:
0=(y"A—chHx, 0=yT(b— Ax)



Tucker diagram

Primal LP: maximize ¢'x subjectto Ax < b, x > 0.

Dual LP:  minimize y"b subjectto yTA>cT, y > 0.

x>0

VI < min

c’ —max




Zero-sum games

Game matrix A € R™*"
maximizing row player chooses row i € [m| = {1,...,m}
minimizing column player chooses column j € [n] = {1,...,n}

payoff a;; to row player = cost to column player



Zero-sum games

Game matrix A € R™*"
maximizing row player chooses row i € [m| = {1,...,m}
minimizing column player chooses column j € [n] = {1,...,n}

payoff a;; to row player = cost to column player

Mixed-strategy sets

Y={yeR"|y>0,1Ty =1},
X={xeR" |x>0,1Tx =1},

expected payoff / cost: yTAx



Best responses

Let x € X. (Ax); = expected payoff in row i.

A best response y € Y to x maximizes y TAx .

max{y "(Ax) | y € Y}
= max{(AX)1y...,(AX)m}
=min{veR| (Ax)1 < v,...,(AX)m < v}
=min{v eR| Ax < 1v}



max-min and min-max strategies

min-max strategy X € X :
max ¥y TAX = min max y'AX
yey xeX yey

=min{veR| Ax <1v
;nelp({el <1v}

max-min strategy y € Y :

min XTAy = max min x'Ay
yeyY yeY xeX

=max{UER|y'TA>ulT}
yey



Written as general LP

Minimizer: minimize v subjectto Ax <1v, xe€ X.

Maximizer: maximize u subjectto yTA>ul', y €Y.

x>0, 1'x=1

v
=0 A <
y™=1 e
v

VI < min

u u u |—max




Written as general LP

Minimizer: minimize v subjectto Ax <1v, xe€ X.

Maximizer: maximize u subjectto yTA>ul', y €Y.

x>0 v
-1 o]
y>0 A <
—1 0
u —1 —1 |0 |=|-1
VI Il < min




von Neumann’s minimax theorem

Every zero-sum game A has a value v :

max min YTAX = Vv = min max y ' AX
yeY xeX xXeX yeY
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< (y, X) is a Nash equilibrium (exists via fixed point theorem).
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von Neumann’s minimax theorem

Every zero-sum game A has a value v :

max min YTAX = Vv = min max y ' AX
yeY xeX xXeX yeY

also, with max-min strategy y and min-max strategy X :

min JTAX = JTAX = max y'AX
xeX yeY

VTAXx > yTAx > yTAX

< (y, X) is a Nash equilibrium (exists via fixed point theorem).

The minimax theorem is a consequence of strong LP duality.

What about the converse?
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B=|—-AT 0 ¢
b" —cT 0
B = —B" = symmetric game with value 0 (by minimax theorem),
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Ax — bt <0, —ATy+ct <0, b’y —c'x<0.
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Dantzig’s game [1951]

0 A -b
B=|—-AT 0 ¢
b" —cT 0
B = —B" = symmetric game with value 0 (by minimax theorem),

3 optimal z = (y, x,t) > 0with|j Bz<0andz'B>0"|:

Ax — bt <0, —ATy+ct <0, b’y —c'x<0.

If t > 0: x1 primal optimal and y3 dual optimal.

ft=0 by < c'x then bTy <0 or 0 < c'x
(otherwise by >0 >c'x), and Ax <0 and y'"A>0".



Unbounded rays
Suppose for some X :
Ax<b, x>0,
and 0<c'x, Ax <0 forsomex > 0.
Then A(Xx +xa)<b, X+ xa >0,
c'(Xx +xa) = ¢'X+ (¢"X)a = oo

as o — oo.
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Unbounded rays

Suppose for some X :

Ax<b, x>0,
and 0<c'x, Ax <0 forsome x > 0.
Then A(Xx +xa)<b, X+ xa >0,
c'(Xx +xa) = ¢'X+ (¢"X)a = oo

as a — oco. = (by weak duality): dual LP infeasible.

= Strong LP duality theorem

Either primal and dual LP are feasible and then have optimal
solutions with equal objective functions,

or at least one LP is infeasible and the other (if feasible) is
unbounded (with an unbounded ray).



But whatif t =0|and| by = ¢x ?

Dantzig’s game gives no information about the LP!

0 A —b
B=|-AT 0 ¢
bT —cT 0

This means an unused best response and thus violates
strict complementarity. This only occurs in degenerate cases.



But whatif t =0|and| by = ¢x ?

Dantzig’s game gives no information about the LP!

0 A —b
B=|-AT 0 ¢
bT —cT 0

This means an unused best response and thus violates
strict complementarity. This only occurs in degenerate cases.

Given B = —BT ¢ Rkxk
want z>0, B2<0, zx — (Bz)x > 0.



Tucker’s Lemma [1956]

For B= —BT ¢ Rkxk A ¢ Rm*n:

3z>0, Bz<0, z— (Bz)y >0

Ix>0,y>0 : yTA>0T, Ax<0, x,+(y"Ap>0

I3x>0,y : yTA>0", Ax=0, xp+(y'An>0



Tucker's Lemma [1956]

For B= —BT € Rkxk A ¢ Rmxn:

3z>0, Bz<0, z— (Bz)y >0

0o A

brB=1 a7

,z:(%). ft: B=A, z=y+x

Ix>0,y>0 : yTA>0T, Ax<0, x,+(y"Ap>0

I3x>0,y : yTA>0", Ax=0, xp+(y'An>0
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Tucker’s Lemma [1956]

For B= —BT ¢ Rkxk A ¢ Rm*n:

3z>0, Bz<0, z— (Bz)y >0

Ix>0,y>0 : yTA>0T, Ax<0, x,+(y"Ap>0

I3x>0,y : yTA>0", Ax=0, xp+(y'An>0



Lemma of Tucker = Lemma of Farkas

Tucker's Lemma :

dx >0,y

yTA>0T,

Ax =0,

Xn+ (yTA)p >0




Lemma of Tucker = Lemma of Farkas

Tucker's Lemma :

Ix>0,y : yTA>0", Ax=0, (xp+(y'A),>0

Applyto [A —b]:
3x>0,t>0,y

t—y'b>0|.

Ax —bt=0, yTA>0T, —y"b>0,



Lemma of Tucker = Lemma of Farkas

Tucker's Lemma :

Ix>0,y : yTA>0", Ax=0, (xp+(y'A),>0

Applyto [A —b]:
3x>0,t>0,y

t—y'b>0|.

t=0: y'b<O.
t>0: Axl=0b

Ax —bt=0, yTA>0T, —y"b>0,



Lemma of Tucker = Lemma of Farkas

Tucker’'s Lemma :
Ix>0,y : yTA>0", Ax=0, (xp+(y'A),>0
Applyto [A —b]:
3x>0,t>0,y : Ax—bt=0, yTA>0", —y'b>0,

t—y'b>0|.

t=0: y'b<O.
t>0: Axl=0b
= Lemma of Farkas :

ZIx>0: Ax=b < 3y :y'A>0T, y'b<O.



Lemma of Farkas = Lemma of Tucker
Lemma of Farkas :
Z2x>0: Ax=b < 3y :y'A>0", yb<O.
A: [A1 ...An]:
either IzeR"1:z>0, ZI’.’:T Aizj= —A, :

let x:(:), y=0

or Jy:yTA; >0 (1<j<n—-1), y(—As) <0 :

let x=0.



Lemma of Farkas = Lemma of Tucker

Lemma of Farkas :

Ix>0: Ax=b <« 3y :y'TA>0T, y'b<O.
A=[As---Ad:

either 3zeR™:z>0, Y1 'Ajizj = —A, :

let x:(:), y=0

or Jy:yTA;>20 (1<j<n—1), y(—A;) <0 :
let x=0.
= x>0, yTA>0", Ax=0, xp+(y"A)p>0

= Lemma of Tucker



Dantzig’s assumption

... assumes Tucker’s Lemma and hence the Lemma of Farkas,
which proves LP duality directly.

The minimax theorem is not of much use here!



Dantzig’s assumption

... assumes Tucker’s Lemma and hence the Lemma of Farkas,
which proves LP duality directly.

The minimax theorem is not of much use here!

Next: we fix this.
Distilled from Adler [2013].



Let A € R™XxN

Tucker's Lemma:

3x>0,y

Tucker’s Theorem

yTA>0T,

Ax =0,

foranyj e {1,...,n}:

Xj+ (yTA),- >0




Tucker’s Theorem

Let A € R™XxN

Tucker's Lemma: foranyj e {1,...,n}:

Ix>0,y : yTA>0", Ax=0,

Xj+ (yTA),- >0

Summing over all j gives x, y with
x>0, y'A>0", Ax=0,

= Tucker’s Theorem

XT+yTA>0T




Tucker’s Theorem

Let A € R™XxN

Tucker's Lemma: foranyj e {1,...,n}:

dx>0,y : yTA>0", Ax=0, |x;+(y'A);>0

Summing over all j gives x, y with

x>0, y/A>0", Ax=0, [x"+yTA>0T

= Tucker’s Theorem (=- Tucker's Lemma)

Alsofor B=—-B": 3z>0: Bz<0, z—Bz>0.



Stiemke [1915], Gordan [1873]

Stiemke’s Theorem

Ay - yTA>07, yTAZ0T

=

dx : Ax=0, x>0

20



Stiemke [1915], Gordan [1873]

Stiemke’s Theorem

4y : yTA>0T, yTA#0T & 3dx: Ax=0, x>0

Gordan’s Theorem

Ax -

Ax=0, x>0, x#0 < 3Jy : y'A>0"
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Stiemke [1915], Gordan [1873]

Stiemke’s Theorem

4y : yTA>0T, yTA#0T & 3dx: Ax=0, x>0

Gordan’s Theorem

Ix - Ax=0, x>0, x#0 < 3y :y'A>0"

Tucker’s Theorem

Ix,y : x>0, y'TA>0", Ax=0, x"+y'A>0"

20



Gordan, Ville [1938], minimax theorem
Gordan’s Theorem
Ix : Ax=0, x>0, x#0 < 3y :y'A>0"

Ville’s Theorem

Zx : Ax<0, x>0, x40 < 3Jy>0:y'A>0"

minimax theorem

IxeX,yeY,veR: Ax<1v, y'TA>v1T

21



From Gordan to Tucker

Let x with x > 0, Ax =0 have maximum support
S={jlx;>0}

22



From Gordan to Tucker

Let x with x > 0, Ax =0 have maximum support

S={jl%>0}

write X = (xy, Xs), Ax = Ayxy + AsXs .
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From Gordan to Tucker

Let x with x > 0, Ax =0 have maximum support
S={j|xj>0}, write x=(xy,Xs), Ax = Ayxy+ AsXs.

XJZO X3>0

want:

22



From Gordan to Tucker

Let x with x > 0, Ax =0 have maximum support

S={jlx;j>0},

xy=0 xs >0
want: C 0
y | 1T S = 1|0
D E (spanning
rows of Ag)
\% Il

L0 | o |

write X = (xy, Xs), Ax = Ayxy + AsXs .
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From Gordan to Tucker

Let x with x > 0, Ax =0 have maximum support

S={j|xj>0}, write x=(xy,Xs), Ax = Ayxy+ AsXs.

xy=0 xs >0
want: C 0
y | 1T S = 1|0
D E (spanning
rows of Ag)
\Y Il
L 0 | 0 |

Ax =0 <~ BAx = BAyxy + BAgxs =0

<~ Cxy =0,
Dx + Exs=0.

22



From Gordan to Tucker

Let x with x > 0, Ax =0 have maximum support

S={j|xj>0}, write x=(xy,Xs), Ax = Ayxy+ AsXs.

find: Xy=0 xs >0
w C 0
“““““““““““““ = |0
0 D E (spanning
rows of Ag)
V Il
L 0 | 0 |

Ax =0 <~ BAx = BAyxy + BAgxs =0

<~ Cxy =0,
Dx + Exs=0.

22



Gordan = Tucker

Ax =0, Xx >0, Xs >0 where X has maximum support S.

Ax=0 < BAx = BAyxy + BAsxs=0

<~ Cxy =0,
Dxy +Exs=0.

23



Gordan = Tucker

Ax =0, Xx >0, Xs >0 where X has maximum support S.

Ax=0 < BAx = BAyxy + BAsxs=0

<~ Cxy =0,
Dxy +Exs=0.

Suppose Ixy >0, xy#0, Cxy=0.

23



Gordan = Tucker

Ax =0, Xx >0, Xs >0 where X has maximum support S.

Ax=0 < BAx = BAyxy + BAsxs=0
<~ Cxy =0,
Dxy +Exs=0.

Suppose Ixy >0, xy#0, Cxy=0.

E hasfullrank = dxs : Dxy+ Exs =0.

= B(Ayxy + As(xs + Xsa)) =0, S not maximal.
~————

>0 as a—o0
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Gordan = Tucker

Ax =0, Xx >0, Xs >0 where X has maximum support S.

Ax=0 < BAx = BAyxy + BAsxs=0
<~ Cxy =0,
Dxy +Exs=0.

Suppose Ixy >0, xy#0, Cxy=0.

E hasfullrank = dxs : Dxy+ Exs=0.

= B(Ayxy + As(xs + Xsa)) =0, S not maximal.
| —
>0 as a—o0

Gordan =

3w wTe>0T, ((§)'BlAs;>0, (%) BAs=0.

[]

23



Summary: minimax theorem =- LP duality

0 A -b
Recall: Using Dantzig’s game B=|—-AT 0 ¢

bT —cT 0
with B = —BT assumes Tucker's Lemma

3z>0, B2<0, zx — (Bz)y > 0.
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Summary: minimax theorem =- LP duality

0 A -b
Recall: Using Dantzig’s game B=|—-AT 0 ¢

bT —cT 0
with B = —BT assumes Tucker's Lemma

3z>0, B2<0, zx — (Bz)y > 0.

minimax theorem =- Gordan’s Theorem, =- Tucker’s Theorem
3z>0, Bz<0,z—Bz>0

= LP duality with strict complementarity: for feasible LPs

Ix,y : (yTA—cHx =0, y'(b—Ax)=0,
(yTA—c")+xT>0", y+(b— Ax) > 0.

24



Minimax theorem: Proof by Loomis [1946]

min-max strategy x € X: minimize v s.t. Ax < 1v,
max-min strategy y € Y: maximize us.t. yTA> ulT,

u=u1"x<yTAx<yMv=v.
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max-min strategy y € Y: maximize us.t. yTA> ulT,
u=u1"x<yTAx<yMv=v.

u1T=yTA and Ax=1v = u=v, done.
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min-max strategy x € X: minimize v s.t. Ax < 1v,
max-min strategy y € Y: maximize us.t. yTA> ulT,
u=u1"x<yTAx<yMv=v.

u1T=yTA and Ax=1v = u=v, done.

Assume (Ax)x < v for some row k, let A be A without row K.
By inductive hypothesis, A has game value v, Ax < 1V.

v <u, v<v, (Abetterthan Afor minimizer).
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Minimax theorem: Proof by Loomis [1946]

min-max strategy x € X: minimize v s.t. Ax < 1v,
max-min strategy y € Y: maximize us.t. yTA> ulT,
u=u1"x<yTAx<yMv=v.

u1T=yTA and Ax=1v = u=v, done.

Assume (Ax)x < v for some row k, let A be A without row K.
By inductive hypothesis, A has game value v, Ax < 1V.

v <u, v<v, (Abetterthan Afor minimizer).

Claim : v = v. Intuition: maximizer avoids row k of A anyhow.

25



Proofthatv = v

minimal v st Ax <1v, maximalust y"TA>ul’, u<v.

(AX)x < v, matrix Ais A without row k, value v < u, v < v.

26



Proofthatv = v

minimal v st Ax <1v, maximalust y"TA>ul’, u<v.

(AX)x < v, matrix Ais A without row k, value v < u, v < v.

Suppose v<v. For 0<e<1,
Ax(1—¢e)+Xe) < 1(v(1—¢e)+Ve) = 1(v—¢e(v—-V)) < 1v
—_——

Xx(e)€X (convex)
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Proofthatv = v

minimal v st Ax <1v, maximalust y"TA>ul’, u<v.
v<v.

(Ax)k < v, matrix Ais A without row k, value v < u,

Suppose v<v. For 0<e<1,
Ax(1 —¢)+Xe) < 1(v(1—¢€)+Ve) = 1(v—g(v—-V)) < 1v
N—

Xx(e)€X (convex)

For missing row k of A and sufficiently smalle > 0:
(A(X(1 - E) + 78))1( = (AX)k(1 — 6) + (AY)ke <V,
——
<v
overall Ax(e) < 1v, contradicting minimality of v. Hence v = v.
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Proofthatv = v

minimal v st Ax <1v, maximalust y"TA>ul’, u<v.

(AX)k < v, matrix Ais Awithoutrow k, value v<u, v<v.

Suppose v<v. For 0<e<1,
Ax(1 —¢)+Xe) < 1(v(1—¢€)+Ve) = 1(v—g(v—-V)) < 1v
N—

Xx(e)€X (convex)

For missing row k of A and sufficiently smalle > 0:
(A(X(1 - E) + 78))1( = (AX)k(1 — 6) + (AY)ke <V,
——
<v
overall Ax(e) < 1v, contradicting minimality of v. Hence v = v.

= v<u<v=V, [u=v]. Inductioncomplete. []
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“On a theorem of von Neumann”

Theorem Loomis [1946]
Let A,Bc R™" B> 0.
Then thereexistx € X,y € Y, v €R:

Ax < Bxv, y'A>vy'B.
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“On a theorem of von Neumann”

Theorem Loomis [1946]
Let A,Bc R™" B> 0.
Then thereexistx € X,y € Y, v €R:

Ax < Bxv, y'A> vy'B.

B = 117: minimax theorem, Ax <1v, yTA> viT,
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“On a theorem of von Neumann’

Theorem Loomis [1946]
Let A,Bc R™" B> 0.
Thenthereexistx € X,y € Y, v € R:

Ax < Bxv, y'A> vy'B.

B = 117: minimax theorem, Ax <1v, yTA> viT,

Conversely, theorem is implied by the minimax theorem:
value(A — aB) < 0 fora — oo,
value(A — aB) > 0 for a — —oo, continuous in «, hence

value(A— aB)=0 forsomev=ca. []

27



Conforti, Di Summa, Zambelli [2007]

Theorem

Ax < b minimally infeasible = Ax = b minimally infeasible .
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Conforti, Di Summa, Zambelli [2007]

Theorem
Ax < b minimally infeasible = Ax = b minimally infeasible .

= reversing any inequality a;x < bj; creates feasible system:

Vrowi 3Ix : aix > bj, VK#i : agx = bg.
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Conforti, Di Summa, Zambelli [2007]

Theorem
Ax < b minimally infeasible = Ax = b minimally infeasible .

= reversing any inequality a;x < bj; creates feasible system:

Vrowi 3Ix : aix > bj, VK#i : agx = bg.

Then apply linear algebra (get 0 = —1 from infeasible Ax = b):
Px : Ax=b < 3y :y'A=0", y'b=—1
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Conforti, Di Summa, Zambelli [2007]

Theorem
Ax < b minimally infeasible = Ax = b minimally infeasible .

= reversing any inequality a;x < bj; creates feasible system:

Vrowi 3Ix : aix > bj, VK#i : agx = bg.

Then apply linear algebra (get 0 = —1 from infeasible Ax = b):
Px : Ax=b < 3y :y'A=0", y'b=—1

to prove inequality-Farkas (get 0 < —1 from infeasible Ax < b):
Ix . Ax<b < 3Iy>0:y'A=0", y'b<O.
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How did the chicken cross the triangle?

wl

b

c a

Consider a triangle with corners a, b, ¢ and a chicken at b that
wants ???
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How did the chicken cross the triangle?

[\,
c a

Consider a triangle with corners a, b, ¢ and a chicken at b that
wants to get to the other side.[citation needed]
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How did the chicken cross the triangle?

oud o w{

b b b

[\,
c a c a c a

Consider a triangle with corners a, b, ¢ and a chicken at b that
wants to get to the other side.

Then the closest point to get there is ¢ if and only if
the angle at ¢ is not acute, that is,

(b—c)(a—c)<O.
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Supporting hyperplane theorem

Theorem
Let @ 4 C C R™, closed, convex, b ¢ C.
Let ¢ € C with smallest ||b — c]|.

Consider hyperplane H with normal vector b — ¢ through c:
then all of C on one side, b strictly on the other side of H,

(b—c)'(b—c)>0, VaeC: (b—c)'(a—c)<0.
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Theorem
Let @ 4 C C R™, closed, convex, b ¢ C.
Let ¢ € C with smallest ||b — c]|.

Consider hyperplane H with normal vector b — ¢ through c:
then all of C on one side, b strictly on the other side of H,

(b—c)'(b—c)>0, VaeC: (b—c)'(a—c)<0.
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Lemma of Farkas

ConeC={Ax | x>0}and b ¢ C.
Consider ¢ € C with smallest ||b — ¢||, and y = b — c. Then

y'b>0, (VaeC :y'a<0) y'A<O0.
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Why is the cone C = {Ax | x > 0} closed?

show: limit a of any sequence of points alk) in Cisin C
Vk Jbasis B, xg > 0: a¥) = Agxg
only finitely many bases B

restrict to subsequence with one B that occurs infinitely often

a= lim a® = Ag lim Ag ak) ¢ ¢
k—o0 —>ooxﬁ,_/
>0

need theorem of Carathéodory (and Weierstrass).
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Fourier—Motzkin elimination = projection

Lemma (ineqg-Farkas, get 0 < —1 from infeasible Ax < b):
IxcR": Ax<b & 3Jy>0:y'A=0", y'b<O.
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Fourier—Motzkin elimination = projection

Lemma (ineqg-Farkas, get 0 < —1 from infeasible Ax < b):
IxcR": Ax<b & 3Jy>0:y'A=0", y'b<O.

Proof By induction on n.

Scale rows of Ax < b with affine a;, b;, cx as

aj(x2,...,xp) < x1, X1 < bj(X2,...,Xn), Ck(Xo,...,Xn) <O0.
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Lemma (ineqg-Farkas, get 0 < —1 from infeasible Ax < b):
IxcR": Ax<b & 3Jy>0:y'A=0", y'b<O.

Proof By induction on n.

Scale rows of Ax < b with affine a;, b;, cx as

aj(x2,...,xp) < x1, X1 < bj(X2,...,Xn), Ck(Xo,...,Xn) <O0.

Eliminate x; by writing a; < b; for all pairs 7, .
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Fourier—Motzkin elimination = projection

Lemma (ineqg-Farkas, get 0 < —1 from infeasible Ax < b):
IxcR": Ax<b & 3Jy>0:y'A=0", y'b<O.

Proof By induction on n.

Scale rows of Ax < b with affine a;, b;, cx as

aj(x2,...,xp) < x1, X1 < bj(X2,...,Xn), Ck(Xo,...,Xn) <O0.

Eliminate x; by writing a; < b; for all pairs 7, .

By inductive hypothesis: Either solve in xa, ..., X, > 0 and
choose any x; with a; < x; < bj for all i, j, or linearly combine
(then also in terms of rows of Ax < b)toget0 < —1. [
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Thanks for listening!



Thanks for listening!




